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The increase in the transmitted intensity of slow neutrons through iron with magnetization 
of the iron was measured using a neutron velocity selector. Transmission data were obtained 
for neutrons of several velocities as well as for varying degrees of magnetization. Data taken 
for neutrons with a de Broglie wave-length of 2.37 <10~-* cm under different conditions of 
magnetization make possible the determination of a factor by which the increase of trans- 
mission is reduced due to incomplete magnetic saturation. Correction of data for incomplete 
saturation by use of the above factor has enabled the calculation of the change in iron-neutron 
cross section for completely saturated iron for neutrons of de Broglie wave-length from 1.3 to 
3.0X10-* cm. As predicted by theory, the fractional change in transmission was found to in- 
crease with neutron wave-length. The magnitude of the fractional change was found, however, 
to be three to four times greater than predicted by Halpern, Hamermesh, and Johnson. 


INTRODUCTION 


INCE 1936, when Bloch! suggested neutron 
polarization by magnetically saturated ferro- 
‘magnets as a means of determining the magnetic 
moment of the neutron, several investigations 
have been carried out on the polarization of 
thermal neutrons. The fact has been well estab- 


lished that the scattering cross section of a slow. 


neutron is dependent upon the interaction of the 
neutron magnetic moment with that of the 
scattering atoms, and hence upon the relative 
orientation of the neutron spin and the magnet- 
ization. Much of the recent theoretical work has 


* Now at the Department of Physics, Pomona College, 
Claremont, California. 
'F, Bloch, Phys. Rev. 50, 259, (1936). 


been carried out by Halpern, Hamermesh, Hol- 
stein, and Johnson.?~* 

It follows from the theory that if oo is the 
total cross section for a neutron of velocity v in 
an unmagnetized substance, then the cross 
section in the magnetized substance may be 
written, 

(1) 


where the sign is determined by whether the 
neutron spin is parallel or antiparallel to the 


direction of magnetization. Assume an initially _ 


unpolarized beam of monochromatic neutrons 
with intensity Jo. After passage through a sample 


20. Halpern, M. Hamermesh, and M. H. Johnson, Phys. 
Rev. 59, 981 BI (i941). 

30. Halpern, and T. Holstein, Phys. Rev. 59, 960 (1941). 

4M. Hamermesh, Phys. Rev. 61, 07 (1942). 
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of thickness d with m atoms per unit volume, 
the intensity is given by J or J+AI according to 
whether the substance is unmagnetized or 


magnetized. The single transmission effect (frac. 
tional increase in transmission due to magnet- 
ization) is then 


AI exp [—nd(oo+p) ]+4 exp [—nd(ao—p) ]—exp (—ndoo) 


I exp (—ndao) 


=cosh npd—1. 


For values of npdX1 
E=4w*d? where w=np. (2a) 


A theoretical expression for p involves the 
magnetic moment and the wave-length of the 
neutron, the spin of the atom, the lattice distance 
of the scattering crystal, and the form factor 
for the spin distribution of the atom. In general, 
the computation of ~ is laborious and subject to 
uncertainties, for it requires knowledge of the 
electron distribution in the magnetic shell of the 
scattering atom. Halpern, Hamermesh, and 
Johnson? have extrapolated the Hartree distribu- 
tion for copper, as represented analytically by 
Slater,* to iron and used the values so obtained 
to compute p. A plot of their results is shown in 
Fig. 10; from this it is seen that » (or w) is a 
discontinuous function of the neutron wave- 
length, increasing to a maximum at the thresh- 
hold wave-length of about 4A. 

The above theory is based upon the assump- 
tion of complete magnetic saturation; in prac- 
tice, however, as pointed out by Halpern and 
Holstein,’ it is necessary to consider the modifi- 


cation of the effect, due to the depolarization 


resulting from incomplete magnetic saturation 


338 CM 


Fic. 1. Arrangement of apparatus for investigating the 
transmission of slow neutrons through iron. A—Paraffin 
howitzer; B—Collimated neutron beam; C—Iron plate; 


D—Cadmium tube; E—BF; chamber. 


5 J. C. Slater, Phys. Rev. 42, 33 (1932). 


(2) 


of the ferromagnet. The picture of an unmagnet- 
ized ferromagnet is one of crystal grains in a 
polycrystalline sample, each of which has a 
magnetization equal in magnitude to the satura- 
tion value, but with random orientation so that 
the net magnetization of the polycrystal is zero, 
Within a crystal there are certain discrete pre- 
ferred directions of magnetization. As an external 
field is applied, the magnetization of the crystal 
shifts to the preferred orientation making the 
least angle with the magnetizing field. As the 
field is further increased, the magnetization is 
rotated from the preferred axes of orientation 
until at saturation the magnetization vector of 
each crystal grain is parallel to the applied field. 

The depolarization theory is based upon the 
consideration of domains or unit crystals over 
which the magnetization is constant.* An irregu- 
larly varying component of the magnetization 
at right angles to the applied field causes a 
depolarization of the neutron beam. Taking this 
effect into account, the complete expression for 
the single transmission effect becomes: 


(3) 


where f(y) is the factor which represents a 
decrease of the polarization effect due to incom- 
plete magnetization. Its form is given theoreti- 
cally by 


2 
(4) 


where 
y=bed/v? and b=dg*B?. (4a) 


* Actually a unit crystal which is macroscopically per- 
fect has been shown to be made up of microcrystals with 
irregularities in their position of the order of the lattice 

cing (Mosaic structure). For macroscopic considera- 
tions, such as elastic and magnetic properties, the single 
crystal is homogeneous, but for wave mechanical considera- 
tions it is necessary to average over the mosaic structure 
in a single crystal. This has been done in the considerations 

Halpern, Hamermesh, Holstein, and Johnson. 
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g=domain size (a length) 

g=ratio of the magnetic moment of the neutron to its 

angular momentum, 1.86 X10‘ c.g.s. units 

B=magnetic induction in the iron 

e=(M.— M)/Mo, Maj=magnetization at saturation 

d=iron thickness 

y=neutron velocity. 

The function f(») has a value of unity when the 
iron is saturated (e=0) and decreases rapidly, 
being of the order of 0.1 for a 2 percent de- 
parture from saturation in the case of the 
measurements presently discussed. 

The use of Eqs. (3) and (4) assumes two 
conditions: First, that E1, and secondly, that 
the effective length of the individual domain is 
small compared with the length of a neutron 
path during a single Larmor precession; i.e., 
§<2nv/gB, valid in the present case for 5=10-* 
cm. It is evident from the data that the first 
condition is satisfied. By analysis of data using 
the same iron sample, Bloch, Hamermesh, and 
Staub® (hereafter abbreviated BHS) have shown 
the second condition to be satisfied. 

BHS, using the complete thermal neutron 
spectrum, have made detailed measurements of 
the transmission of thermal neutrons through 
magnetized iron in its dependence upon the 
percentage deviation from magnetic saturation 
and upon the thickness of the iron. This paper 
presents a further investigation of the problem 
by using velocity-selected neutrons, thus ob- 
taining the dependence of the single transmission 
effect upon the energy of the neutrons. 


APPARATUS 


Insofar as possible, the geometry of the appa- 
ratus used by BHS was left unchanged and as 


MONITOR 1 
LINEAR SCALE OF 16 ate 
T : COUNTERS 
ats) 


Fic. 2. Block diagram of set-up for measuring the trans- 
mission of velocity selected neutrons. 


*F. Bloch, M. Hamermesh, and H. Staub, Phys. Rev. 
64, 47 (1943). 


Fic. 3. Modulator for cyclotron arc. 7TR1i—Four to one 
transformer center ta ; C1—0.024 wf; C2—0.024 uf; 
C3—0.01 yf; R1i—100,000 ohms variable; R2—25,000 
ohms; R3—100,000 ohms variable; R4—25,000 ohms; 
RS—SO ohms; Li—13 mh; 71, 72—FGS7 thyratrons. 


described by them. It consisted of a slow neutron 
source using the Stanford cyclotron from which 
24-Mev deuterons bombarded a beryllium target 
within a paraffin howitzer. A collimated beam 
was obtained by means of a 2” cadmium tube 
leading through protective water and brick walls 
and carefully lined up with a similar tube through 
the paraffin shielding around a boron tri-flouride 
ionization chamber used for neutron detection. 
The arrangement of the apparatus is shown in 
Fig. 1. 

Into the beam, and at right angles to it, was 
placed the iron plate located between the poles 
of an electromagnet. Pulses from the BF; 
chamber passed to a linear amplifier and to a 
scale of 16 circuit, and from there to one of two 
counters. In making neutron transmission meas- 
urements, data must be taken during periods in 
which the total number of incident neutrons is 
constant. To eliminate fluctuations due to irregu- 
larities in cyclotron operation, a neutron beam 
monitor was used.’ This consisted of a small BF; 
ionization chamber and electronic circuit. After 
the collection of a given amount of charge on 
the positive electrode of the chamber, the equip- 
ment operated to switch the magnet alternately 
on or off, and to change counters. In this manner, 
neutrons were counted during alternate intervals 
after transmission through the magnetized or 
the unmagnetized plate. 

In order to obtain data for neutrons of specific 
energies, a neutron spectrometer was used similar 
to that developed by Baker and Bacher.* Pulse 
modulation of the cyclotron arc ion source re- 

7E. M. Fryer and H. Staub, Rev. Sci. Inst. 13, 187 
(1942). 


(sai) P. Baker and R. F. Bacher, Phys. Rev. 59, 332 
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Fic. 4. Discriminating amplifier and scaling circuit. R1—500,000 ohms; 
R2—100,000 ohms; R3—10,000 ohms; R4—10, ohms; R5—250,000 ohms; 
R6—25,000 ohms; R7—15,000 ohms; R8—250,000 ohms; R9—20,000 ohms; 
R10—1 ee R11—2250 ohms; R12—40,000 ohms; R13—10,000 ohms; 


R14—S0, 


ohms; R15—250,000 ohms; R16—100,000 ohms; R17—50,000 


ohms; R18—10,000 ohms; Ci—0.005 uf; C2—0.01 uf; C3—0.005 uf; C4— 
0.05 uf; T1, T2, T3—6SJ7; T4—} watt neon; RE1—100 ohm relay. 


sulted in deuteron bursts which in turn produced 
neutron bursts at the beryllium target. Similar 
pulses were used to gate a discriminating ampli- 
fier in the neutron detector system. Thus, with 
a given time difference between the two pulses, 
neutrons were recorded with velocities such that 
they arrived at the BF; ionization chamber 
during the on time of the discriminating ampli- 
fier. Figure 2 is a block diagram of the experi- 
mental set-up. 

Modulation of the cyclotron arc was achieved 
by means of FG-57 thyratrons. The circuit was 


- arranged as shown in Fig. 3. The first thyratron 


T1 was in series with the cyclotron arc. The 
modulating pulse was started when the grid of 
the thyratron reached the firing voltage. This 
voltage was controlled by the phase shifting 
circuit, Ci-R1, and could be made to lag the 
plate voltage by any phase angle up to 180 
degrees. The second thyratron 72 was in parallel 
with the cyclotron arc, so that, as it fired, the 
arc of the cyclotron was essentially shorted, thus 
terminating the modulating pulse. The ignition 
of T2 was controlled by the phase shifting circuit, 
C2-R3, adjusted so that the grid voltage lagged 
that of 71. Thus, by means of the two variable 
resistances Ri and R3, it was possible to vary 
the position of the modulating pulse with respect 
to the positive half of the a.c. cycle, as well as 
to vary the width of the pulse itself. The voltage 
across the phase shifter was made large to give 
a large swing in grid voltage; thus any small 


variations in the igniting voltage of the thyra- 
trons had a negligible effect upon the pulses. 

The filament of the cyclotron arc was heated 
by means of high frequency current in order to 
prevent its warping in the magnetic field of the 
cyclotron. To preclude the passage of high fre- 
quency current through the modulator and dis- 
ruption of the pulses, it was necessary to use the 
filter L1—-C3 which essentially shorted the high 
frequency in the modulator circuit to ground. 
A switch was arranged so that the cyclotron 
could be easily switched back and forth from 
normal d.c. operation to pulsed operation. With 
pulses of the order of 500-microsecond duration 
applied to the arc, a peak voltage of approxi- 
mately 100 volts was found to give the best arc 
performance. 

It was found convenient to connect the dis- 
criminating amplifier of the velocity selector to 
the output of the third stage of the linear 
amplifier used by BHS. This made possible the 
simultaneous recording of the complete spectrum 
using the original apparatus, and the limited 
spectral section using the discriminator. The 
circuit was arranged as shown in Fig. 4. 

A 6SJ7 in the gate stage was inoperative, due 
to a negative bias of 50 volts on the suppressor 
grid, except during positive pulses to that grid 
from a square wave pulse generator. By means 
of a bias control on the control grid, the amplifier 
could be adjusted to have a recording sensitivity 
equal to that of the continuously recording 
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circuit. A connection from the plate of the dis- 
criminating tube went to an oscilloscope. Since 
the control grid was not biased beyond cut-off, 
the pulses on the suppressor grid caused small 
square pulses in the plate circuit, which were, 
however, insufficient to cause the scaling circuit 
to operate. It was thus possible to see the dis- 
criminating pulses and any neutron signals 
therein on the oscilloscope. From the discrimi- 
nating stage, pulses were fed to a conventional 
scale of two circuit, and every other signal then 
was fed to the 6L6 output stage. The output of 
the power tube passed through a relay operating 
on 50 milliamperes which in turn actuated the 
recording counter. 

A square pulse generator was necessary to 
control the suppressor grid of the discriminating 
tube. In order that the pulses be square and of a 
constant amplitude, it seemed advisable to ob- 
tain them from a regulated d.c. source by means 
of trigger tubes. RCA 885 tubes were used in 
the pulsing circuit. Ordinarily it is impossible to 
quench such tubes by means of the grid alone. 
However, when the current is small, it becomes 
possible to restore grid control by running the 
grid sufficiently negative. As the plate circuits 
were to operate on d.c., this seemed a desirable 
solution. Further, since the pulse was applied to 
the suppressor grid, little current was necessary. 

It was found that by using one milliampere of 
plate current in the 885 the arc could be quenched 
by carrying the grid about 50 volts negative 
with respect to the cathode. The square wave 


generator was designed as in Fig. 5 to give 


positive square pulses from a negative voltage to 
ground potential. Thus, the suppressor grid of 
the discriminating amplifier remained negative 
and the stage inoperative, except when the 
pulse was applied, bringing the suppressor to 
cathode potential. 

The grids of the two 885’s were controlled by 
means of phase shifting circuits operating from 
the same 200-cycle source as the pulser used to 
modulate the cyclotron arc. Thus the discrimi- 
nator pulse could be made to assume any desired 
phase relation with respect to the arc modulation. 


MEASUREMENTS 


Experimentally, the determination of the single 
transmission effect is accomplished by comparing 


the transmission through a ferromagnet in a mag- 
netized condition with that when unmagnetized. 
Since the phenomenon is critically dependent 
upon the deviation from magnetic saturation, it is 
necessary to measure this deviation accurately 
before significant data can be obtained. This 
was accomplished by BHS using the “isthmus 
method,” as described in detail in their paper, for 
values of magnetizing field from 300 to 4000 gauss. 
The experiments with velocity selected neutrons, 
described in this paper, were made with the 
same iron sample (1.91 cm in thickness) as were 
their measurements, so that their values of 
magnetization are applicable to analysis of the 
data. 

Transmission measurements were made as a 
function of magnetization for a constant neutron 
velocity, and again as a function of velocity with 
the plate as near to magnetic saturation as the 
equipment would allow. The neutron beam 
monitor was adjusted to three- or four-minute 
periods; alternate data were taken with and 
without magnetization. The limiting factor in 
resolution was the neutron intensity, especially 
at low velocities where the counting process 
became quite lengthy in order to obtain even 
the 1} percent statistical accuracy of the final 
results. For this reason a relatively low resolving 
power was used in which pulses of about 500- 
microsecond duration were applied to the 
cyclotron and to the discriminating amplifier. 
Spurious fast neutron intensity and natural 
background were determined by runs made with 
a sheet of cadmium placed in the collimated 
beam in such a manner as to eliminate slow 
neutrons which would pass through the iron 
sample. The background was a small fraction of 
the total beam except at the lowest velocity 
setting where it amounted to 11 percent of all 
the neutrons counted. All data were corrected 
for the effect of background. 


Fic. 5. Discriminator pulser. Ri—5S0,000 ohms variable; 
R2—100,000 ohms variable; R3—100,000 ohms; R4— 
25,000 ohms; R5—50,000 ohms; R6—6000 ohms; R7— 
4000 ohms; Ci—0.024 uf; C2—0.072 uf; C3—0.001 uf; 
Ti, T2—RCA 885 tubes; 7Ri—two to one transformer. 


TIME UNIT =5I3 MICROSECONOS 


Fic. 6. Calculated effect of the integrating action of the 
neutron velocity selector upon a Maxwellian distribution. 
[v* exp(—*v*) ]. Time is that necessary to travel from the 
neutron source to the detector (338 cm). 


Time differences between the modulating pulse 
and the discriminating pulse of the neutron 
spectrometer system were determined by means 
of an oscilloscope synchronized with the 200- 
cycle spectrometer supply voltage. An inherent 
time lag in the spectrometer, due principally to 
collection time in the BF; ionization chamber, 
was determined to be 425+40 microseconds. 
This was measured by removing the paraffin 
howitzer from the neutron source and shielding 
the BF; chamber to eliminate slow neutrons. 
An intense beam of fast neutrons could then be 
obtained, and, by greatly increasing the resolution 
of the spectrometer, the delay time was meas- 
ured, assuming the flight time of a fast neutron 
to be negligible. 


NEUTRON SPECTRUM 


In order to correct the polarization data for 
the finite resolution of the equipment, measure- 
ments were made to determine the thermal 
neutron distribution. A thoroughly rigorous 
analysis of the data on the distribution becomes 
extremely complicated. At least three important 
factors affect the results obtained with such an 
apparatus. The resolving power of the apparatus 
is not infinite; therefore any result is an inte- 
grated value over a certain portion of the neutron 
spectrum. The detector sensitivity is not con- 


stant over the spectrum. A shallow BF; ioniza- 


tion chamber has a sensitivity proportional to 
1/v; whereas, with a deep chamber in which the 
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neutron beam is completely absorbed, the sensi- 
tivity is independent of neutron velocity. The 
ionization chamber used was somewhere between 
the two extremes. Finally, the mean life of a 
thermal neutron within the paraffin howitzer 
after reaching thermal equilibrium becomes ap- 
preciable. This results in a broadening and dis- 
tortion of the initial neutron pulse, which then 
falls off exponentially. Baker and Bacher® meas- 
ured the mean life of thermal neutrons in a 
paraffin howitzer to be 170 microseconds. 

Proceeding in a manner similar to that sug- 
gested by Baker and Bacher: if neutrons are 
produced for a time 57, and, at an average time 
T later, they are detected at a distance S from 
the source for a time 67, then those neutrons 
with a flight time T will be favored and neutrons 
will be detected in the range of flight times from 
T-—éT to T+6T7. A function P(t, is used 
which expresses the relative probability of ob- 
serving a neutron of flight time ¢. P(t, T) in- 
creases linearly from zero for t=T—éT to a 
maximum at t= T then decreases linearly to zero 
at i=7+5T. To determine the neutron distribu- 
tion in terms of time of flight necessitates solving 
the integral 


T+iT 


where N(T) is the number of neutrons counted, 
P(t, T) is the above probability, f(t) is the neu- 
tron distribution function, and Q(t) is the effi- 
ciency of the detector as a function of the 
neutron transit time. 

A rigorous solution of (5) for f(¢) is difficult 
and not justified by the accuracy of the data. 
The product, f(#)Q(t), may be combined into a 
function g(t), the distribution as seen by the 
detector. Actually, it is g(t) which is of interest, 
since the distribution as seen by the detector 
must be used in analyzing the neutron polariza- 
tion data. The effect of the resolution of the 
apparatus may be determined by integration of 
the equation for an assumed function g(t). 
Figure 6 shows the function v* exp (—*v?), which 
is the Maxwellian distribution function per unit 
velocity for a gas in thermal equilibrium. 8 is 
the reciprocal of the most probable velocity at 
the equilibrium temperature. Temperature has 


240 


been taken as 300°K. In Eq. (5), g(t) stands for 

the distribution function per unit time. Using 

t=s/v, one has then 

Bs? 
p|-— 


On the same plot is shown the curve N(t) which 
the Maxwellian distribution curve assumes after 
carrying out the integral (5). It may be seen 
that the result of the finite resolution of the 
apparatus is simply a flattening and broadening 
of the true distribution function. 

In Fig. 7 are shown the experimental data along 
with the integrated curves for a v* exp (—*v") 
distribution and a v* exp (—§*v*) distribution. 
The latter represents, of course, the resulting 
distribution when a Maxwellian gas is allowed 
to escape from a small hole in a container in the 
absence of streaming, the escape being greater 
for higher velocities resulting in the v® term 
replacing the v? term. The delay time of the 
apparatus has been added to the flight time and, 
in addition, 170 microseconds to allow for the 
mean life of the thermal neutrons within the 
paraffin. This latter is, of course, only a reason- 
able estimate, being based upon the determina- 
tion by Baker and Bacher. The three curves 
have been adjusted to the same maximum value 
and no attempt at normalization has been made. 
Strictly, the delay time in the paraffin should 
have been integrated, but this does not seriously 
affect the results except at neutron energies 
several times larger than kT. 


EXPERIMENTAL 
\ 


j 


/ 
f 


TIME UNIT=5SI3 MICROSECONOS 


Fic. 7. Comegtinn of the neutron distribution data 


N 


—> 


AZ 


distribution functions. Time as in Fig. 6 
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Fic. 8. Comparison of the e apertmaness distribution 
at) as seen by the detector with a Maxwellian v* exp(—6*v*) 
tribution at 300°K. Time as in Fig. 6. 


For energies of RT and lower (approximately 
4 on the time scale used’ in Fig. 7), the experi- 
mental data approximate rather closely the inte- 
grated v* exp (—*v*) distribution. This seems 
reasonable in that, if the true distribution f(¢) 
were proportional to v* exp (—8*v?) and a shallow 
chamber (1/v detector) were used, the resultant 
distribution g(t) as seen by the detector would 
be proportional to v* exp (—*v?). The fact that 
the ionization chamber was not shallow enough 
to be strictly a 1/v detector might explain the 
difference. It is to be noted that all of the curves 
have been folded over into the following cycle, 
but that such second-order neutrons are practi- 
cally negligible in comparison with all but the 
fastest neutrons of the following cycle. The dis- 
crepancy of the high velocity region may be 
caused by non-thermal neutrons, and to the fact 
that the mean life in the paraffin was lumped 
into the delay time instead of integrating over 
the life curve. Since the resolution at energies 
greater than kT becomes progressively poorer, 
no further analysis of the high velocity region 
has been carried out; further, the principle 
region of interest in the polarization measure- 
ments is at energies of kT and below. 

Figure 8 shows a distribution curve which, 
when integrated in Eq. (5), gives the experi- 
mental curve N(T). This is the function g(t), 
the distribution of the thermal neutrons as seen 
by the detector, and is of sufficient accuracy to 
determine the average energy associated with 
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Fic. 9. Single transmission effect for 2.37A neutrons as a function of deviation 
from saturation compared with that measured by Bloch, Hamermesh, and Staub 
for the complete thermal neutron spectrum. 


the various pulse settings in the polarization 
measurements. 


THE SINGLE TRANSMISSION EFFECT AND 
FERROMAGNETIC SATURATION 


For a constant setting of the neutron spec- 
_ trometer, data were obtained as given in Table I 
for several values of magnetization of the 1.91 
cm of iron. 

The data of Table I were obtained using a 
time difference of 2820 microseconds between 
modulator and discriminator pulses, each of 
about 500 microseconds duration. Essentially, 
the data are averages over a relatively small 
portion of the thermal neutron spectrum. The 
average velocity 5 may be found by averaging 
over the proper distribution function. It is 

gs 
——zg(t)P(t, T)dt 


t—to 
j= 


T+iT 
f g(t) P(t, T)dt 


(6) 


where g(t) is the neutron distribution as seen by 


the BF; ionization chamber, P(t, T) is the func- 
tion introduced above, s (338 cm) is the distance 
from howitzer to BF; chamber, and fp is the 
total average time delay of the apparatus and 
equal to about 600 microseconds. T is the time 
from the center of the arc pulse to the center of 
the discriminating pulse and 57 the pulse dura- 
tion. A numerical integration gives an average 
velocity 1=166,000 cm/sec. or, in terms of 
neutron wave-length, 2.37A. 

The least mean square of deviation of Eq. (3) 
from the observed data is obtained with a most 
probable value of 900 for bd/v? and with a value 
of 17+4 percent for }w*d?. In Fig. 9 a plot of 
the data is shown with the observations of BHS 
for the complete spectrum. As predicted by 
theory, the single transmission effect was found 
to be greater for neutrons with an energy less 
than the average over the spectrum. 


TaBLE I. Measurements of the single transmission 
effect as a function of percent magnetic saturation. 


H =) 592 1100 1690 3600 
turation 97 50% 98.84% 99.37% 99.85% 
0.342.0% 3.341.7% 5.1241.3% 11.541.7% 
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An indication of the effective domain size may 
be obtained from the expression b= 5gB? of Eq. 
(4a) using the experimentally determined bd/v? 
=900. Solving for 5, an effective domain size of 
the order 5X 10-5 cm is indicated. 


THE SINGLE TRANSMISSION EFFECT AND 
NEUTRON VELOCITY 


Probably the most interesting data are con- 
cerned with the dependence of the single trans- 
mission effect upon the velocity of the neutrons 
involved. By means of the velocity selector, the 
effect was measured for various neutron veloci- 
ties, holding the magnetization of the iron at a 
value as near to saturation as could be obtained 
with the magnetizing field available (99.85 per- 
cent of saturation, 1/e=670). As before, the 
modulating and the discriminating pulses were 
made to last about 500 microseconds. Following 
the procedure of the preceding section, the 
average velocity has been computed by graphical 
integration over the band in question using the 
neutron distribution function g(t) and the func- 
tion P(t, T). Similarly a value (1/v*), has been 
computed for each setting, although for the 
most part this does not differ greatly from 1/#. 

In the previous section a value of b was 
obtained which may now be used to determine 
the depolarization factor, 


Knowing the depolarization, it is possible to 
compute the single transmission effect for com- 
plete saturation. The latter is given by the 
expression $w*d? (Eq. (2a)). Table II is a sum- 
mary of the calculations and results. Measure- 
ments of the single transmission effect taken at 
the same time for the complete thermal neutron 
spectrum are included. Although possibly sug- 
gesting a trend similar to that for the velocity 
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Fic. 10. Comparison of the theoretical curve by Halpern, 
Hamermesh, and Johnson for the variation of polarization 
effect with neutron wave-length and the experimental 
values determined from the single transmission measure- 
ments. ® is an "4- value of the theoretical curve to 
correspond with the integration inherent in the experi- 
mental! method. 


selected neutrons, the values are in statistical 
agreement with E=3.5 percent measured by 
BHS. The probable errors in the values of $w*d? 
have been calculated on the basis of an estimated 
probable error in 6 of 50 percent. The depolar- 
ization factor is not a critical function of 5. It is 
to be noted that the depolarization becomes more 
effective with decreasing neutron velocity, and 
that the single transmission effect is reduced by 
almost a factor of two for 3A neutrons even 
though the magnetization is 99.85 percent of 
saturation. 

Figure 10 shows a plot of the function w= w/(A) 
computed by Halpern, Hamermesh, and John- 
son. Experimentally determined values of w= np 
have been plotted on the same coordinates. It 
is evident that the experimental values of w are 
about twice those predicted by theory with the 
exception of the measurement at 1.09A. As the 
single transmission effect is quadratic in w, the 
experimental values for the effect are from three 
to four times greater. than the predicted values. 

Since the experimental values are an average 
over a finite band of the slow neutron spectrum, 
one obtains a better comparison by averaging 


TABLE II. Summary of calculations and data for single transmission effect as a function of neutron velocity. 


V W: m 1 

361,000 109 —05+1.5% 3.341.2% 0.94 90 —05415% —5 +38 
281,000 1.40 41+14% 2'52+.95% 1.46% 10-1 "85 4.841.7% 162 +.029 
229;000 1:72 8.441.6% 4.484.95% 78 10.842.3% 244 +.026 
166,000 2:37 11.541.7% 5.124.81% 3.88 10- ‘67 17.043.3% 306 +.030 
131,000 3.00 8.841.7% 3.744.56% 6.00 10-1 ‘56 15.744.0% "293.037 
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the theoretical function over the same band of the 
spectrum. This has been done, as with previous 
averages, by graphical integration in the expres- 
sion, 


f w(t)g(t)P(t, Tat 


D= 


f g(t)P(t, T)dt 


The results of these calculations are shown on 
the same plot (Fig. 10). 

The measurements of the single transmission 
effect by BHS for the complete thermal neutron 
spectrum are in agreement with the form of 
Eq. (3), E=4w*d?f(dg*Bed/v*), given by Halpern 
and Holstein for the fractional increase in trans- 
mission due to magnetization. By varying the 
unknown factors, w and 4, a curve adequately 

‘fitting the data was obtained, showing the de- 
polarization factor f(y) dependent merely upon 
the product ed. The variation of the effect with 
the square of the iron thickness was separately 
verified. The absolute value w=np=0.164 
+0.008 cm-', obtained by the above method, is 
considerably larger, however, than w=0.064 
cm~ evaluated theoretically by Halpern, Hamer- 
mesh, and Johnson for the complete spectrum. 

The function w is rather critically dependent 
upon the form factor for the spin distribution of 
the iron atom. Calculations by Manning and 
Goldberg® of the wave functions of the iron 3d 
shell have been used by Hamermesh” for re- 
computing the function w. His computations 
give values of w roughly 4/3 larger than those 
originally computed by Halpern, Hamermesh 
and Johnson and shown in Fig. 10. A specific 
computation for neutrons of wave-length 3A 


asses F. Manning and V. Goldberg, Phys. Rev. 53, 662 
10 M. Hamermesh, Phys. Rev. 61, 17 (1942). 
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gives a value of w=0.25 which compares reason- 
ably with w=0.293+0.037 obtained experi- 
mentally. However, the values at shorter wave- 
lengths are still in disagreement by a factor of 
1.5 or more, and for the complete spectrum a 
factor of 1.8 exists between w=0.164-.0.008 
obtained by BHS and w=0.09 computed by 
Hamermesh. 

As no previous data are available for -the 
single transmission effect in which any attempt 
at monochromatization has been made, a com- 
parison with other experimental results is not 


' possible. Powers,” in 1938, using a slow neutron 


source in which the temperature of the paraffin 
howitzer could be controlled, measured the 
single transmission effect with the source at 
liquid air temperature (approx. 120°K). In 
theory, if the neutrons were in thermal equi- 
librium with the paraffin at that temperature, 
a neutron distribution with a peak at roughly 
3A should have been obtained. Using iron 
(unannealed Armco) 1.95 cm in thickness, he 
obtained a single transmission effect of -5.6+0.4 
percent. Further comparison is not possible 
because of lack of data on the magnetization of 
the iron, and because of possible difference in 
the grain structure of the iron. 
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The cross sections of the N(n, p)C and N(n, a)B reactions were measured for neutrons of 
energies between 0.2 and 1.7 Mev. Resonances were observed for neutron energies of 0.55, 0.70, 


and 1.45 Mev. 


INTRODUCTION 


INCE Wilhelmy' first reported observations 
indicating the existence of resonances in the 
disintegration of nitrogen by fast neutrons, many 
investigations of these resonances have been 
carried out. The following reactions are known 
to occur in nitrogen under bombardment by fast 
neutrons: 


(I) 
(II) 


Baldinger and Huber® measured the disintegra- 
tion cross sections of these reactions for 2.8-Mev 
neutrons and found for reaction I a cross section 
of 0.04X10-* cm? and for reaction II 0.16 
X10-* cm*. These authors give for the reaction 
energies Q; = +0.55+0.03 Mev and Q;;= —0.43 
+0.1 Mev. In previous work the resonances 
were observed by measuring the distribution in 
pulse height of the disintegrations occurring in 
an ionization chamber exposed to a continuous 
neutron spectrum. The most recent experiments 
using this method were carried out by Zagor and 
Valente* who studied the resonances in some de- 
tail. They find that all the observed resonances 
are caused by reaction II. The same authors‘ also 
obtained an estimate of the disintegration cross 
section of nitrogen by interposing a nitrogen 
absorber between the source and the nitrogen 
detector. The fast neutron absorption cross sec- 
tion determined in this manner has the surpris- 
ingly high value of 60 X10-* cm?. 


* Now at the University of Wisconsin. 
** Now at Washington University. 
1E, Wilhelmy, Zeits. f. Physik 107, 769 (1937). 
(1938) Baldinger and P. Huber, Helv. Phys. Acta 12, 330 
*H. I. Zagor and F. A. Valente, Phys. Rev. 67, 133 
(1945). This paper contains references to previous work 
on the same subject. 
- #F._A. Valente and H. I. Zagor, Phys. Rev. 69, 55 (1946). 


In spite of the very large number of pulses 
recorded by Zagor and Valente not all the peaks 
observed are too well defined, nor is the agree- 
ment with other authors very satisfactory. It 
appeared, therefore, worth while to-carry out a. 
similar experiment using a source of mono- 
energetic neutrons of variable energy to measure 
the disintegration cross section as a function of 
neutron energy. 


APPARATUS 


The nitrogen disintegrations were observed in 
a cylindrical ionization chamber with well- 
defined active volume. The chamber was de- 
signed by Koontz and Hall.® It was filled with 
spectroscopically pure nitrogen to a pressure of 
4.5 atmos. The active volume of the chamber was 
2.54 cm in diameter and 10 cm long. 860 volts 
obtained from batteries were applied between 
the central wire and the cylinder. The pulses 
were amplified by an amplifier of 0.5 ysec. rise 
time and fed into a pulse analyzer. The pulse 
analyzer allows one to count all the pulses above 
a certain bias (integral count) and simultane- 
ously the pulses the height of which lies between 
two biases (differential count). The differential 
channel could be moved to any position without 
changing its width. The over-all response could 
be measured by artificial pulses fed into the high 
voltage supply of the chamber. By this procedure 
the linearity of the amplifier, the width of the 
differential channel, and its position with respect: 
to the integral channel could be determined. 

The neutron flux was monitored by counting 
the number of fission pulses occurring in an 
ionization chamber. The amount of fissionable 
material in the chamber was known. 

The monoenergetic neutrons obtained when 


’P. G. Koontz and T. A. Hall, Rev. Sci. Inst. to be 
published soon. 
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Li is bombarded by protons were used as a source. - 
The protons were accelerated by méans of the 
University of Wisconsin’s electrostatic generator. 
The Li target used in the present experiments 
had a thickness corresponding to an energy loss 
of the protons of about 30 kev. The chamber 
filled with nitrogen and the monitor chamber 
were placed on opposite sides at an angle of 30° 
with respect to the proton beam. The distance 
from the Li target to the center of the active 
volume of the nitrogen chamber was 83”; the 
monitor foil was‘at a distance of 434” from the 
target. 

The operation of the chamber was tested by 
placing it in a flux of thermal neutrons obtained 
by slowing down the neutrons from a 500-mg 
Ra-Be source in paraffin. For slow neutrons only 
the N(n, p) reaction takes place. The pulse 
height distribution obtained for the disintegra- 
tion of nitrogen by slow neutrons is shown in 
Fig. 1. It shows a reasonably sharp peak. In 
order to determine the effect of y-rays the Ra-Be 
source was replaced by a 500-mg Ra source. 
The pulse size distribution due to y-rays is 
shown by the dashed curve in Fig. 1. It indicates 
that few pulses as large as those due to the ni- 
trogen disintegrations are produced by y-rays. 

For the measurement with fast neutrons, the 


—RaBe ; 
Re 
300}. 
° 20. 40 80 
PULSE SIZE 


Fic. 1. The solid curve is a differential bias curve for 
N(n, p) disintegrations caused by thermal neutrons. The 
counter filled with nitrogen to a gauge pressure of 55 
Ib./in.? is operated as an ionization chamber. 500 mg of 
Ra-Be in.a paraffin geometry serve as a neutron source. 
The dashed curve indicates the effect of y-rays. It was 
obtained under the same conditions as the solid curve 
except that the Ra-Be source was replaced by a Ra source. 
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nitrogen filled chamber and the monitor chamber 
were covered with Cd sheet, 7)” thick. In view 
of the fact that the monitor chamber did not 
have a good plateau, its counting rate was 
checked before each run in a paraffin geometry 
using a Ra-Be source. The amount of active 
fissionable material in the chamber had pre- 
viously been calibrated in terms of the counting 
rate in the same paraffin geometry. 


RESULTS 


The results of the measurements are not as 
complete as would be desirable, since the ac- 
celerator was available for only two days for 
this experiment. At fourteen values of neutron 
energy differential bias curves were taken. Three 
typical differential bias curves are shown in 
Fig. 2. The counts at different neutron energies 
are normalized to the same number of monitor 
counts. At all other energies only integral counts 
were taken. At neutron energies below 1 Mev 
a well-defined peak due to the disintegration 
protons appears (see curve for 750 kev). At 1 
Mev the range of the disintegration protons is 
approximately equal to the radius of the cham- 
ber, Because of this fact, the peak due to the 
protons becomes broader above 1 Mev. At 1.3 
Mev a second peak due to the disintegration 


750 KEV 


gns 


NO. OF DISINTEGRATi 


PUL SIZE 


Fic. 2. Differential bias curves taken for neutrons of 
energies 0.75 Mev, 1.50 Mev, and 1.68 Mev. The number 
of pulses per channel, seven pulse size units wide, is plotted 
against pulse size. The peak occurring for 750-kev neutrons 
is attributed to protons. The k of smaller pulse sizes 
at 1.50 and 1.68 Mev is believed to be owing to a-particles, 
the peak at larger pulse size to protons. At different neu- 
tron energies the ordinates are reduced to the same 
monitor count. 
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a 
Vv 
42+ 
Fic, 3. The cross sections of ee 
the Nin, p) and N(n, a) reactions - 
are plotted against neutron en- 3 08} 
ergy. 


x (n,p) 
(Nn, «) 


a-particles appears clearly above the y-rays and 
nitrogen recoils. 

The peak due to a-particles appears in Fig. 2 
for the differential bias curves taken at 1.5 and 
1.68 Mev. At the highest energy the wall effect 
for the protons becomes so important that the 
peak is not well resolved. 

It should be mentioned that no direct evidence 
was obtained which proves that the peak of 
lower energy is caued by a-particles and not by 
protons which might leave the C™ nucleus in an 
excited state. But since Baldinger and Huber? 
found that at 2.8 Mev the (m, a) reaction is four 
times as probable as the (m, p) reaction one 
would expect to find evidence of the (m, a) re- 
action at 1.5 Mév. As will be shown later, the 
energy of the observed particles agrees well with 
the assumption that they are a-particles. 

The differential bias curves obtained enable 
one to determine the integral bias setting to 
count the protons and a-particles. At each neu- 
tron energy, all pulses counted above one bias 
were assumed to be due to protons, all pulses 
above a lower bias were assumed to be caused 
by a-particles and protons. The choice of these 
biases was subject to considerable uncertainty, 
and the lack of definition of the peaks is the 
principal cause of error in the results. 

The counting rate of the nitrogen chamber was 
compared with that of the monitor chamber. 
Using the known values of the cross section of the 
fissionable material as a function of energy, the 
cross sections for the disintegration processes 
were computed. A summary of the results ob- 
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tained is shown in Fig. 3. The (m, p) reaction 
shows resonances at 550, 700, and 1450 kev. In 
the neighborhood of these resonances the count- 
ing rates fluctuated presumably because of small 
fluctuations in the neutron energy. The true 
width of the resonances may be narrower than 
measured, since the measured width corresponds 
to what one would expect due to the thickness 
of the Li target. On the basis of the same argu- 
ment, the true height of the resonances may also 
be larger than measured. The (m, a) cross section 
was measured at only four neutron energies. The 
values are indicated by rectangles in Fig. 3. There 
is a definite indication (see also Fig. 2) that the 
(m,a) process shows a resonance at the same 
energy as the (m, p) reaction. This is to be ex- 
pected, since both processes result from the 
disintegration of the same compound nucleus 
unless selection rules favor one mode of dis- 
integration. 

Errors in the measurements of the cross sec- 
tions are caused by the following facts: 


(1) Lack of definition of the peaks, principally because 


of wall effects, 

(2) Uncertainty in the calibration of the monitor 
chamber, 

(3) Lack of resolution of the resonances because of the 
energy spread of the neutrons, 

(4) Large size of the detectors compared to the dis- 
tances from the neutron source. 


It is difficult to estimate the error caused by 
these factors. It is not unreasonable to assume 
that values of the cross sections may be in error 
by 25 percent. 
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Fic. 4. The pulse sizes corresponding to the N(n, p) 
and N(m,a) peaks are plotted against neutron energy. 
The best straight line through the pulse sizes of 
(m, p) reaction intersects the axis of abscissae at —710 
kev, a line through the (, a) points intersects at +260 kev. 


In Fig. 4 the positions of the peaks in pulse size 
due to the two reactions are plotted as a function 
of neutron energy. The line through the pulse 
sizes of the (m, p) reaction intersects the axis of 
abscissae at — 710 kev. If one draws a line parallel 
to that for the (, p) reaction through the (, a) 
points, the intersection occurs at 260 kev. In 
Table I the present results are compared with 
those computed from the known masses of the 
nuclei involved and those obtained by other 
authors. The reaction energies obtained in the 
present measurements depend on the energy 
calibration of the electrostatic generator. The 
reasonable agreement with other measurements 
is evidence for the proper assignment of the ob- 
served peaks to the two reactions. 

If one wants to compare the observed reson- 
ances with those previously reported, one has to 
add the reaction energy to the neutron energy 
since in earlier work a continuous neutron spec- 
trum was used and only the energy of the prod- 
ucts ‘was measured. From the Q values given by 
the present measurements this yields 1.26, 1.41, 
and 2.16 Mev for the (m, p) reaction and 1.19 
Mev for the (m, a) reaction. According to Table 


V of reference 3, resonances have previously been 
reported at the’ following energies: 0.60, 0.75, 
0.90, 1.05, 1.25, 1.31, 1.33, 1.40, 1.42, 1.60, 1.64, 


1,75, 1.94, 2.00, 2.04, 2.05, 2.15, 2.16, 2.25 Mev, 


and at higher energies. Since these values form 
almost a continuum within the accuracy of the 
measurement, it is difficult to say which reson- 
ances found in the present work might corre- 
spond to those observed previously. If the lowest 
energy resonances found by Valente and Zagor* 
are caused by a-particles, their measurements 
do not cover the same energy range as the pres- 
ent experiments and are not in contradiction 
with this work. 
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Computed from masses 605 —280 
Bonner and Brubaker*__. 620 — 300 
Baldinger and Huber? 550 —430 
t measurements 710 — 260 


¢ Bonner and Brubaker, Phys. Rev. 49, 778 (1936); 50, 781 (1936). 
> See reference 2. 
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In accelerators of the type discussed by Veksler and McMillan (e.g., the synchrotron and 
synchro-cyclotron) the motion of particles can be described in terms of stable oscillations 
about a synchronous orbit. Expressions are worked out for the frequencies of these oscillations, 
and for the way in which their amplitudes are damped as the energy is increased. The effect 
radiation losses on the damping is discussed. It is shown that the synchrotron can advan 
ously be operated as a betatron until the electron velocity is close to that of light; the dee 
voltage is then turned on and_the machine works as a synchrotron for the remainder of the ’ 
acceleration. The transition from betatron to synchrotron operation proved to be quite effi- 
cient. Formulae are given for the distortions of the orbits by azimuthal asymmetries of the 
magnetic field. The results are illustrated in terms of the California synchrotron. 


THEORY OF THE SYNCHROTRON 
I. Introduction 


N the cyclotron,' ions revolve with approxi- 

mately constant angular velocity in a mag- 
netic field, passing through accelerating gaps 
across which an alternating electric field is ap- 
plied. The frequency of the electric field is chosen 
to match the angular velocity of the ions, so 
that many successive accelerations can occur. 
However, when the velocity of the ions becomes 
appreciable compared to that of light, the angu- 
lar velocity diminishes ; as a consequence of this, 
the ions fall out of step with the alternating 
electric field, and only a finite number of ac- 
celerations can be achieved.? 

This paper is concerned with a method of 
acceleration in which the cyclotron principle is 
used, but with such modifications that the ap- 
parent difficulty mentioned above is converted 
into an aid, allowing a theoretically unlimited 
number of successive accelerations. The method 
was proposed independently by McMillan* and 
Veksler.‘ (Veksler’s publication was earlier, but 


1E. O. Lawrence and M. S. Livingston, Phys. Rev. 
40, 19 (1932). 

2M. E. Rose, Phys. Rev. 53, 392 (1937). R. R. Wilson, 
Phys. Rev. 53, 408 (1937). 

+E. M. McMillan, Phys. Rev. 68, 143 (1945). . 

.‘V. Veksler, J. Phys. U.S.S.R. 9, No. 3, 153 (1945). 
Since this work was submitted for publication, another 
paper on the synchrotron has 1 WY: D. M. Dennison 
and T. H. Berlin, Phys. Rev. 70, 58 (1946). There are 
however, considerable differences in subject matter and 
method of treatment between this paper and the present 
paper. See also: N. H. Frank, Phys. Rev. 69, 689(A) 
); D. S. Saxon and J. Schwinger, Phys. Rev. 69, 
02(A) (1946). 


it did not come to the attention of the authors 
until after the work reported here had been 
started.) 

The basic idea of the method involves the oc- 
currence of what may be called ‘“‘phase stability”’ 
in the motion of a charged particle in a cyclo- 
tron-like combination of electric and magnetic 
fields. The angular velocity of a particle of 
charge e and mass m in a magnetic field H is 
given by: 


w=eH/mc=ecH/E. (1) 


The mass in the above equation is the total 
relativistic mass, Z is the total energy including 
the rest energy. Thus w decreases as the energy 
increases. Suppose now that the particle is mov- 
ing with a given energy, and that the frequency 
of the applied electric field just matches the 
angular velocity corresponding to that energy. 
The electric field will either add or subtract from 
the energy depending on the time of crossing 
the accelerating gaps with respect to the cycle 
of field variation. If this time is such that the 
energy is increased, the angular velocity will 
start to decrease; the time of crossing the gaps 
will become later and later until finally the par- 
ticle is being decelerated ; this will continue until 
the energy is brought back to the original value. 
The energy will then go through a similar devia- 
tion in the opposite direction, after which the 
cycle will be repeated. Thus the time of gap 
crossing (to be described later in terms of a phase 
angle) and the energy can undergo stable os- 
cillations, and the particle will try to stay in or 
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near the stable orbit if small disturbances are 
applied to it. 

The most significant disturbance is that caused 
by a small change in the magnetic field or fre- 
quency, since these lead to a net change in 
energy, allowing the attainment of the desired 
acceleration. Suppose for example that a small 
increase in H is made; the angular velocity will 
now be too great, which is the same as if the en- 
ergy were now too small ; following the argument 
given above, we see that the energy will now os- 
cillate about a new equilibrium value for which 
m has been increased in the same ratio as H. A 
parallel argument applies if the frequency is 
decreased. 

Generalizing the above to continuous varia- 
tions, we see that acceleration can be accomplished 
by varying slowly the magnetic field or the fre- 


- quency in a cyclotron-like combination of electric 


and magnetic fields. If the rate of variation is 
slow enough, phase stability is maintained 
throughout the acceleration. This stability means 
that no precise control of field or frequency or 
their rates of variation is necessary even though 
the particle may make hundreds of thousands of 
revolutions during the course of the acceleration. 


Application to Electron Acceleration. 
(Synchrotron)§ 


Equation (1) shows that the ratio of magnetic 
field to frequency must vary as m during the 
acceleration. In the acceleration of electrons to 
high energies, m changes by a large factor ; there- 
fore it seems more practical to use magnetic 
field variation for this case. Since the frequency 
remains constant, the radius of the synchronous 
orbit will be proportional to the velocity, and if 
the electrons are injected at a velocity near c, 
the radius will remain nearly constant during the 
acceleration. The magnet must therefore produce 


a varying field over an annular region, and will 


be similar to a betatron* magnet with the central 


‘In the original letter (reference 3) the name “Syn- 
chrotron” was meant to apply to all 1odifications of this 
principle of acceleration. This, however, can be confusing, 
and it is proposed to limit the term “Synchrotron”’ to the 
case of magnetic field variation applied to electrons, and 
to introduce the term “Synchro-Cyclotron” or ‘“Fre- 

uency Modulated Cyclotron” to describe the case of 
requency variation applied to heavy particles. The mathe- 
matical treatment in this paper, up to and including Eq. 
(23), is valid for both cases or for any combination of them. 

*D. W. Kerst and R. Serber, Phys. Rev. 60, 53 (1941); 
D. W. Kerst, Phys. Rev. 60, 47 (1941). 


core omitted. The conditions for radial and axial 
stability of the orbits will be essentially the same 
as in the betatron, and therefore the same kind 
of radial field dependence can be used. The elec- 
trodes providing the high frequency accelerating 
field, and all other metal parts near the orbit, 
must be designed so that no eddy currents of 
sufficient magnitude to disturb the field dis- 
tribution seriously can flow in them. 

In the original proposal* it was planned to 
inject electrons at 300 kv directly into the syn- 
chronous orbit, but a better method of injection 
has been suggested independently by Wilson 
Powell and D. Bohm’ of this laboratory and by 
J. P. Blewett and H. C. Pollock® of the General 
Electric Company. This is to allow operation as 
a betatron up to about 1.5 Mev; the oscillator is 
then turned on at an appropriate moment, catch- 
ing the electrons in a synchronous orbit. The 
central flux necessary for the betatron operation 
is provided by bars of laminated iron which satu- 
rate after their flux change is no longer needed. 
The “betatron injection” has the advantages 
that a high voltage injector does not have to be 
developed, the change of radius during accelera- 
tion is reduced, and a larger fraction of the in- 
jected electrons can be caught. 

One of the difficulties that must be considered 
in accelerating electrons is the radiation caused 
by their circular motion.® In the synchrotron 
this is automatically compensated for if the ap- 
plied high frequency voltage is sufficiently greater 
than the radiation loss per turn. Therefore the 
synchrotron should be able to reach higher ulti- 
mate energies than the betatron ; also the magnet 
requires less laminated iron for a given energy, 
because of the absence of the central core. 


A pplication to Heavy Particles 
(Synchro-Cyclotron)® 


If a deuteron is given a kinetic energy of 200 
Mev, its mass increases by only 10 percent. 
Therefore it is practical to consider frequency 
variation for the deuteron and other heavy par- 
ticles, which has the great advantage of avoiding 
very massive structures of laminated iron (a 

7 Unpublished. 

*H. C. Pollock, Phys. Rev. 69, 125 (1946). 

*D. Iwanenko and I. Pomeranchuk, Phys. Rev. 65, 


343 (1944). E. M. McMillan, Phys. Rev. 68, 145 (1945); 
L. I. Schiff, Rev. Sci. Inst. 17, 6 (1946). 
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200-Mev deuteron would have an orbit radius 
of 2 meters at 14,000 gauss). The radius of the 
orbit will vary roughly as the square root of the 
kinetic energy, and therefore the magnetic field 
will have to extend to the center. It is apparent 
that the machine is then just like a cyclotron 
with the added feature of frequency modula- 
tion,’ which can be accomplished, for example, 
by means of a rotating condenser." The simplest, 
and probably the best, way of introducing the 
ions is to let them start from rest near the center, 
as is normally done in the cyclotron. A detailed 
discussion of this modification will be given in 


a later paper. 


Other Modifications 


Other arrangements in which magnetic field 
and frequency are varied together are also pos- 
sible. For instance, frequency modulation could 
be applied to the synchrotron to vary the radius 
of the orbit as an aid in bringing the beam out, 
or field variation could be added to the synchro- 
cyclotron to extend its range beyond what may 
turn out to be a practical limit to the amount of 
frequency variation attainable. 


Removal of the Beam 


Many of the desired experiments can be done 
with an internal target, as for example the pro- 
duction of x-rays and mesotrons, and studies of 
induced radioactivity. However, if it is desired 
to bring the beam out, difficulty is encountered 
because of the close spacing of successive turns 
in these devices. In spite of this difficulty, cal- 
culations by Crittenden and Parkins” indicate 
that a large part of the ions can be brought out 
in a collimated beam by suitable arrangements 
of fields which will not be discussed in detail here. 


II. Description of the Motion 


A particle in a machine of the kind we have 
been describing, if started at the proper radius 
and with the proper velocity, will move in a 
circle with a frequency given by (1). The rela- 


wi RE R. Richardson, K. R. MacKenzie, E. J. Lofgren, 
and B. T. ee 5 Phys. Rev. 69, 669 (1946). 
" To be pub 
"E. C. Crittenden, Jr., and W. E. Parkins App. 
ey 17, 444 (1946); see also L. S. Skaggs, G. . Almy, 
Kerst, and L. H. Lanzl, Phys. Rev. 70, 95 (1946). 


tion between the proper radius and momentum 
is the familiar one, 


p=eHr/c. (2) 


For a suitably designed magnetic field,* the orbit 
described by (2) is stable, in that all neighboring 
orbits execute rapid horizontal and vertical oscil- 
lations about it, with an oscillation frequency 
comparable to the frequency of rotation. In 
consequence, the orbit will follow any slow 
change of the magnetic field with time in such a 
way that (2) continues to hold. The condition 
for a slow, or adiabatic, variation is that the 
field should change by only a small fraction of 
itself during a period of oscillation. 

A similar situation exists with respect to the 
phase oscillations which have been discussed in 
the preceding section. The “synchronous” orbit, 
about which oscillations occur, is described by 
(2), and (1) with w=w,, the angular frequency of 
the applied electric field. A particle starting in 
the proper phase with respect to the electric 
field will move in this orbit. If the phase is 
wrong, it will oscillate about the equilibrium 
phase, with a frequency small compared to the 
frequency of rotation of the particle. 

Since the energy, and therefore the momentum, 
varies during the phase oscillation, the radius of 
the orbit will, according to (2), also suffer an 
oscillation which is coupled to the phase oscilla- 
tion. However, just because the period of phase 
oscillation is long compared to that’ of rotation, 
this motion is essentially independent of the 
“free” radial and vertical oscillations previously 
described : the phase can be considered constant 
during a free oscillation, while, conversely, the 
effect of the rapid free oscillations on the phase 
motion averages to zero. 

The energy of a particle in the synchronous 
orbit follows from (1), 

ecH 
E.=—, (3) 
Ws 
and the energy (and motion) will follow any 
variations of H/w, which are slow compared to 
the period of phase oscillation. 


The Free Oscillations 


The free oscillations have been studied by 
Kerst and Serber*; we need only quote their re- 
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sults here. They find for the Rpqnencies of radial 
and vertical oscillation 


(1 —n)ko, w, = (4) 
where w is the frequency of rotation of the par- 
ticle and 

n= —d(In H)/d(In r). (S) 


In either case the amplitude of oscillation de- 
creases as the magnetic field is increased : 


A~H4, (6) 


The Synchronous Orbit 


The synchronous orbit is defined by (3) which 
gives its energy, (2) which gives its radius, and 
by its phase relative to the electric field. We 
suppose that the potential on the ith gap, lo- 
cated at azimuth @,, is 


( 


‘If the azimuth of the particle in its orbit is 6, 


we define the phase to be 
t 
f wdt+a. (7) 
0 


On crossing the ith gap the particle gains an 
energy eV; sin (0;+a:+a—¢), and the total en- 
ergy gain per turn is obtained by summing over i. 
A suitable choice of a will reduce the expression 
for the energy gain per turn to the form 


eV sin ¢, 


where V=—ZV;cos (0:;+a;+a) is the maxi- 
mum possible gain. 

The phase, ¢,, of the synchronous orbit is 
determined by the energy balance; the energy 
gain per turn, AE,=2xrE,/w,, required by (3), 
plus any radiation loss, L, per turn, must be 
supplied by the electric field, ¢, due to the 
changing magnetic flux, plus the contribution of 
the applied voltage. Thus we must have 


Since F,=v,, and w,=v,/r,, an alternative form 


of this relation is 
(eV/2x) sin (9) 


The Phase Equation 


The equation for the rate of change of angular 
momentum of a particle is 


where A is the @ component of the vector poten- 
tial. The magnetic and electric fields, and the 
total flux enclosed by a circle of radius r, are 
given in terms of A by 


10A 
H=-—-—(rA), e=—--—, ®=2nrA: (11) 
r or c at 


To solve (10), we write r=r,+Ar, and sup- 
pose that Ar/r, is small. The associated devia- 
tion of p from p, can be computed from (2), 


Ap Ar AH 
(12) 


since, according to (5), AH/H,= —nAr/r,. Simi- 
larly, we find from (1) 


Aw/w, = AH/H,—AE/E,. (13) 
We also have 
AE v,Ap vp. Ar 2 Ar 
—=— = (1- —=(1—n)——, (14 
and, differentiating (7), and remembering 6=w, 
Aw. 
Thus (13) becomes 
—KAE/E,, (15) 
with 
n 
K=1+———. (16) 
1—nv,? 


Returning to (10), we expand the left-hand 
side, using (11), 


c 


The last term vanishes, in virtue of (2). Differ- 
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(14) 


j=, 


(15) 


(16) 
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(zs) 


Fic. 1. Difference between particle energy and synchrotron energy, as a function of phase angle, 
for the limiting case of stable motion. 


entiating with respect to time, and again using 
(11), 


“( af 4) 
rp "Pe er 
d 
c dt 


With the aid of (9) and the relation AE=v,Ap 
=w,r,Ap, (10) becomes 


where L’=0L/dr. Finally, using (14) artd (15), 


ev 


This is identical with the equation given by 
McMillan? if we omit the L’ term and set K =1, 
corresponding to »=0. The connection between 
McMillan’s variable 6 and our ¢ is wdt =d6. 


The Phase Oscillations 


Aside from the radiation loss term, the phase 
equation, (17) is that of a pendulum of moment 


of inertia J=E,/w*,K, and restoring torque 
= (eV /2zx) sin ¢, which is acted on by a constant 
torque (eV/2x) sin¢d,. The rest point of the 
pendulum is at ¢=¢,, and beyond ¢=x—¢, the 
pendulum goes into accelerated circular motion 
due to the action of the constant torque. 

If we neglect the slow variation of J and ¢, 
(and possibly V) with time, we find from the 
energy equation of the pendulum. 


(18) 


where 
U(¢) = —[cos sin ¢.] 


gives the angular dependence of the pendulum’s 
potential energy, and ¢,, is the maximum ampli- 
tude of the oscillation. 

During the phase oscillation the particle en- 
ergy will vary about the synchronous energy by 
an amount given by (15) and (18), 


AE = —(eVE,/#K)*[ U(om) — }*. (19) 


For small amplitudes of oscillation this gives for 
the amplitude of energy variation 


AE=—(eVE, cos ¢,/2"K)m, (19a) 
with Vn = om — 


In Fig. 1 the values of the dimensionless 
quantity, (*K/eVE,)§!AE, for the limiting cases 


axis 

gular +0 | 

(10) | 

oten- 
1 the 

au) 

sup- | 

(12) | 

simi 

(13) 


of stable motion, ¢,=*—¢,, are plotted against 
@ for several values of ¢,. Any point within a 
curve belongs to a stable motion. The corre- 
sponding radial amplitudes can be obtained 
from (14). 

The effect on the motion of adiabatic changes 
of I, ¢., and V can be determined from the action 
integral, J= {-I¢d¢, which is invariant under 
such changes. If we evaluate the integral by ex- 
panding U in powers of Y=¢—¢,, we find 


weVE, cos 
-( 2K 


1 5 
x 


The frequency of phase oscillation is 


VK 
(21) 


For small oscillations 


AE eV cos ¢, \ 


and Ar/r, is given by (14). In these equations J 
is a constant, and the explicit dependence of the 
amplitudes on E,, w,, V, and K is exhibited. For 
the synchrotron at relativistic velocities (w, 
=const., v,2/c?~1) the amplitudes are propor- 
tional to: ‘ 


vm~((1—n) 
AE/E,~((1—n) (24) 
}}. 


. These results, together with the corresponding 
ones, (6), for the free radial oscillations, demon- 
strate the principal characteristic of such ma- 
chines; the stability of the synchronous orbit. A 
particle once trapped is trapped for good; its 
orbit shrinks down on the synchronous orbit. 
Moreover errors in the fields tend to be auto- 
matically compensated, and, because of the 
positive damping, their effects tend to disappear. 
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An Example: The California Synchrotron 


To give an idea of the magnitudes involved, 
we shall quote some figures for the synchrotron 
at present being planned by McMillan. 

The magnet will operate at 60 cycles, with a 
maximum field H;=10,000 gauss. The syn- 
chronous radius at high energies is r,=1 meter. 
The maximum energy is E,=300 Mev. The r-f 
voltage will be V=10 kv, at a frequency of 
47.75 mc (w,=3X 10°). The value of n is 3. 

The electrons are injected with 70-kev kinetic 
energy at a radius r; =93.5 cm. The initial oper- 
ation is as a betatron, with an equilibrium radius 
rs = 96.8 cm. There is thus about 3.3 cm clearance 
between the injector and the equilibrium radius. 
Since electrons which are injected so early that 
their instantaneous radius is still outside the 
equilibrium radius are unlikely to clear the in- 
jector, this gives the maximum amplitude of 
radial oscillation of the electrons which can be 
caught. Free radial oscillations of an initial am- 
plitude of 3.3 cm, will by the end of the accelera- 
tion be damped, according to (6), to a final 
amplitude of 0.1cm. 

The dee voltage is turned on when the elec- 
trons reach a kinetic energy of 1.5 Mev (E£,=2 
Mev). At this point r,=rg. The magnetic field is 
now 67 gauss. During the betatron operation, 
the rate of increase of the magnetic field is slowed 
down by the presence of the betatron flux bars. 
The effective frequency is reduced from 60 to 
21.5 cycles. At this rate of increase of H, the 
magnetic field, as we shall see in the following 
section, is supplying energy to the electrons at a 
rate of 800 ev per turn. The additional energy 
required of the electric field is only 17 ev per 
turn. If it takes 1000 cycles to complete turning 
on the r-f field, the energy of the electrons will 
have increased to E,=2.8 Mev, and the syn- 
chronous radius to r,=98.4 cm. There will then 
be 5-cm clearance between the synchronous orbit 
and injector. 

According to (19) and (14) the amplitudes of 
energy and radial oscillation will be 


AEn = —54.5(1—cos dm)! kev 
Arm = —6.14(1—cos cm. 


Since we must have | Ar,,| <5 cm, the maximum 
amplitude of phase oscillation allowable is 
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¢n= 70°. The energy spread in the beam is then 
AE, = +44 kev. At this point the frequency of 
phase oscillation is =0.041a,. 

The betatron flux bars begin to saturate when 
the field in the gap is 80 gauss. When the rate of 
rise of the field again corresponds to 60 cycles, 
the energy gain per turn is AE,=2400 ev. The 
electric field must supply about three-quarters 
of this, which gives ¢,=10°. At the end of the 
acceleration, ¢, is determined by the radiation 
loss. Taking L,= 1,000 ev, we find ¢,=6°. 

The final magnitudes of phase oscillations can 
be calculated from the values just after the 
transition to synchrotron operation, and the 
damping laws, (24). At 300 Mev we find y,, = 19°, 
an energy spread in the beam AE,, = +164 kev, 
and a radial spread Ar, = +0.15 cm. Adding the 
spread due to free radial oscillations we have 
’ Ar=+0.25 cm. The frequency of phase oscilla- 
tion is w,=0.004a,. 


Damping Due to Radiation Loss 


At very high energies, the radiation loss may 
introduce an additional damping of the phase 
oscillations. The energy loss per turn due to 
incoherent radiation is, at high energy, 


4re/,E\' 
3 r\me 


Differentiating, we find, with the aid of (14) 
7,L’,/L. = 3 —4n, (25) 


For n<#?, the radiation loss of a particle with 
too large an r (or E) is greater than that of a 
particle in the synchronous orbit; there is a 
consequent damping which is described by the 
second term in (17). Inclusion of this term has 
the effect of multiplying the amplitude of phase 
oscillation give in (22) by a factor 


1 
exp f ja. 
2/7 2n(1—n)E,Kv?Z 
Using (25), and setting v,/c=1, we find for the 
decrement in amplitude per turn 


= 4(3 —4n)L,/E,. 
By the end of the acceleration, the phase oscilla- 


tions which exist during the early part of the 
acceleration are reduced, in addition to the 
damping described in (22), by a factor 


2 4 Ey Ws 
3 3 Jr, \me 2 
where ro=e?/mc?, 2 is the angular frequency of 
the magnetic field (H =H, sin 92), and E; is the 
final electron energy. 
The damping is not important for the Berkeley 
machine, the amplitudes being reduced only by 
3.6 percent ; however it is an effect which might 


be used to advantage in a very high energy 
accelerator. 


Transition from Betatron to Synchrotron Operation 


The primary purpose of the initial betatron 
acceleration of the electrons is to avoid the in- 
crease in r, involved in reaching relativistic 
velocities, since r,=w,v,. During the betatron 
operation the orbits are pulled clear of the in- 
jector and well out into the doughnut. One might 
therefore expect that if the transition from beta- 
tron to synchrotron operation is reasonably 
efficient, a larger range of phase oscillation will 
be available than with pure synchrotron opera- 
tion, and in consequence higher currents could 
be obtained. The central question in determining 
the efficiency of the transition is whether it is 
possible to turn on the radiofrequency field 
sufficiently rapidly to catch particles in the syn- 
chronous orbit. We shall see that this is not at 
all difficult. 

The radius of the synchronous orbit, r,, starts 
out smaller than the equilibrium betatron radius, 
rs, increases, and eventually becomes larger. The 
transition to synchrotron operation takes place 
when (and In terms of the pen- 
dulum model, the phase during betatron opera- 
tion is being uniformly accelerated by the con- 
stant torque; ¢ is initially negative, is reduced 
to zero at r,=rs, and subsequently (if the r-f 
voltage were not turned on) would continue to 
increase. While ¢~0, it is necessary to turn on 
the voltage sufficiently rapidly to trap the par- 
ticle in the trough of the restoring torque 
potential. 

The dee voltage necessary to make up the dif- 
ference between E, and Es is actually quite small. 
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For the synchronous orbit w,=v,/r, is constant; 
thus 7,/r,=%,/v., or in terms of E,, 


EB, 
(26) 
r, \ E,/ E, 


From (3), E,/E, [(@H/at)+ (0H/dr)?.)/H, 
whence, using (26), 
BE, 1 
E, Cyme\? H 
E, 


mc) 0H 
E, ot 
the latter form being valid for mc?/E,<«1. For 
the betatron energy we have, from (2), and re- 
membering that rg is constant, 


Es vpps vs? OH 


Es Es ¢ at 


At the time of transition (E,=E,), the energy 
per turn which must be supplied by the applied 
field is 


me 
E. 


2 2 
eV sin ) (28) 


where AEs=(2x/w,)Es is the energy supplied 
per turn by the betatron flux. In the California 
synchrotron, the transition takes place when the 
electron kinetic energy is 1.5 Mev. Using the 
figures for the California synchrotron, we find 
AEs=800 ev, eV sin ¢,=17 ev. Since it is quite 
feasible to reach the full r-f voltage of 10 kv in 
1000 cycles, only two turns elapse before the 
requisite voltage is available, and a few more 
turns suffice to make ¢, small. 

Thus if the field is turned on at just the right 
time, an electron is easily trapped in the syn- 
chronous orbit. The pertinent question now is 
the effect of errors of timing, and of the energy 
spread of electrons in the beam. It is expected 
that timing errors will be kept less than +1 
microsecond. This corresponds to 50 turns, or an 
energy spread of 50 X 16 ev =850 ev. The remain- 
ing spread of energies in the beam can be esti- 
mated in the following way. The spread arises’ 
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from the finite interval of injection times: this 
interval lasts from the time the radius, 7, of the 
instantaneous orbit® for electrons of the energy 
of injection crosses rg to the time it crosses r;, 
the injector radius. Electrons injected when r, 
=fg remain at this radius. The instantaneous 
radius of electrons injected at r;=r; approaches 
rs, while the field is increasing from its initial 
value H; to a value H, according to the law 
given by Kerst and Serber, 


ri—re Hr pr 
—Tp H Pi 


where ?; is the initial momentum. The difference 
in energy between a particle at 7; and one at rz 
is, for v/c~1, 


5E/Es = 
as in (12). Thus 


Eg ér 
sE=(1—n) (1—n)(2meT), 
Pe 


with T the kinetic energy of injection. With the 
previously given specifications, we find 6E=3.1 
kev. The spread about the mean energy is 
36E=+1.65 kev. The requirements are thus 
that we trap particles of an energy spread of 
+2.5 kev. 

Consider a particle which, at the time of 
turning on of the r-f voltage, has a phase ¢o and 
an energy discrepancy AE» which, according to 
(15), determines a value of ¢o. For definiteness, 
let us suppose ¢$o and ¢» are positive. The effect 
of the applied voltage is to reduce ¢. If ¢ is 
brought to zero before ¢=7, the particle will be 
caught, since subsequently the amplitude of | 
phase oscillation will be damped, according to 
(24), by a factor V-*. (For large amplitudes, we 
see from the sign of the correction terms in (20) 
that the damping will be even more rapid.) The 
amplitude of radial oscillation, however, continues 
to increase, with V?, until V reaches its final 
value. A particle which passes ¢=7 is not 
necessarily lost; since V is still increasing it 
may still be caught, say between x and 3r. 
However, such orbits will, for the most part, 
end up with large amplitudes of phase oscilla- 
tion, and in consequence such large radial ampli- 
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tudes that they may well be lost for this reason. 
In any event, we shall not overestimate the ease 
of catching by ignoring such possibilities. 

In order to make an estimate of the magni- 
tudes involved let us suppose that the voltage 
rises linearly with time, and reaches its final 
value, V; in Sy cycles. If S is the number of 
cycles after the voltage is turned on, V= V,S/S;. 
In terms of dS=w,dt/2x, the phase equation, 
(17), becomes 


dS? S; 


sin ¢=0. (29) 


The radiation loss term is negligible at these low 
voltages, and as we have already remarked, 
eV sin ¢, is small. It can easily be verified that it 
may be omitted. Also, during the short times 
under consideration, E, and w, can be taken 
constant. To study the initial miotion, just after 
the voltage is turned on, we replace sin ¢ by a 
suitable average, (sin ¢)w, the nature of which 
we shall determine later. The solution of (29) is 
then 


_reV,K(sin 
= 30 


_ When ¢o>0, ¢ reaches its maximum, 


4 2S;(—AE>)* \! 
m= V,E?\(sin (31) 
when S=S,,, 
2S;(—AEo)\! 
Sn = ‘ (32) 


In (31) and (32) do has been expressed in terms 
of AE, by means of (15). It should be remarked 
that, for ¢o>0, the case ¢do>0 (i.e., AEy<0) is 
the critical one. If ¢9<0, ¢ is initially decreas- 
ing, rather than increasing, and more time is 
available for catching. 

We now ask under what conditions particles 
with phase angles of initial magnitude less than 
are caught. We must have ¢n—¢0<2/2. If 
for (sin we take its linear average, 


(in f sin 
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(31) gives us 


9 eV;E, 
| (33) 


64x K2S, 


With eV;=10 kev, E,=2 Mev, K=3 (corre- 
sponding to n= 4%), S;= 1000, we find —AE<5.8 
kev. The number of turns required to eliminate 
an initial energy discrepancy of this amount is 
Sn = 43. 

Although this treatment is somewhat rough if 
¢ is allowed to approach 7, it is fairly accurate 
for phase angles between 2/4 and 32/4, since in 
this range 0.7< sin ¢<1, so an average (sin ¢)~% 
=0.85 is never far off. The maximum phase 
angle reached is determined by (31); the subse- 
quent motion is an oscillation with an amplitude 
damped" by a factor V-? or The final 
amplitude of oscillation will be 


sin 
The corresponding amplitude of radial oscilla- 
tion can be determined from (13) and (14). It is 
approximately proportional to (V/E,)*#,. 

A primary advantage of a large value of E, at 
the time of transition to synchrotron operation 
is to reduce the amplitude of this radial 
oscillation. 

The argument leading to (34) fails if ¢, is 
reached while V is still too small for the adiabatic 
theorem to be applied. It is easily seen that the 
condition for the validity of the adiabatic theo- 
rem is 


Thus, for (34) to be right we must have S,,>Sua, 


—AE 


(sin Eve *) (35) 


8 \ *Sy 


For —AEp smaller than this, a first approxi- 
mation is obtained by replacing — AZ» in (34) by 
the minimum value set by (35). A better approxi- 
mation can be obtained by fitting the asymptotic 
solutions to (30) for a value of S greater than 
Sa, rather than at on. 

Another approximation, good for |¢| <60°, is 

3 For greater accuracy the damping should be obtained 


from Eq. (20). Even or these large amplitudes, however, 
the ~ a terms are not very important and may be neg- 
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TaBLeE I. Values of ¢, and ¢, for various 
values of ¢o and 


oo =0 
os pm of Arn or 
0 0 0.78 0.285 1.33 1.57 2 
0.100 0.045 0.89 0.348 1.66 1.67 2.91 
0.200 0.090 0.99 0.401 1.80 1.76 °. iS 3.21 
0.300 1.35 1.39 0.590 2.65 2.07 0 3.95 
0.400 1.80 1.56 0.690 3.10 2.34 1.03 4.60 


obtained by replacing sin ¢, in (29), by ¢. The 
solution of (29) is then 


out (36) 


where p=(2xV;K/S;E,)“S. For given initial 
conditions ¢,, can be determined from tables of 


‘the Bessel functions.'* The final amplitude of 


oscillation can be evaluated from the asymptotic 
forms of 


3 4 E, 1/12 
(-) (= 
4\/ SE, \" 
2re 


The final amplitude of radial oscillation is, from 
(19a) and (14), 
Ary 


-(=—) 


In Table I, ¢,, and ¢; are tabulated, for various 
values of ¢o and AE. These calculations refer to 
the 300-Mev synchrotron. The final amplitude 
of radial oscillation is also tabulated. For ¢o=0, 
and for AE)=0, the small oscillation approxima- 


tion was used. The remaining values for = 2/4 


and ¢9=2/2 were computed from (31) and (34). 
Even particles with AE =4 kev and ¢9=90° are 
within the range Ar= +5 cm. 
It thus appears that with the expected energy 


spread of 2.5 kv in the beam, and a rise time of 


“4G. N. Watson, A Treatise on the Theory of Bessel 
Fnnctions, Cambridge, 1944. 
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the r-f voltage of 1000 cycles, at least half the 
particles accelerated during the betatron phase 
of operation will be trapped in the synchronous. 
orbit. 


Azimuthal Asymmetries of the Magnetic Field 


A question of considerable practical import- 
ance in the design of an accelerator such as the 
synchrotron is the effect on the orbits of small 
azimuthal asymmetries in the magnetic field, 
In particular asymmetries may be expected to 
be appreciable at the injection time, when H is 
small, because of eddy current and hysteresis 
effects. 

The effect of an azimuthally varying field on 
the radial motion will be to introduce forced 
oscillations. Since these have the same period 
as that of rotation, the result is to slightly distort 
the orbit from a circle. Because there is no reson- 
ance with the period of free radial oscillations, 
the amplitude of the forced oscillations remains 
rather small. 

Suppose that 


. lel 


Let r=r,+x, where 7; is the radius of the in- 
stantaneous orbit, defined by (2), and x is the 
deviation from the instantaneous circle. The 
equation of motion for x is 


d 
+(1—n)w*x 
(1—n) 
— hi cos (40) 
Setting 0=wt, we readily find 


an equation which can be used to estimate the 
permissible magnitudes of asymmetries. 

It is a pleasure to express our gratitude to 
Professor Ernest O. Lawrence for his encourage- 
ment of this work. We are also especially grateful 


‘to Professor Robert Serber and to Professor 


Edwin M. McMillan, who contributed many 
very helpful discussions and suggestions. This 
work was carried out under the auspices of the 
Manhattan District. 
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Multiple Nuclear Disintegrations Induced by 100-Mev X-Rays 


Grorce C. BaLpwin anp G. STANLEY KLAIBER 
Research Laboratory, General Electric Company, Schenectady, New York 


Multiple nuclear disintegrations have been observed in 
light and heavy nuclei irradiated with high energy x-rays 
generated by a 100-Mev betatron. 1500 photographs taken 
with a 12” cloud chamber filled with air have yielded 105 
single protons of energies up to 9 Mev, 7 “flag” tracks 
showing a proton or alpha particle and a heavy recoil 
nucleus, and 3 four-particle “‘stars,” in two of which one 
alpha-particle, two protons, and a recoil nucleus can be 
identified. At least one neutron must accompany the ob- 
served particles in each multiple track to satisfy the mo- 
mentum conservation law. In one star, a particle which 
may be of intermediate mass is observed as one of the 
disintegration products. No recoil protons in hydrogen 
were observed in 150 photographs, indicating that fast 
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neutrons are not present in sufficient intensity to cause the 
observed disintegrations. Identification of residual nuclei 
by measurement of the half-lives of radioactivity induced 
in irradiated samples has revealed many multiple disin- 
tegration processes. Strong activities were observed from 
(y, P) and (y, 2m) reactions, moderately strong activities 
from (y, pn), (y,2p), and (y, 2pm). The reactions Mg* 
(vy, p)Na™ and Pb**(y, pn)TI™ have been established by 
chemical and beta-decay evidence. Weak activities were 
observed which could be attributed to (y, p2n), (y, 3pm), 
and (y, an) or (y, 2p3n). Moderately strong activities in 
Al and P suggest the possibility of a nuclear process in- 
duced by quanta involving the loss of charge without 
change of mass. 


INTRODUCTION 


HE successful operation of a 100-Mev beta- 

tron' makes possible the study of the be- 
havior of nuclei upon excitation by quanta to 
energies much higher than any previously avail- 
able excgpt in the cosmic radiation. Previous 
studies** have been confined to quantum en- 
ergies below 25 Mev. The processes usually 
observed are (7, 7) at low quantum energies and 
(y, m) where the excitation is sufficient to expel 
a neutron. Approximately 35 (y,) reactions 
have been observed to date.* Threshold measure- 
ments for several of these reactions have given 
values ranging from 1.6 Mev for beryllium to 
about 19 Mev for carbon.’ One case has been 
recently reported in which a (y, ~) reaction 
probably occurs; unfortunately this reaction 
leads to the formation of a previously unknown 
short-lived isotepe and no cross check reaction 
or chemical test is available for confirmation.‘ 


1E. E, Charlton and W. F. Westendorp, J. App. Phys. 
16, 581 (1945). 

?W. Bothe and W. Gentner, a. f. Physik 106, 236 

1937); 112, 45 (1939). Y. Chang, M. Goldhaber, and R. 


ne, Nature 139, 962 ar 
P. Scherrer, and H. Waffler, 


. Huber, D. Lienhard, 
Hels Phys. Acta 15, 312 942); 16, 33 (1943). O. Huber, 
Phys. Acta 17, 195, 


O. Lienhard, and H. W . Helv. 
251 (1944). 
*O. Huber, O. Lienhard, P. Scherrer, and H. Waffler, 17, 
139 
(1948). G. C. Baldwin, and H. W. Koch, Phys. Rev. 65, 1 
*G. T. Seaborg, Rev. Mod. Phys. 16, 1 (1944). 
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The ejection of a proton requires slightly more 
energy than ejection of a neutron because of the 
Coulomb barrier, and, as a (vy, p) reaction will 
not ordinarily lead to the production of a radio- 
active isotope, it is not so readily observable as 
the (y, process. 

At the high excitation energies now possible, 
the expulsion of a proton or of a neutron should 
be equally likely; the residual nucleus then will 
still be at sufficiently high temperature to evapo- 
rate several additional particles. Disintegrations 
in which as many as six to eight nuclear particles 
evaporate, including neutrons, protons and pos- 
sibly alpha-particles, may be expected to follow 
an excitation of 100 Mev. Such disintegrations 
have been observed in cosmic radiation.’ The 
availability of radiation of controllable energy 
and intensity now permits much more complete 
investigations of nuclear evaporations at high 
energy to be made. 

Though no completely satisfactory method 
exists for the study of multiple disintegrations 
which a particular nuclear species may undergo, 
several techniques are available. Tracks of 
ejected charged particles can be observed in a 
cloud chamber or in a photographic emulsion. 
Their respective energies and directions of emis- 
sion can then be observed. However, this method 
fails to detect the neutrons emitted in the dis- 


7 Brode and Starr, Phys. Rev. 53, 319 (1938). 
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Fic. 1. The right-hand image is a direct view of the 
chamber; the left-hand image is a stereoscopic view ob- 
tained in a vertical mirror. Magnetic field 2650 gauss. 
The x-ray beam enters from the top in all Siateseaie. 


integration and thus gives only an incomplete 
picture of the process. Also, owing to the mix- 
ture of elements present in the cloud-chamber 
gas or photographic emulsion the parent element 
can seldom be identified with certainty. A con- 
venient method is the observation of induced 
radioactivity in a sample which has been ex- 
posed to the x-ray beam. This definitely identifies 
the parent element and the product isotope; it 
does not detect reactions leading to stable end- 
products nor does it unambiguously identify the 
particular particles evaporated. 

The authors have recently undertaken a pro- 
gram of experiments to determine what photo- 
disintegration processes may occur and their 
relative probabilities, cross sections, and energy 
dependences, using the 100-Mev betatron of the 
General Electric Company as x-ray source. Ex- 
perimental methods mentioned above are being 
employed. This program is still in its initial stage. 


CLOUD-CHAMBER STUDIES 


The cloud-chamber studies were made with a 
horizontal 12-inch chamber of 2}-inch depth, of 
which 1} inches were illuminated, operated once 
per minute in synchronism with the betatron, 
so that all tracks seen were of the same age and 
of a high degree of sharpness, as will be evident 
from the electron tracks visible in Figs. 3 and 4. 
For this work, the x-ray intensity was purposely 
reduced by a factor of about 10-* below the full 
output available. The cloud chamber and the 
method by which it was controlled in synchron- 
ism with the operation of the betatron will be 
described in another publication. 
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The chamber was filled with air and a mixture 
of alcohol and water vapor at atmospheric pres- 
sure, and was located 25 feet from the x-ray 
target in the center of the x-ray beam. In addi- 
tion to the expected electron and positron tracks, 
occasional tracks of heavily ionizing particles 
were seen. Figure 1 shows a positively charged 
particle moving initially at 7 degrees to the x-ray 
beam axis across the chamber. The magnetic 
field is 2650 gauss ; from its curvature and ioniza- 
tion this particle is identified as a proton of 9 
Mev kinetic energy. The short heavy track near 
the top of the picture crosses the chamber 
obliquely and thus spends only a short portion 
of its range in the illuminated region. 

Single tracks which could be ascribed to pro- 
tons were observed in about 7 percent of 1500 
pictures taken with air. The majority of the 
single protons seen originated in the glass or 
brass walls of the chamber. There is no apparent 
asymmetry in the directions in which these par- 
ticles are emitted; however, many more photo- 
graphs must be taken before an accurate angular 
distribution can be determined. 

These protons must originate in nuclear dis- 
integrations, since no process is known by which 
a 100-Mev y-ray quantum can directly transfer 
more than 6 Mev to a proton. 

In another series of photographs, the cloud 
chamber was filled with hydrogen at one atmos- 
phere. In 150 pictures, irradiating at 100 Mev, 
no recoil proton tracks were observed to originate 
in the gas of the chamber. Thus it seems unlikely 
that fast neutrons are present in sufficient quan- 
tity to be responsible for the disintegrations 
described below. 


Fic. 2. Direct image on right; stereoscopic image on 
left. eens field 2650 gauss. X-ray intensity higher 
than in'Fig. 1. 
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in addition to single heavily ionizing tracks, 
occasional ‘‘star tracks’’ owing to multiple dis- 
integrations in the gas were observed. Two- 
element star tracks appeared in 0.5 percent of the 
1500 photographs. These ‘‘flag tracks” closely 
resemble photographs of disintegrations induced 
by fast neutrons.® In all of these, one track is 
extremely heavily ionizing and of very short 
range, while the other is of longer range, usually 
a proton but in at least one case is definitely an 
alpha-particle. The direction of emission, as far 
as it can be determined from the few tracks ob- 
served, is random with respect to the x-ray beam. 
The heavier, shorter track probably is the recoil 
nucleus. In all these disintegrations it is neces- 
sary to assume that a neutron is also emitted 
in order to conserve momentum. In Fig. 2, one 
track is very highly ionizing and of short range, 
so that its direction and nature cannot be deter- 
mined. The other, longer track, lies in the plane 
of the figure, is directed at 140 degrees to the 
x-ray beam direction, and stops in the illumi- 
nated portion of the chamber. Its range is 5.5 


Fic. 3. Direct image on right; stereoscopic image 
on left. Magnetic field 1350 gauss. 


Fic. 4. Direct image on left, stereoscopic on 
right. Magnetic field 2650 gauss. 


*N. Feather, Proc. Roy. Soc. 136A, 709 (1932). 


Fic. 5. Stereoscopic views not shown. Magnetic 
field 1350 gauss. X-ray intensity very high. 


cm. Since this shows no curvature in a field of 
2650 gauss, it is probably an alpha particle with 
an energy of 6.8 Mev. 

In Fig. 3, the shorter track ionizes very heavily. 


The track slopes downward at 14 degrees to the - 


horizontal, and lies at 90,degrees to the beam 
direction with a range of 0.3 cm. The longer track 
shows a very slight curvature in the magnetic 
field of 1350 gauss and hence is probably a pro- 
ton. It slopes upward at 16 degrees to the hori- 
zontal and its horizontal projection makes a 
50-degree angle with the x-ray beam direction. 
It runs out of the illuminated region after trav- 
ersing 6.5 cm of its range; its energy is accord- 
ingly at least 2 Mev. 

Figure 4 shows a 4-element star track. The 
magnetic field is 2650 gauss. Track 1 is an alpha- 
particle of 4.9-cm range and 6.2-Mev kinetic 
energy. From the stereoscopic image, it can be 
determined that this track is inclined upward at 
an angle of 15 degrees with the plane of the photo- 
graph ; its projection on the horizontal makes an 
angle of 172 degrees with the x-ray beam direc- 
tion. Tracks 2 and 3 show slight positive curva- 
ture. Track 2 slopes upward at an angle of 42 
degrees and passes out of the lighted volume of 
the chamber; its projection on the horizontal 
makes an angle of 62 degrees with the beam direc- 
tion. The density of ionization and curvature 
correspond to a proton; the portion of the range 
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Fic. 6. Direct image on right. Magnetic field 1350 gauss. 


visible is 3 cm so the energy is greater than 1 
Mev. Track 3 is also a proton; the track slopes 
upward at a 25 degree angle and passes out of 
the illumination ; the visible range is 6 cm so the 
energy is greater than 2 Mev. Its horizontal 
component makes an angle of 19 degrees with 
the beam direction. Track 4 is apparently the 
residual nucleus; its ionization is at least that 
of the alpha-particle and probably greater. Un- 
fortunately it runs down at an angle of 18+6 
degrees and, since the star originates within 0.5 
cm of the base of the illuminated region, it 
leaves the lighted region after approximately 
only 0.5 cm of its range. The angle between its 
horizontal projection and the beam is 20 degrees. 
The star track in Fig. 5 was taken in a mag- 
netic field of 1350 gauss. The x-ray intensity was 
higher than in the case of Fig. 4 and the back- 
ground ionization is accordingly much higher. 
Track 1 is an alpha-particle of 3-cm range and 
4.5-Mev kinetic energy. The track lies in the 
horizontal plane at an angle of 95 degrees to the 
beam direction. Tracks 2 and 3 are protons; 
track 2 slopes upward at 19 degrees and leaves 
the lighted region after 3.8 cm of its range; 
track 3 slopes upward at 42 degrees and has a 
visible range of 1.6 cm. The horizontal com- 
ponents of these tracks make angles of 20 and 
10 degrees, respectively, with the beam direc- 
tion. Track 4 is of at least the ionization of the 
alpha-particle and is probably a recoil nucleus. 
It may or may not end in the lighted region; 
the visible length is 0.3 cm. The orientation of 
this track is: slope, 45 degrees down; horizontal 
component, 162 degrees to beam axis. 
Momentum cannot be conserved in either star 


with the tracks visible unless it is assumed that 


at least one neutron was also emitted in the dis- 
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integration. Since in each case several tracks 
leave the illuminated volume of the chamber and 
are inclined at angles too steep for reliable curva. 
ture measurement, the complete analysis of these 
disintegrations cannot be carried out. A reason. 
able assumption is that these are disintegrations 
of nitrogen nuclei, since the chamber was filled 
with air. In each star one alpha-particle and two 
protron tracks are observed ; these carry a total 
of four elementary charge units. At least one 
neutron was emitted in each case. The fourth 
track would then be triply charged and hence 
either Li® or Li’ if this interpretation is correct, 
The energy of the incident photon must have 
been at least 50 Mev in each case. 

A third such star has four heavily ionizing 
tracks, none of which is of more than 0.5 cm 
range. It is not possible to identify them. 

The disintegration of Fig. 6 is especially in- 
teresting. It was taken with a magnetic field of 
1350 gauss. The origin of the star is in the top 
plane of the illuminated region. Track 1 appears 
to be horizontal and to stop in the gas with a 
range of 1.8 cm; however it is possible that it 
may have a slight upward slope and leaves the 
illumination. It makes a 67-degree angle with 
the beam direction. Track 2 makes a 115-degree 
angle with the beam direction and slopes down 
at 40 degrees to the plane of the photograph, 
leaving the base of the illuminated region after a 
visible range of 3.8 cm. Since the illumination is 
weaker at the point of origin of this star (note 
the apparent tapering of Track 2) it is not safe 
to conclude that the densities of ionization of 
Tracks 1 and 2 are different. Each track may be 
a proton or an alpha-particle. The third track 


TABLE I. Values of the magnetic rigidity, Hp, the range, 
R, and the ene E for electrons, mesons, and protons 
corresponding to different densities of ionization. 


Density 
of Electron Meson Proton 
ionization M=m M =200m M =1840m 
Hp=1.2X 10° Hp=2.6X108 Hp=23X10° 
2 R=22 cm R=3200 cm R=29000 cm 
E=0.12 Mev E=24 Mev E=230 Mev 
Hp <10? Hp=1.5X10®8 Hp=14X10° 
4 R=3.2 cm R=750 cm R=6900 cm 
E=0.05 Mev E=9.2 Mev E=86 Mev 
Hp <108 Hp=0.96X10° Hp=8.5X 10° 
8 R<icm R=140 cm R=1300 cm 
E=0.02 Mev E=3.7 Mev E=34 Mev 
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Fic. 7. Isotope chart, boron-sodium. 
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Fic. 8. Isotope chart, neon-chlorine. 


runs downward at 7 degrees to the horizontal, 
145 degrees to the beam. It runs out of the cham- 
ber with a range considerably more than the 
12.8 cm visible. The track is considerably scat- 
tered, making a curvature measurement un- 
reliable; however it has an apparent negative 
curvature with an Hp greater than 2X 10° gauss 
cm. Since it traverses the fully illuminated re- 
gion, its ionization can be estimated, and ap- 
pears to be four times the minimum; this esti- 
mate may be high or low by a factor of two. 

In Table I are listed the magnetic rigidity Hp, 
the range R in air, and the kinetic energy E 


corresponding to densities of ionization of 2, 4, 
and 8 times the minimum, for particles of masses 
1840 (proton) and 200 (meson) times the elec- 
tronic mass, and for electrons. It will be obvious 
from the table as well as from the pronounced 
scattering of the track that this cannot be an 
electron. A proton of ionization density 2 would 
have more kinetic energy than is available ; even 
with density 4, the 86-Mev kinetic energy seems 
impossibly high, since it must be remembered 
that a neutron of approximately the same en- 
ergy must be postulated to conserve momentum. 
If a density of 8 be ascribed to this track, it is 
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MINUTES 


Fic. 9. Decay of carbon activity. 


possible that it can be a proton. The negative 
Hp must then be owing to the pronounced scat- 
tering. If it is assumed that this track is owing to 
a particle of intermediate mass, the observed Hp 
is consistent with the estimated ionization and 
only moderate kinetic energies are involved. 


INDUCED RADIOACTIVITIES 


In the second method for detecting multiple 
disintegrations employed in the present work, 
samples of elements under study were exposed 
to the x-ray beam and then tested for induced 
radioactivity. 

Pure elements or simple compounds of the 
highest purity obtainable were irradiated in the 
center of the x-ray beam at a standard position 
approximately one meter from the x-ray target 
of the betatron. Ordinarily irradiation was con- 
tinued for one hour at 100 Mev, but in many 
cases other irradiation periods and electron en- 
ergies were employed. The sample was then 
conveyed as rapidly as’ possible to a beta-ray 
counter. The latter was necessarily at a consider- 
able distance from the irradiation point and some 
time was lost before the count began. This set a 
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ACTIVITY 


MINUTES 


Fic. 10. Decay of boron oxide. 


lower limit of 10 seconds on the half-lives which 


could be measured ; the upper limit, set by irradi- 
ation period and x-ray intensity, was several 
days. The activity was followed by photograph- 
ing the mechanical register and interpolator of 
the scaling circuit at regular intervals. From the 
decay curves, half-lives were determined from 
which active isotopes could usually be identified.* 
In several convenient cases, chemical separations 
were performed® to verify the assignment. Only 
relative estimates of intensities have been made; 
the x-ray intensity was not the same for all 
irradiations. 

All but one of the elements investigated in 
this work were of low atomic number, in order 
to simplify the problem of assignment. The 
known stable and radioactive’ isotopes in this 
region of the elements are shown in Fig. 7 and 
Fig. 8. 

Lithium, beryllium, and boron showed no de- 
tectable activity which could be attributed to 
these elements. Lithium was irradiated as the 
chloride, fluoride, and hydroxide; beryllium as 


® We are indebted to Dr. H. A. Liebhafsky, Dr. E. W. 
Balis, and Dr. E. W. Winslow of this laboratory for as- 
sistance with the chemical separations. 
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the pure metal, and boron as the carbide, nitride, 
and oxide. The absence of activity is to be ex- 

ted, since no known isotope which might re- 
sult from bombardment of these elements has a 
half-life within the above limits.® 

Carbon showed a strong 20.5-minute half-life 
(Fig. 9). This activity is C" from the reaction 
C# (y, n)C". Spectroscopically pure graphite and 
c.p. boron carbide both were tested. 

Nitrogen was investigated in the forms of BN, 
NaN;, and CsH¢N; (melamin). The decay of BN 
showed a strong 10-minute half-life characteristic 
of N® and a weak activity of half-life 20+2 
minutes. The latter is possibly C". These ac- 
tivities indicate the reactions N“(y, 2)N® ahd 
N¥(y, p2n)C¥. 

Oxygen was tested as boric anhydride, distilled 
water, and lithium and sodium hydroxides. The 
decay curve for boric anhydride is shown in 
Fig. 10. In addition to the 2.1-minute decay of 
O"', there is a weak activity of half-life 20+2 
minutes which may: be ascribed to C™. In addi- 
tion to the reaction O"*(y, 2)O", it is thus pos- 
sible that either O'(y, an)C" or O'%(y, 263”)C™ 
can occur. No indication of N® is apparent. It 
seems unlikely that the 20-minute activity is 
owing to contamination, as the B,O; was free 
from carbonate ; estimates of the carbon content 
of the H,O and NaOH samples indicate that 
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Fic. 11. Decay of sodium fluoride. 
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contamination will not account for the observed 
activity. 

Fluorine was investigated as the sodium and 
lithium salts. The decay curve, Fig. 11, shows 
fairly strong 112 minute and 1.1 minute periods. 
The reactions occurring are F!%(y, ”)F!® and 
F'9(y, 2n)F". 

Sodium hydroxide (Fig. 12) shows a very weak 
2.2-hour activity in addition to oxygen activity. 
This is approximately the half-life of the F'* 
activity, and thus was masked in Fig. 11. It is 
possible that this is in fact F'*, in which case a 
(y, an) or (y, 263m) reaction must occur, as in 
the case of oxygen. 

Magnesium was investigated as the pure 
metal.'® One-hour irradiation (Fig. 13) induces a 
complex decay curve which can be resolved into 
a strong 14.8-hour period, a very weak activity 
of half-life 40+20 minutes, a strong 1-minute 
period and a very short period. From a 1-minute 
bombardment (Fig. 14), the latter two periods 
were found to be 62.5 seconds and 12 seconds, 
respectively. The 12-second activity is Mg™ from 


activity 


3 
HOURS 


OECAY OF NaOH 


Fic. 12. Decay of sodium hydroxide. 


of spectroscopicall re magnesium were 
furnished us through the the Chemical 
Company. 
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Fic. 13. Decay of magnesium—one-hour irradiation. 


a (y, m) reaction. The 62.5-second activity is the 
Na*™ reported by Huber, Scherrer, Lienhard, 
and WéAffler.* Absorption measurements give a 
beta-ray end-point of 2.8 Mev, in good agree- 
ment with their value. The 14.8-hour activity 
emits beta- and gamma-radiations of the ex- 
pected energy for Na*™ and follows the chemistry 
of sodium. From this, we conclude that the re- 
action Mg**(y, p)Na* as well as »)Na™ 
does occur, and that the 1-minute isotope is 
correctly assigned. We have not yet attempted 
to identify the 40-minute period. 

Aluminum in the form of the pure metal" 
showed a 14.8-hour period of moderate intensity, 
moderate 10-minute and 63-second activities, 
and a short period, probably Al* from a (y, ”) 
reaction (Fig. 15). The 63-second and 14.8-hour 
periods are identical with the sodium activities 
obtained from magnesium, the reactions being 
AFP7(y, 2p)Na*® and Al?’(y, 2pm)Na*. The 10- 
minute activity is more difficult to explain. A 
rapid chemical separation showed that Mg(OH)s 
carried the activity. It was thought that it could 
be Mg?’ from an (n, p) reaction, though this re- 


1 Sam of spectroscopically pure aluminum were 
furnished us through the courtesy of the Aluminum 


Corporation of 


quires a product of cross sections. Measurements 
were accordingly made with silver detectors in a 
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Fic. 14. Decay of magnesium—short irradiation. 
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9-inch paraffin cube to estimate the neutron in- 
tensity near the betatron. These showed only a 
small fast neutron background; this result is 
consistent with the conclusion presented earlier 
in this paper from the cloud-chamber studies. 
It was also established that an aluminum sample 
in the standard irradiation position did not in- 
crease this background, hence the principal 
source of neutrons is external to the sample. It 
was then shown that the 10-minute activity is 
produced by a radiation which is readily ab- 
sorbed in lead, by simultaneously activating two 
aluminum samples separated by a 0.5-inch lead 
slab. The front sample showed approximately 
50 percent more activity than the rear sample 
when activated at 40 Mev. This ratio is about 
that expected for continuous x-rays with. this 
maximum energy”; neutrons should not have 
shown this attenuation. Attempts were also 
made to enhance the activity by surrounding 
the sample with copper and then with aluminum, 
without effect, while an enhancement should re- 
sult if the reaction is caused by neutrons gen- 
erated locally. Hence, it is probable that the re- 


8 W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, New York, 1944), second edition. 


ACTIVITY 
8 


10 i i 
fe) 10 20 30 
60 MIN. 


of aluminum. 


action is produced by quanta. Experiments are 
in preparation to identify the activity unam- 
biguously and to determine the mechanism by 
which it is produced. Should it prove to be ac- 
tually Mg*’, one must postulate a reaction by 
which a unit of charge is removed but no mass 
change occurs. Possible mechanisms are (1) posi- 
tron emission from a highly excited state of 
AF’; (2) electron capture; (3) emission of a 
positive meson. 

Silicon, also run as the pure metal, exhibited 
strong 2.5-minute and 6.7-minute activities and a 
weak 15-hour period (Fig. 16). The probable 
reactions are Si**(y, p)Al**, Si*°(-y, p)Al**, and 
Si**(y, 3pn)Na™. 

Phosphorus showed a long period of several 
days half-life, moderately strong 2.6-hour, 
moderately strong 6.7-minute, and strong 2.5- 
minute activities (Fig. 17). A very strong, short 
period was also observed. The latter is probably 
P®* by a (y, 2m) reaction. The 2.5-minute period 
is 2) though Al** might also be weakly 
present. The 6.7-minute activity is probably 
from P#®(-y, 2p)Al**. The 2.6-hour activity pre- 
sents the same problem as the 10-minute ac- 
tivity from aluminum discussed above. No tests 
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Fic. 16. Decay of silicon. 


have yet been performed in this case to explore whether photo-fission can be induced to a meas- 
the possibility that it results from an (m,p) urable extent by high energy quanta. One-hour, 
reaction. irradiation of spectroscopically pure lead" pro- 

Lead was also investigated, partly to ascertain duced the activity plotted in Fig. 18. The 69- 
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Fic. 17. Decay of phosphorus. 


3 Sam of spectroscopically pure lead were furnished us through the courtesy of the American Smelting and = 
Refee'Compast and the National Lead Company. 


| meas- 
1e-hour, 
pro- 
‘he 69- 


minute and 52-hour periods are from (vy, m) re- 


~ actions. Chemical separation showed the 4.5- 


minute period to be thallium, hence either 
Pb?8(y, or Pb**(y, pn)TI™ is indicated, 
or both. The maximum beta-ray energy was de- 
termined by absorption in aluminum to be 1.8 
Mev. The accepted values are: TI*, 1.77 Mev; 
TI*7, 1.47 Mev. Hence TI is definitely present 
in the sample. Our best value of 4.5+0.3 min- 
utes for the half-life suggests a mixture of the 
activities. 

The only activity remaining unassigned is the 
5.5-hour activity. It seems unlikely that this 
single activity can be ascribed to a photo-fission 
product ; there is no evidence that photo-fission 
occurs to any extent in lead which might be de- 
tectable by this method. Another experiment 
which confirms this conclusion will be described 
in a forthcoming paper. 

A summary of the observed activities and 
probable assignments is listed in Table II. 


Taste II. activities observed and 


their probable assignment. 
Probable Probable 
Half-life Activity _ isotope reaction 


| 


20.5 m. strong C4" 20.5m. 
9.9m. strong N® 9.96 m. N"(y, 2)N® 
20 m. weak C" 20.5 m. N"(y, p2n)Cu 
. strong 2.1m. O'*(y, 2)O" 
20 m. weak C8 20.5 m. O'*(y, an)C? 
1.1m. strong 70s. F'%(-y, 
112 m. strong F's 112m. F!%(-y, 
weak 112m. Na*™(y, 
strong 11.68. Mg™(y, »)Mg™ 
62.5s. strong Na*® 62s. Mg**(y, p)Na™ 
40m. weak ? ? 
14.8h. strong Na™ 14.8h. Mg*(y, p)Na™ 
Al short strong Alt¢ 7s. Al**(y, 
63s. moderate Na® 62s. Al*"(y,2p)Na™® 
10m. moderate Mg*’ 10.5 m. ? 
14.8h. moderate Na™ 14.8h. Al*"(y, 2pn)Na™ 
Si 2.5m. strong Al 2.4m. Si*(y, p)Al** 
6.7 m. strong 6.7m. Si*(y, p)Al*® 
1Sh. weak Na™ 14.8h. Si**(y, 3pn)Na™ 
P short strong P® 4.68. P#"(-y, 2n)P® 
2.5m. strong 2.55 m. 
6.7m. moderate Al 6.7m. P#(y, 2p)Al* 
2.6h. moderate Si*® 2.8h. ? 
Pb 4.5m. strong 4.1m. Pb**(y, 


zow 

> 3 


oR 
n 


69 m. strong Pb** 69m. Pb*(y, 2)Pb?% 
5.5h. moderate ? ? 
52h. strong Pb** 52h. Pb™(y, 
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Fic. 18. Decay of lead. 


DISCUSSION 


The experiments described demonstrate that 
excitation of nuclei by 100-Mev x-rays will 
lead to the evaporation of as many as four or 
more particles of moderate energies including 
neutrons, protons, alpha-particles, and possibly 
charged particles of intermediate mass. 

It must be remembered that by “100-Mev 
x-radiation” is meant the continuous spectrum of 
x-rays generated by the bremssung of 100-Mev 
electrons in a thin tungsten target and that this 
radiation has emerged through the walls of the 
glass vacuum tube. The spectral distribution of 
this radiation has not yet been determined ex- 
perimentally; however, quanta of all energies 
up to 100 Mev should be present and the dis- 
integrations observed are undoubtedly owing 
chiefly to quanta of energies well below 100 Mev. 

The experimental methods which have so far 
been available for the study of these processes 
do not give a complete account of the possible 
modes of disintegration of a given nucleus under 
study. Few of the residual nuclei will in general 
be radioactive with lifetimes convenient for 
rapid study; stable products should be expected 
to be slightly more probable than unstable ones. 
The method of induced radioactivity will how- 
ever permit accurate measurement of relative 
probabilities of various modes of disintegration 
and will be especially useful when applied to 


Son 4 
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separated isotopes. As soon as projected experi- 
ments to determine the spectrum and to count 
absolutely the density of quanta in the x-ray 
beam have been completed, it will be possible 
to measure excitation functions and absolute 
cross sections for these disintegration processes. 
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The Paths of Ions and Electrons in Non-Uniform Crossed Electric 
and Magnetic Fields* 
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The integration of the force equations for a charged particle moving in the presence of 
particular types of crossed, non-uniform, electric, and magnetic fields is shown to be possible 
in a very simple manner. The cases which admit of the integration are those such that: the 
magnetic field is a function of only one coordinate (either Cartesian or the radius vector in 
a polar system); the electric field is a function of only one coordinate which for any particular 
case is the same coordinate with which the magnetic field varies; the electric field has a com- 
ponent only in the direction of the variable with which it varies; and the two fields are ortho- 
gonal. Since these conditions, in most cases, are only met on a median plane symmetrically 
situated relative to magnetic pole faces and electrostatic electrodes, the calculations refer to 
the motion in this plane. The equations are solved and discussions made of the orbits for 
several different field arrangements and for one a new type of perfect focusing. The method 
can be used with numerical integration when the analytical difficulties are too great or when 


the fields are only known empirically. 


INTRODUCTION 


HE integration of the Lorentz force equa- 
tion for. charged particles moving in the 
presence of certain types of non-uniform mag- 
netic fields has been reported earlier.1 The cases 
dealt with were those such that the magnetic 
field varied as a function of one coordinate only, 
either Cartesian or the radius in cylindrical or 
polar coordinates; the motion of the charged 
particles was in a plane perpendicular to the 
magnetic field (this in some cases restricts the 
motion to the median plane between the pole 
faces of a magnet or electromagnet); and there 
was no electric field present. This integration 
was of such a nature that it could be done 
analytically if the functions were simple enough 
* An abstract of a preliminary report is given in Phys. 


Rev. 68, 98 (1945). 
1N. D. Coggeshall and M. Muskat, Phys. Rev. 66, 187 


or, if not, it could always be done numerically to 
as fine an accuracy as desired. Furthermore, for 
cases where the magnetic field was known only 
experimentally, the integration could be done 
numerically to an accuracy equal to that of the 
data. Several cases of focusing were reported, 
some of which do not correspond to anything 
obtainable with uniform fields. 

. In the present paper the method of integration 
has been extended to cover certain cases of 
combined magnetic and electric fields which may 
or may not be uniform. The restrictions are: 
The magnetic field is constant or. is a function of 
only one coordinate (either Cartesian or the 
radius vector’in spherical or cylindrical coordi- 
nates) ; the electric field is constant or a function 
of only one coordinate which for any particular 
crossed field arrangement is the same coordinate 
with which the magnetic field varies; the electric 
and magnetic fields are perpendicular to each 


other; and the electric field has a component 
only in the direction of the variable with which 
it yaries. A simple example of a crossed field 
arrangement which meets the above require- 
ments is afforded by a cylindrical condenser 
located in the center of a long solenoid and 
coaxial with it. Here the magnetic field is along 
the length of the solenoid and varies only with 
the cylindrical radius measured from the center; 
the electric field between the condenser electrodes 
is perpendicular to the magnetic field and varies 
only with the same radius. Orbits for this and 
other combinations will be discussed later. Some 
of these have appeared in the literature earlier 
but using different methods of calculations, 
usually based on approximations. 


GENERAL THEORY 


When a charged particle moves in the presence 
of both an electric and magnetic field the force 
it experiences is given by: 


F=cE+evXH/c, (1) 


where e is the charge of the particle in e.s.u., ¢ 
is the velocity of light in cm/sec., and v is the 
velocity of the particle in cm/sec. 

If the electric field is a function of only one 
Cartesian coordinate, let us say x, and has only 
a component parallel to the x axis we have a 
kinetic energy equation: 


2*) = +e f E(x)dx, 


where vp is the initial velocity of the particle at 
a vaiue of x=». If the magnetic field is in the 
z direction, the component of the velocity in the 
z direction is constant and we may use instead 
of the above equation the following one: 


eVo 2e 
+— E(x)dx, (2) 
md 2° 


2 
m 


where Vo represents an initial kinetic energy 
expressed as potential. 

In view of the special conditions named above 
Eq. (1) may be written as: 


9 = (e/mc) Hz, (3) 
£=eE/m—(e/mc)Hy. (4) 
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If we define @ function fix) as: 
flx)= f H(x)dx-+e, (5) 
where é is a constant of integration, we may 
integrate Eq. (3) to obtain: 
y= (e/mc) f(x). (6) 


Substituting Eq. (6) in Eq. (2) and solving for 
the ratio of the velocity components we obtain: 
F(x) 

dx [hVothV(x)— f(x)" 


(7) 
where 
V(x)= f E(x)dx 


and 
h=2mc*/e. 


If the electric field is everywhere zero, Eq. (7) 
becomes just the equation obtained in the earlier 
paper! in which the paths of charged particles 
in non-uniform magnetic fields were considered. 

It is to be noticed that Eq. (7) contains three 
constants which are effective in characterizing 
the orbits, i.e., ¢, A, and Vo. The constant é@ is 
associated with the initial slope of the orbit as it 
may be seen that, for a group of orbits of charged 
particles of the same mass and of the same initial 
kinetic energy, the only difference in Eq. (6) for 
the different ones will be a variation in the value 
of 2. From their definitions, k and Vo obviously 
specify the mass and initial energy of the charged 
particle. 

The above named constants completely define 
an orbit and from them certain information as 
to its extension may be obtained without inte- 
grating Eq. (7). Since the terms in Eq. (7) must 
be real, we have the extension of the orbit limited 
by: 

hVo+hV(x) —f*(x) 20. 
If for a given set of constants the equation: 

hVo+hV(x) —f*(x) =0, (8) 
has only one real root the orbit may extend to 
either positive or negative infinity in the x 
direction whereas if it contains two real roots the 
orbit may be limited in extension in the x 
direction. In the latter case the roots of Eq. (8) 
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may represent an Xmax and an Xmin as for these 
values dy/dx=+ 0. 

Since the right-hand side of Eq. (7) is a 
function of x only, the integration of it to obtain 
the orbit in terms of y as a function of x is always 
possible, if not analytically, at least numerically. 
It is to be further noted that in case the magnetic 
field variation is known only experimentally or 
if the function defining H(x) is too difficult, the 
integration involved in Eq. (5) may be done 
numerically with a subsequent numerical inte- 
gration of Eq. (7). 

If the electric field is such that it varies only 
with the radius vector r in cylindrical coordinates 
and has a component only in this direction, the 
kinetic energy equation may be written as: 


2e 
#4 — f E(r)dr. (9) 


If in addition the magnetic field has only a 
component in the z direction and if it. varies 
only as a function of r, the force equations can 
be written as: 


'#—r(6)?=eE —(e/mc)Hré, (10) 

1d , 

— —(r°6) = (e/mc)H?. (11) 

r dt 

If we at this time define a function g(r) by: 
1 é 
Hordr+-, (12) 

rvs, 


é again being a constant of integration, we may 
integrate Eq. (11) to get: 


le 
6=-—-¢/(r). 
r mc 


Substituting this result in Eq. (9) and solving 
for the ratio of the time derivatives we obtain: 
do g(r) 


(13) 
where / has the same meaning as before and, 


V(r) = f E(r)dr. 


Equation (13), for cylindrical coordinates, is 
analogous to Eq. (7) for Cartesian coordinates 
and here also information as to extension of the 
orbits is obtainable. The orbits may extend to 
r=-+o or lie between definite values of r 
depending upon whether the equation: 


hVo+hV(r) —g*(r) =0 (14) 


has one or two real roots. Here again it is to be 
noticed that the integration necessary to obtain 
any orbit is always possible at least numerically 
if not analytically. This follows as the integration 
in Eq. (12) can be done numerically if necessary 
with a subsequent numerical integration of Eq. 
(13). 
Since for free space 


divH=0 and div E=0, 


it is not possible, except for a few special cases, 


to obtain crossed fields that satisfy the conditions . 
named above in a three-dimensional region. 


Usually the conditions of orthogonality and 
functional variation necessary for the above 
integrations exist only on a median plane which 
may be symmetrically located relative to mag- 
netic pole faces and properly located relative to 
electrodes supplying an electrostatic field. In the 
development of Eqs. (7) and (13) it was assumed 
that the motion is in the median plane and that 
z=0. If 20, Eqs. (7) and (13) will give the 
projection of the orbit on the same plane if the 
required field conditions exist in a three-dimen- 
sional region. If the field conditions are satisfied 
only on the median plane and z0, Eqs. (7) and 
(13) will give an approximate representation of 
the projection of the orbit onto this plane in a 
region around the point at which the orbit 
crosses the plane. 

As was seen in the earlier paper! and as will be 
seen later in this one, there are many cases of 
electron and ion orbits which are spatially 
periodic. This periodicity, or wave-length, is of 
great interest in focusing applications. The wave- 
length will depend upon the constants @, h, and 
V, and sometimes upon others which are used in 
specifying the functional variation of E and H. 
In a mass spectrometer use may be made of the 


_ periodicity by placing the ion source and ion 


collector in the proper geometrical arrangement 
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Fic. 1. bed cycloidal orbits for case of E and H 
constant in Cartesian coordinates. Hy= 1500 gauss, Ey» = 30 
volts per cm, Vo=600 volts, M=44, (a) ¢=0, (b) ¢=2.03 
X10, (c) é= —2.03 x 10+. 


and with a certain distance of separation between 
them. If then the fields can be varied in intensity 
so as to give ions of a particular mass an orbit 
wave-length equal to this separation, they will 
enter the collector. The design of an ion source 
for a particular field arrangement may depend 
upon the manner in which the orbit wave-length 
depends upon the parameters associated with 
the ion source. If the spatial period or wave- 
length \ is independent of the parameter @ but 
is a function of the initial energy Vo the ion 
source must be carefully designed to yield as 
nearly monoenergetic ions as possible. If the 
period is independent of the initial energy Vo 
but depends upon the starting direction param- 
eter @ the ion source must have a precise slit 
system to produce a parallel beam of ions. 
Examples of the different manners in which the 
wave-length depends upon the parameters will 
be seen below. Considerations of symmetry lead 
to the fact that if the orbits are periodic then 
the solution of Eq. (7) gives x implicitly as a 
periodic function of y or the solution of Eq. (13) 
gives r implicitly as a periodic function of @. 
Since the integrand is either a function of x or r, 


the direct deduction of the type of periodicity 
and the functional dependence on the parameters 
poses a mathematical problem of some interest. 
If this were possible it would allow the focusing 
properties of certain field arrangements to be 
obtained without the integration of Eq. (7) or 
Eq. (13). This would be valuable as a number of 
arrangements of physical interest do not give 
integrals which are in the form of a finite number 
of terms. Also in cases such as this, numerical 
integration will not lead to complete conclusions 
as to the wave-lengths of the orbits and their 
dependence on the various parameters. 

Let us suppose it is desired to find fields such 
that a pre-selected type of orbit is obtained. 
Theoretically this should be possible if for the 
chosen orbit dy/dx is a function of x alone or if 
d6/dr is a function of r alone. If either the electric 
or the magnetic field is chosen then substitution 
in Eq. (7) or (13) will yield the other. Only in 
special cases would it be possible to calculate 
fields which would produce a pre-selected family 
of orbits. This is true as only in special cases 
will the parameter which defines the family of 
orbits enter into the equations in the same 
manner as one of the above named parameters, 
i.e., h, Vo, Eo, Ho, é. 


SPECIFIC EXAMPLES 
(A) Constant Electric and Magnetic Fields 


The orbits and their properties for this case, 
deduced by other means, have been known for 
some time®* and an instrument has been built 
which utilized them.’ This treatment therefore 
produces no essentially new physical aspects but 
is included as it allows a more direct approach 
to calculations attendant to the orbits and it 
illustrates the application of the method. If we 
designate the constant electric and magnetic 
fields by Ey and H, the differential equation for 
the orbit is: 


dy (Hox+é) (1s) 
dx 


2 Pag Principles of Electricity (D. Van 
Nostrand pany, Inc., New York), Chap. VIII. 
(1938) Bleakney and J. "A. Hipple, Phys. Rev. 53, 521 
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This may be readily integrated to yield: 


1 hE,» 


F=constant defining position in x, y plane. 
Equation (16) is that of a cycloid and the perio- 
dicity can be recognized from the arcsin function. 
From this the périodicity or wave-length \ of 
the orbits is easily found to be: 


CM 55- 


0- T T T T 
0246 8 W I4CM 

Fic. 2. Nearly elliptical orbits for case of H tan 
H=Hy=2.5X 10 gauss, Eo = 0.0333 
Vo= 300 volts, (a) é= 2.88 10?, (b) ¢=0, (c) é=—2.88 10. 


the same result as obtained by Bleakney and 
Hipple. The dependence of \ upon the various 
parameters is ideal for focusing applications in 
a mass spectrometer or similar instrument. This 
is true since \ is independent of the initial energy 


and direction of the ions, which allows greater — 
latitude in the design of the ion source and also 


permits ion currents of greater intensity. Fur- 
thermore the period \ is seen to be linearly 
dependent upon the mass. These facts were 
recognized by the previously named investigators 
and using them they built a mass spectrometer 
of improved focusing properties.’ In Fig. 1 may 
been seen the manner of utilizing the periodicity 
for focusing. Here all ions of the same mass 
which leave point A will follow different orbits, 
each of which, however, has the same period, 
i.e., the distance between A and B. Therefore, 
if the ion source is located at A and a collector 
at B we have an example of perfect focusing. In 
Fig. 1 the three curves are for ions of the same 
mass but different angles of departure from A, 
equivalently, different 


(B) E=E,x, H= H,=constant 
The differential equation for this case is: 


dy (Hox+2) 


(17) 


hEs 
E 


If we define the quantities A, B, and D as 


follows: 
D=(hEo/2H,?—1), 


F=constant defining position of orbit in x, y 
plane, 


v=Hoxté. 
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Eq. (17) may be integrated to yield: 
1 +Bo+Dv?)t B 


=+— - 
D 2D/D 


1 B 
yo 

It is to be noticed that the numerical sign of D 
is a criterion of the type of orbit since Eq. (18) 
gives open or aperiodic orbits and Eq. (19) gives 
closed or periodic orbits. Since E is an odd 
function of x, then for any admissible orbit or 
portion thereof on one side of the line x =0 there 
may be a corresponding orbit or portion thereof 
on the other side and they will be symmetrical 
with respect to the line x=0. 

From the nature of the terms in Eq. (19) it 
can be seen that orbits passing through x=0 
and with small values of dy/dx at x=0 will be 
nearly ellipses. It is therefore of interest to 
investigate this case to see if a type of focusing 
equivalent to that used in a 180° analyzer exists. 
In tthe 180° analyzer all ions leaving the ion 
source travel in circles and a beam of ions of 
one momentum value that diverges from the 
exit slit will converge to form a focus approxi- 
mately at a point which is 180° removed from 
the exit slit and on the circle traveled by the 
principal ray.‘ This focusing is characterized by 
the fact that the principal ray or orbit of the 
ion that leaves the exit slit in a direction perpen- 
dicular to the diameter of the circle, on which 
are located the ion source and the point of focus, 
will recross this diameter at a maximum distance 
from the source, i.e., ions of different starting 
directions will recross the diameter at points 
nearer the ion source. If we can demonstrate the 
existence of such an extremum for the principal 
ray in the present case, it will show if such 
focusing is possible. 

The distance along the y axis which separates 
the point where an ion passing in the positive 
direction crosses the line x=0, from the point 
where it recrosses this line traveling in a negative 
direction, is given by: . 


Ay =2{y(x =Xmax) —y(x =0)}. 


‘Cf. E. B. Jordan and L. B. Young, J. App. Phys. 9, 


D 2D(—D)! 


B 
[u +FforD>0, (18) 


—2Dv—B 


| +8 for D<0. (19) 


(B*—4AD)! 


A necessary condition for the extremum dis- 
cussed above is that the following equation be 
satisfied : 

(dAy/82) = 0. (20) 


@ 


(b) 


6 02 4 6 6 © @ 


Fic. 3. Various orbits obtained for case of H constant, 
E=E,*. V.=300 volts, 10° gauss, Ey=0.0333 
(a) @=1.175X10+, e=0, (c) t= 
10*. 
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The validity of Eq. (20) can be easily tested by 
evaluating Ay in terms of the parameters in- 
volving @ When the differentiation is carried 
out it is seen that Eq. (20) is not satisfied; hence 
we cannot expect the nearly elliptical orbits 
passing through x=0 to show focusing. This is 
further confirmed by an actual plot of three 
orbits which have only small differences in start- 
ing directions. These are seen in Fig. 2. Here 
(a), (b), and (c) are orbits with starting angles 
of +1°, 0°, and —1° relative to the x axis. 


(C) E=E,x?, H=H,=constant . 


For this case the differential equation for the 
orbits is: 
dy 


+ (21) 


dx 


Equation (21) may be integrated in terms of 
elliptic. functions but the trajectory of an ion or 
electron resulting from a given set of initial 
conditions is more conveniently obtained by 
numerical integration. In Fig. 3 may be seen 
three trajectories for an ion of mass 44 which 
crosses the line x=0 with energy equal to 300 
electron volts and with a slope of +1, 0, —1. 
In curve (a) what appears to be a cusp in reality 
is a smooth turning point with an extremely 
small radius of curvature at that point. From 
the denominator of Eq. (21) it is clear that there 
can be either periodic or aperiodic orbits for a 


given set of parameter values depending upon 
where the particle starts its trajectory relative 
to the three roots of the cubic in the radical. 
When Eq. (21) is set up in terms of standard 
elliptic integrals it is seen that the periods of the 
orbits depend upon é and thus upon the starting 
slopes. 
(D) H= 


In case the electric and magnetic fields vary 
in an exponential manner as above we have the 
following relationships: 


Eo 
f V= 


dx {h Vo+- (hEq/b)e** 
If we make the transformation v=e*/b, Eq. (22) 
becomes: 

dy 1 (H+) 


dv bb of 


(23) 


Using the following definitions: 
A=(hVo—2?), 
B=(hEo—2H,0), 
D=-—H,’. 


We find Eq. (23) may be readily integrated to 
yield, upon substitution for v: 


1 Ao —2De=—bB é (b°A B 
|-— toe | +—|]+F 
b/-D b(B*—4AD)!) 2V/A 
for A>0, and - ; 
fl Ao —2De=—bB é Be’=+2bA 
y= ——- sin=! | for A<0. (25) 
b/-D b(B*-—4AD)!) e*(B?—4AD)! 


An examination of the roots of the quadratic 
under the radical sign in Eq. (22) as well as an 
examination of the forms of Eqs. (24) and (25) 
shows that Eq. (24) represents aperiodic orbits 
which extend to x=—, and that Eq. (25) 
represents periodic orbits bounded in the x 


orbits with the spatial period \ given by: 
Hy 
b/-D b/-A 


\=27 


(26) 


These orbits are clearly not suited for focusing 


dimension. Equation (25) represents periodic of the type illustrated in Section A (cycloidal 


( 


PATHS OF IONS AND ELECTRONS 277 


T 1 
“6 “4 -2 ° 2CM 


Fic. 4. Type of orbits obtainable for case of H = Hye™* 
and E=Eve**, H,=10* gauss, Eo=1/30 e.s.u., b=}, 
Vo=600 volts, (a) M=16, (b) M=44. 


orbits) as Eq. (26) shows the periodicity to 
depend upon two of the parameters of which it 
would be desirable to have the wave-length 
independent. These two parameters are V» and 
¢ which are related, respectively, to the initial 
energy and starting direction of each orbit. 
Figure 4 shows two such periodic orbits as 
represented by Eq. (25). 


(F) H=H,=constant, E=E£,/r 


The properties of orbits of charged particles 
in this arrangement of fields are particularly 


dé 1 


interesting for several reasons. One reason is that 
such an arrangement may be achieved in elec- 
tronic vacuum tubes of ordinary size. If a 
cylindrical condenser is placed inside a solenoid 
and with the axes of the condenser and the 
solenoid coincident we have the necessary condi- 
tions for this arrangement satisfied. There have 
been a number of theoretical papers written 
about the orbits for this set of conditions*~’ 
although in each case they have been concerned 
with orbits which are nearly circular. The prop- 
erties of these nearly circular orbits may be 
obtained by approximations which do not elimi- 
nate the time ¢ from Eqs. (10) and (11). These 
investigators have shown that, if these nearly 
circular orbits diverge from a point on the 
orbit of the principal ray, they will reunite to 
converge to a focus at a point which is on the 
same circle as the starting point but which is 
angularly displaced from it by an angle of x/v2. 
The circular orbit of the principal ray in this 
case is the equilibrium orbit wherein the com- 
bined effect of the electric and magnetic fields is 
to produce the angular acceleration necessary 
for uniform circular motion. A mass spectrograph 
utilizing this focusing principle has been built 
and operated.*® 

As will be seen, the present treatment does 
not conveniently give the same information 
about the nearly circular orbits but may on the 
other hand give information about orbits which 
are not nearly circular and for which the above 
mentioned approximations do not hold. 

Making the proper substitutions in Eqs. (12) 
and (13) we arrive at the following differential 
equation for orbits with these field conditions: 


(Hor /2)+(é/r) 


Unfortunately Eq. (27) cannot be integrated 
to give a closed system of simple functions. The 
integration by series is complicated by the nature 
of the poles where d@/dr= «. Numerical inte- 
gration seems the best approach with particular 
care being taken as r approaches a point of 


*W. Bartky and A. J. Dempster, Phys. Rev. 33, 1019 


(1929). 
*R.H , Zeits. f. Physik 19, 335 (1934). 
™R. G. E. hatter, Phys. Rev. 67, 248 (1945). 


(27) 


singularity. It is to be noticed that the squared 
term in the radical in the denominator will 
dominate the remainder of the radical for small 
values of r and also for large values of r. This 
means then that all orbits in this system are 
bounded in the r dimension. They are thus, then, 
either closed or periodic, in general, periodic 


*H. Bondy, G. Johannsen, and K. Popper, Zeits. f. 
Physiic 95746 (1935) 
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Fic. 5. of for cone of 
Ho=2.5X1 uss, Ey=0.175 e.s.u., Vo=100 
volts, M=44, ¢= — 1.125 10+. 


with 7 as a periodic function of @. The dependence 
of the periodicity upon the parameters, Vo, h, 
Ho, Eo, and 2, would be highly interesting to 
know and perhaps of value for practical applica- 
tion but the nature of Eq. (27) makes this quite 
difficult if not impossible. It may be possible to 
deduce this dependence of the periodicity from 
the functional form of the right hand of Eq. (27) 
but the author has not been able to do so. A 
numerical integration approach is at best un- 
satisfactory. 

Figure 5 shows more than a full cycle of a 
periodic orbit. This was obtained by numerical 
integration. Presumably orbits could be deter- 
mined in this way for ions diverging from a point 
with a small angular spread and reconverging to 
form a focus, if such existed. This, however, 
must be done with considerable care as the 
integration for the orbit through points such 
that d0/dr= means numerically evaluating 
an improper integral. For Fig. 5 it is interesting 
to note the upper and lower limit for r in the 
orbits for the parameters used. These limits 
may, of course, be brought nearer each other by 
adjusting Ho, Eo, and Vo. 

For every cycle of such an orbit as seen in 
Fig. 5, it passes twice through a value of r such 
that d0/dr=0, and from Eq. (27) we can see 
that there will be only one such value of r. Those 
portions of the orbit for greater values of r as 
well as those for smaller values may be regarded 
as analogous to the semi-circular paths in a 180° 
analyzer. Because of the difficulties of numerical 
integration the focusing effect cannot easily be 
determined although a knowledge of the disper- 


sion of such a system can be easily obtained. 
Figure 6 shows a group of four orbits for ions of 
atomic_masses 1, 2, 12, and 44. The orbits are 
shown for the values of r less than such that 
d6/dr=0. The orbits shown correspond to those 
that would exist if a beam of ions were originated 
at a point 10 cm from the center, with an initial 
energy of the ions of 1000 electron volts, and 
with the ions all directed radially toward the 
center. It will be noticed that the separation on 
the r= 10 cm circle between the points where the 


orbits for ions of one mass and those of a different 


mass again return to the condition d6@/dr=0 is 
very large for small values of M but becomes 
smaller rapidly for increasing values of M. 

In Figs. 5 and 6 the orbits are for positively 
charged ions with a field applied radially outward 
from the center. In Fig. 7 are four orbits for the 
case of positive ions and a field applied radially 
in towards the origin. These are for ions of 
atomic mass 12, with a starting direction radially 
inwards, from a point 10 cm from the center and 
with initial energies of 300, 1000, 1800, and 3600 
electron volts. 

In conclusion regarding this arrangement of 
fields, it is highly desirable that an analytical 
means of integrating Eq. (27) become available 
as the numerical method is difficult because of 
the type of infinity of the integrand encountered 
and also an analytical treatment might give 
clearer information regarding periodicity and 
focusing. 


(F) H=H,=constant, E=Eor 


This case, for which the electric field varies as 
the first power of the radial distance from the 
center, and is directed along this radius vector 


Fic. 6. Portions of orbits obtainable for case of H con- 
stant, E=E,/r. Hy =10* gauss, Eo=0.175 e.s.u., Vo= 1000 
volts, €=—5X10', (a) M=1, (b) M=2, (c) M=12, (d) 


on 
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js not a natural one in the sense of the field just 
previously treated, i.e., for a cylindrical con- 
denser. The present field could be approximated 
by a double system of concentric guard rings or 
electrodes with the proper impressed voltages. 

The differential equation of the orbits for this 
case is: 


do (Hor/2)+(2/r) 


. (28 

hE» Hy 

| 
2 


If we make the following definitions: 
F=(hVo—He), 


Equation (28) may by simple substitutions be 
integrated to give: 


=— 4 
2D 


Br?+2A 
r*(B2—4AD)! 


+4 sin-! | for D>0, (29) 


and 
Hy 1 —2Dr?—B 
sin-! 
4 /-D (B*—4AD)* 
Br?+2A 
r?(B?—4AD)} 


As Eq. (29) is for aperiodic orbits and Eq. (30) 
for periodic ones we have 4hE,)>}H,* or $hEo 
<4}H,? as the criterion for such. Here we are 
interested principally in the case of periodic 
orbits. We note that Eq. (30) is for orbits where 
in r is a periodic function of 6. When Eq. (30) is 
evaluated for a specific case it becomes evident 
that the period is given by: 


(31) 


Since the term D in Eq. (31) involves only m, 
Eo, and Hy and not Vo or é we see that here 
again we have the perfect focusing of the type 
found for the cycloidal orbits. This means that 


+ 3 sin | for D<0. (30) 


*for any orbit the angular period X» as given by 


Fic. 7. Other variations in orbits obtainable for H 
constant, E=Eo/r. H=H,=10 gauss, —0.175 e.s.u., 
M=12, ¢=—5X104, (a) Vo=300 volts, (b) Ve=1000 
volts, (c) Vo= 1800 volts, (d) Ve= 3600 volts. 


Eq. (31) is independent of the starting energy Vo 
and of:the starting velocity vector which is 
characterized by é@. Thus an instrument using 
such fields could afford considerable latitude in 
the design of the ion source or electron source. 
This would make it possible to achiéve more 
intense ion currents as wide slits and a strong 
ion or electron collecting voltage may be used. 
In an ordinary mass spectrometer, for instance, 
the slit widths and ion collecting voltage must 
both be small in order to insure good focusing 
and resolution. However, these conditions for 
good focusing result in weak ion currents with 
the resultant need of electrometer amplifiers 
which by their nature are difficult to use. 

In Fig. 8 can be seen a family of this type of 
orbits for ions of the same mass and charge. 
Here (a), (b), and (c) are orbits with considerably 
different starting directions from the point A. 
As is seen these orbits converge at the point B 
which is one angular wave-length displaced from 


| 
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Fic. 8. Periodic orbits with preferred focu 


sing pro 
gauss, Ey)= 5 volts percm, M=44, Vo= 600 volts, (a)c= —2X 105, (b) —1.13X 105, (c) —5X 104. 


A and on the same circle. In an instrument 
utilizing this focusing the ion source could be 
located at A and the ion collector at B. Since 
the focusing is independent of the starting 
voltage, relatively small voltages could be used 
in the ion source thus reducing the troubles due 
to stray fields from within the ion source inter- 
fering with the field outside the source. Also 
from the nature of the periodicity it is not 
necessary that the slits be aligned as carefully 
as in other types of instruments. Furthermore 
the angular separation need not be adjusted 
with particular care as the periodicity can be 
adjusted using either Ey or Ho. Since the con- 


ies for case of H constant, E= Eor. Ho=4X 10° 


stant h is proportional to the mass of the ion 
and since h and Ep enter in the definition of D as: 


D=}hE,—}H? 


we see that if Ho is held constant it is necessary 
to vary E, alone to bring in different ion masses 
to the collector. The relation, hE»=constant, is 
convenient for this procedure. 

The author is indebted to Miss M. O. Taylor 
for some of the numerical integrations used, to 
Dr. M. Muskat for some stimulating discussions 
of the subject, and to Dr. P. D. Foote, Executive 
Vice President of Gulf Research and Development 
Company, for permission to publish this material. 
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Theory of the Dispersion of Magnetic Permeability in Ferromagnetic Materials at 


Microwave Frequencies* 
Cartes KITTEL 


Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 


’ (Received June 8, 1946) 


The transition in the value of the initial magnetic permeability of iron and nickel from the 
d.c. permeability ~100 to the infra-red permeability ~1 is known to occur principally in the 
microwave frequency range. An explanation of the experimental facts is proposed by con- 
sidering the equations of motion of a domain boundary in an applied magnetic field for fre- 
quencies such that the skin depth of the magnetic field is smaller than the thickness of a domain. 
An analytic solution of Maxwell's equations is found for the magnetization of a layer one 
domain thick. The definition of the permeability at high frequencies is considered carefully, 
and it is shown that the natural definition leads to complex values for, the permeability. In 
experiments two different types of permeabilities are found. The relationship of the complex 
uw to the ue determined from resistive losses in a circuit element and to the uz determined 
from reactance changes is developed. A criticism is given of theories of ferromagnetic resonance. 
The status of Becker’s theory of eddy current damping is considered. Several suggestions are 


made for further experiments. 


I. INTRODUCTION 


HE initial magnetic permeability of iron 
and nickel is known to decrease abruptly 
in the microwave frequency range from the d.c. 


permeability of the order of 100, which obtains 


up to frequencies near 100 mc/sec., to the 
infra-red permeability of unity found by Hagen 
and Rubens! at 10’ mc/sec. 

At frequencies higher than 100 mc/sec. the 
skin depth for the penetration of the electro- 
magnetic field into the specimen is smaller gener- 
ally than the dimensions of the elementary 
ferromagnetic domains. Domain dimensions are 
estimated to be of the order of 10-*-10~ cm. 
It is plausible to expect at such frequencies that 
the usual concepts of the domain mechanisms 
leading to microwave magnetization will break 
down, since the applied magnetic field is no 
longer effective over the entire volume of a 
domain. The present paper represents an attempt 
to construct a theory of domain dynamics ap- 
plicable to such a situation. The theory is found 
to account satisfactorily for the general trends 
of the existing experimental data on magnetic 
dispersion in ferromagnetic materials at micro- 
wave frequencies. 


* This paper is based on work done for the Office of 
Scientific Tena and Development under Contract 
OEMsr-262. 
an and H. Rubens, Ann. d. Physik [4] 11, 873 


Ferromagnetic materials are composed of small 
regions called domains.* In general the extent of 
a domain is smaller than that of the micro- 
crystalline structure of the material. The atomic 
spins in a domain are nearly all lined up in the 
same direction, but the principal direction of the 
domain spins varies from one domain to its 
neighbors. In the demagnetized state the do- 
mains are oriented at random, giving zero 
macroscopic magnetization. 

The process of macroscopic magnetization 
occurs in three stages in ordinary ferromagnetic 
materials: 

(a) In weak fields (~1 gauss) the boundary 
walls between domains are displaced reversibly 
in such directions that domains oriented in the 
direction of the applied field increase in volume 
at the expense of unfavorably oriented domains. 
The initial permeability of the material is deter- 
mined by the average curvature of the local 
potential energy curve for boundary displace- 
ments, at the undisplaced position of the domain 
boundaries. 

(b) In medium fields (~10 gauss) irreversible 
displacements of the boundary walls occur, and 
domains with unfavorable orientation to the 


* For an account of modern theories of ferromagnetism 
see F. Bitter, Introduction to Ferromagnetism (McGraw-Hill 
Book Company, Inc., New York, 1937), and R. Becker 
and W. Doering, Ferroma mus (Edwards Brothers, 
Ann Arbor, Mi igan, 1943). 


281 


| 

a 

on 
S$: 

is 
t 


282 CHARLES KITTEL 


applied field may disappear completely. The 
irreversible displacements are known as Bark- 
hausen discontinuities. 

(c) In strong fields (~500 gauss) the spins of 
domains as a whole are turned into orientations 
parallel to the applied field. These field strengths 
may be compared with the magnitude of the 
important spin-dependent interactions in iron. 
The spin-orbit forces responsible for anisotropy 
are equivalent to ~ 1000 gauss and the exchange 
forces are equivalent to ~ 107 gauss. 

Each of the three stages of magnetization will 
be restricted at high frequencies by various 
physical processes: . 

(a) In weak fields it appears that incomplete 
penetration of surface domains by the applied 
field is the predominant effect. 

(b) In medium fields the Barkhausen jumps 
are inhibited by local microscopic eddy currents, 
as suggested by Sixtus and Tonks’; and Becker.‘ 

(c) In strong fields the domain rotations are 
damped by microscopic eddy currents. In a 
paper which neglects eddy current damping, 
Landau and Lifschitz® suggest the possibility of 
ferromagnetic resonance effects in domain rota- 
tion. 

The interpretation of.experimental data re- 
garding dispersion in weak fields is assisted by 
the fact that the medium field strength processes 
(up to ~25 gauss) are extinguished at frequencies 
above 100 mc/sec. This fact means that the 
measured values of the permeability in ordinary 
ferromagnetic materials may not be particularly 
dependent upon the magnetic field strength in 
measurements made with medium power micro- 
wave transmitters; for weak field processes the 
_ susceptibility is nearly constant. Experiments 
in support of this statement are reported by 
Arkadiew* and Kreielsheimer.’? The peak value 
of the magnetic field in a cavity is of the order 
of (QP/A)* gauss; where Q is the “Q”’ of the 
cavity, P the peak power input in kilowatts, 
and A the area of the internal surfaces in sq. cm. 


5. oem L. Tonks, Phys. Rev. 37, 930 (1931); 
39, 35 (i932) 419 (1932). 
R. Becker, Physik. Zeits. 39, 856 (1938); Zeits. f. tech. 
Phys 1, 19, St 1938); Ann. d. Physik [5] 36, 340 (1939). 
E. Lifschitz, Physik. Zeits. Sowjetunion 
8, 183 (i935), 


Arkadiew, Ann. d. Physik [4] 58, 105 (1919). 
7K. Kreielsheimer, Ann. d. Physik 5h 17, 293 (1933) 
cf. P. D. Zottu, Inter. Sci. Rad. Union t. 1, 190 toes} 


For Q= 1000, P=10 kw, and A=100 sq. cm » 


this expression gives H~ 10 gauss. 

A large d.c. magnetic field superposed on the 
small alternating microwave field may have an 
effect on the permeability by shifting the central 
point of the microwave cycle up the permeability 
curve. This may change the magnitude and 
nature of the magnetization processes involved 
in the microwave cycle. Such effects have been 
observed for iron powder cores’* composed of 
iron particles about one or two microns in 
diameter. Medium field processes which are 
strongly damped in ordinary specimens may 
still play a role in the case of very small particles. 


I. EXPERIMENTAL RESULTS 


A comprehensive review of the experimental 
data on the permeability of ferromagnetic ma- 
terials (including alloys and dusts) at frequencies 
between 100 kc/sec. and 10,000 mc/sec. has been 
published by Allanson.® It is proposed here for 
the purpose.of comparison with the theory de- 
veloped below to summarize briefly the results 
of measurements on iron, nickel, and cobalt at 
frequencies above 100 mc/sec., including some 
data not available to Allanson. 


Iron 


Experimental values for iron and steel are 
plotted in Fig. 1, as determined by Arkadiew,‘ 
Hoag and Jones,® Potapenko and Sianger,’° 
Lindman," Hoag and Gottlieb," Glathart," and 
E. Maxwell.“ The curve labeled ue is drawn 
through the points for the experimental permea- 
bilities deduced from resistive losses in a circuit 
element containing the ferromagnetic specimen, 
while the curve labeled uz is deduced from the 
reactance of the circuit element. The relationship 


7 M.I.T. Radiation Laboratory Report 906. 
ok T. Allanson, a J. Inst. Elec. Eng. 92, Part III, 247 
{94s} 5); see also, W. Arkadiew, J. Phys. U.SS.R. 9, 373 


rB. Hoag and H. Jones, Een. Rev. 42, 571 (1932). 
we Potapenko and Naturwiss. 21, 
(1935); oo f. Physik 104, 779 77011937), 
F. Lindman, Zeits. f. tech. Physik 19, 159 (1938). 
N. Gottlieb, Phys. Rev. 55, 410L 


(1939). 
Rev. 55, 833 (1939). 
. Radiation Laboratory Report 854 
(1946), “The values of the bilities 


credited to Maxwell were calculated from his values for 
the attenuation of 1.25-cm radiation in rectangular wave 


guides. 
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Fic. 1. Permeability measurements for iron. 


between wz and yupr_is discussed in the next 
section. 

The measurements of Lindman have not been 
taken into account in drawing the yz curve, since 
his values are far out of line with those of Hoag 
and Jones, Hoag and Gottlieb, Glathart, and 
Potapenko and Sanger. The apparent discrep- 
ancy here may be caused by real differences in 
the dimensions of surface domains or in the 
electrical conductivity of the surface layer of the 
specimen. Maxwell has studied the effect of 
surface finish on microwave attenuation in wave 
guides and finds considerable variation between 
samples prepared by different methods. This 
result may be accounted for, perhaps, by the 
increased resistance offered by a rough surface 
to the eddy currents, which flow at these fre- 
quencies in a layer less than 10~ cm in thickness. 
The measurement by Maxwell on electrolytic 
iron at 24,000 mc/sec. has not been taken into 
account in drawing the ue curve, although this 
value may be of more fundamental significance 
than his measurement on a cold-rolled steel 
specimen which had only a machined surface; 
the latter value, however, agrees with two 


measurements by Arkadiew at the same fre- 
quency. 

The frequencies at which the permeabilities 
of iron are down to one-half of the d.c. initial 
permeability are given by: 

~ 3000 mc/sec. for ur, 
~ 200 mc/sec. for ux. 


B. Nickel 


Experimental values for nickel are plotted in 
Fig. 2, as determined by Arkadiew, Lindman," 
Hoag and Gottlieb, Glathart, and E. Maxwell. 
Not shown in the figure are values from unpub- 
lished measurements of Potapenko and Sanger 
kindly communicated by Professor Potapenko: 
they find we=10.2; 9.4; 8.6; 6.7; and 6.3 at 
frequencies of 250; 341; 615; 1190; and 1700 
mc/sec., respectively. 

There are fewer measurements on nickel than 
or iron, and the conclusions to be drawn from 
the data are less certain. Lindman’s values, as in 
the case of iron, are out of line with the results 
of other observers. 

The frequencies at which the permeabilities 
of nickel are down to one-half of the d.c. initial 
permeability are given by: 

~ 1500 mc/sec. for ue, 
~170 mc/sec. for uz. 


These frequencies are somewhat lower than the 
corresponding frequencies for the case of iron.* 


C. Cobalt 


There is some indication from magnetic powder 
patterns that the size of domains in cobalt is 
considerably larger than for iron and nickel. 
This suggests that a comparison of magnetic 
dispersion in these metals would be of particular 
interest. Unfortunately cobalt is difficult to work, 
and there is little information on its magnetic 
properties at high frequencies. Potapenko and 
Sanger” find urz~5 at 250 mc/sec. ; in subsequent 
unpublished work they find ur=7.0 at 250 mc/ 


4 K. F. Lindman, Zeits. f. tech. Physik 19, 323 (1938). 

* Note added in proof: A preliminary account of recent 
Czech measurements of the transmission of microwaves 
through thin films has appeared recently [I. Simon, 
eens 157, 735 (1946) ]. Simon finds that or a nickel 
film 1000 to 2000A thick falls from the value 10 at 1500 
mc/sec. to ~1 at ~20,000 mc/sec. 
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sec. and ur=6.6 at 341 mc/sec. Strutt" gives 

at 4.7 mc/sec. and at 7.5 mc/ 

sec. These data are not adequate to decide 

whether or not the dispersive region in cobalt 

occurs at lower frequencies than in iron and 
D. Infra-Red Measurements 


The classical series of experiments by Hagen 
and Rubens! on the reflectivity and emissivity 
of metal surfaces in the infra-red region furnishes 
convincing evidence that the value of ue for 
nickel and steel is approximately ed at fre- 
quencies ~ 10’ mc/sec. 


Ill. DEFINITIONS OF PERMEABILITY AT 
HIGH FREQUENCIES 


There is a great deal of confusion in the litera- 
ture with regard to the connection between the 


permeability ue determined from resistive losses 


(as by measuring the ‘“Q”’ of a cavity or the 
attenuation of energy along a coaxial line) and 
the permeability 4, determined from reactance 
measurements (as by measuring the resonant 
frequency of a cavity or the wave-length of 
standing waves along a coaxial line). It does not 
appear to have been realized in the literature 
that the two types of measurements inherently 
reveal different aspects of the same fundamental 


. physical phenomena. In this section the funda- 


mental philosophy will be developed which 
underlies the interpretation, in terms of permea- 
bility, of r-f measurements in a dispersive region. 
The ideas were stimulated by a paper of Ray- 
leigh’s'” in which the concept of an out-of-phase 
component of magnetization is introduced in 
connection with hysteresis losses. 

The usual definition of initial permeability as 
the ratio of B to H for weak ficlds does not 
correspond at high frequencies to the quantities 
actually observed in experiments. In a dispersive 
region the value of the ratio B/H may vary from 
point to point in the radiation field within the 
specimen in both amplitude and phase. Detailed 
knowledge of this “‘permeability field,’’ supposing 
it could be determined, would be less useful (for 


6M. J. O. Zeits. f. Physik 68, 632 (1931), 


Rayleigh, Phil. Mag. 33, 225 (1887); 
ridge University Press, Cambridge), 
p89 cf. W. Arkadiew, Zeits. f. Physik 27, 37 fi 1924); and 
Hinze, Ann. d. Physik [5] 19, 143 (1934). 
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Fic. 2. Permeability measurements for nickel. 


most purposes) than a convenient summing up 
of the magnetic behavior of the material in 
terms of an effective permeability. 

The natural and logical method of defining 
the effective permeability is as follows: The 
impedance 


Zeaic(u, = Reaic(u, @)+jXeate(u,w) (1) 


of a circuit element containing the ferromagnetic 
material can in principle be calculated from 
Maxwell’s equations in the usual form, given uz 
and w. This calculation can actually be carried 
out in closed form for the important experimental 
geometries, such as a rectangular wave guide or 
coaxial line resonator. Suppose that the result 
of a series of measurements on the circuit element 
gives us experimental values 


Zexp(w) = Rexp(w) exp(w). (2) 


The effective permeability u is then defined to be 
that value of » which, when substituted in Eq. 
(1), makes 
Zeaie(u, #) = Zexp(w). (3) 


In general yu defined in this way will be a function 
of the frequency w and will be complex. 

It will be seen that, in order to determine the 
effective permeability, measurements of both the 
resistive and reactive parts of the impedance of 
the circuit element are required. Now in most 
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of the experiments performed in the past either 
the resistive part or the reactive part was meas- 
ured, but not both parts of the impedance. This 


‘ig a serious deficiency in the measurements. If, 


however, we know either R(w) or X(w) for all 
frequencies, we can calculate the other using 
Kramer's theorem. 

If we have only R.x,(w) the permeability is 
usually taken to make 


Reate(ur, = Rexp(w). (4) 


This relation determines the real function ur(w). 
Similarly, if we have only X¢xp(w), the permea- 
bility is taken to make 


Xeate(ur, w) = X exp(w), (S) 


thus determining the real function uz(w). There 
is no simple and direct connection between yp, uz, 
and the complex uz. 

The preceding reasoning, which underlies the 
introduction of a complex permeability, is some- 
what more involved than with the introduction 
of a complex dielectric constant in the dielectric 
case. There are two reasons for this difference: 
because of the skin effect the magnetic field 
distribution in the material is a complicated 
function of the space coordinates; and because 
of the domain or coarse-grained structure of 
ferromagnetic material it is possible to have a 
microscopic permeability which varies from point 
to point in the material. 

In the literature ur is sometimes called the 


“outer permeability” and may be denoted also 


by ur Or we; wx is sometimes called the “inner 
permeability’’ and may be denoted by mi OF ps. 


IV. THEORY OF DOMAIN DYNAMICS 


In the microwave region the skin depth for 
field penetration is comparable to or smaller than 
the dimensions of a domain. For iron with n= 100 
we have 6=1.6X10-*/,/f, where 6 is the skin 
depth in cm and f is the frequency in mc/sec. 


This gives the following values: 
f (mc/sec.) 10? 10° 10°, 
(cm) 1.6X10-5 1.6X10-, 


whereas domain dimensions are estimated at 10-* 
to 10~* cm. It is, therefore, necessary to recon- 
sider the conventional application of Maxwell's 
equations to the skin effect problem. 


In the limiting case in which the surface energy 
of the domain boundaries is greater than the 
magnetization energy, the domain wall shifts as 
a whole in the direction of the applied field even 
if, because of the skin effect, the magnetic field 
only penetrates a short distance into the domain. 
If His constant across the domain boundary 
(low frequency case) the average macroscopic 
magnetization M for weak fields is given by 


M=xH (6) 


by the usual definition of the initial susceptibility 
x. If now H varies across the boundary we 
suppose that the effective magnetization is given 
by the susceptibility times the average value of 
H across the boundary: 


d 
M=x(1/24) f H(y)dy. (7) 
-d 


This assumption is based on the physical concept 
that the boundary pressure 2M,H is intégrated 
over the area of the boundary to give a force 
which shifts the boundary in the direction of the 
applied field up to the point where this force is 
balanced by the force exerted on the boundary 
by the internal stresses in the material. Here M, 
is the saturation magnetization obtaining in a 
domain. The distance the wall is shifted is related 
to the macroscopic magnetization M observed in 
an experiment. At very high frequencies the 
following happens: the skin depth is a small 
fraction of the domain thickness, so that the 
applied magnetic field only penetrates a little 
way down the domain boundary. The force on 
this boundary associated with the surface value 
of this field strength is correspondingly less than 
the force obtaining at low frequencies, so that 
the boundary is shifted by a reduced amount. 
To the field this reduced shift looks like a 
reduced permeability. 

It is of interest to consider as a simplified 
model a film one domain in thickness (Fig. 3), 
since in this case Maxwell's equations can be 
solved to give what is essentially the equation of 
motion of a domain boundary. The longitudinal 
extent of a domain along the surface of the film 
is supposed to be small in comparison with the 
thickness of the film. The domains are considered 
for simplicity to have only “180°” walls—that 
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Fic. 3. Model of film one domain in thickness for theoretical 
calculation of permeability. 


is, the domains are either magnetized in the 
direction of the applied field or in the opposite 
direction. The applied field is parallel to the 
surface of the film and is symmetric about the 


central plane of the film. 
From Maxwell’s equations 
curl H=42cE/c, (8) 
curl E= —(H+417M)/c, (9) 
get 


curl curl H= (10) 


for time dependence of the form exp [jwt]. By 
the symmetry of the problem we have 


curl curl H = —i(d*H,/dy*), (11) 
so that 


#H,/dy? = (12) 


Since 4xM, is constant with respect to y we can 
add this quantity to H, on the left side without 
altering the value of the derivative there. Now 
by definition B,=H,+47M,, giving 


= j(4rwo/c*) Bs, (13) 
which can be compared with the usual skin - 
effect equation : co 

0°B,/dy’ = j(Anwou/c*) Bs. (14) 


For convenience in working with Eq. (13) we 
shall hereafter omit the subscript x on B., Mz, 
and H,. We write ; 


P= j(4row/c*) =2j/D*, (15) 


where D is the skin depth for permeability unity. 
Equation (13) becomes 


=p B. (13a) 
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A symmetric solution of this equation is 


where C is a constant to be determined in terms 
of H(d), the magnetic field at the surface of 
the film. From the definition of B we have 
H=B—4rM; or using Eq. (7), 


d 
H(y) =B(y) — (4n/2d)x f H(y)dy; (17) 


here B(y) is given by Eq. (16). The solution of 
this equation is found to be 


H(y) =C[cosh py—(4xx/uopd) sinh pd}, (18) 


where yo is defined as 1+ 47x. 
Thus the constant C is given in terms of H(d) 
by 


C=H(d)[cosh pd 
—(1—1/yo)(sinh pd/pd) (19) 


The solution of the ordinary eddy current Eq. 
(14) above for permeability 


B(y) = B(@) cosh gy/cosh qd=nH(y), (20) 


where 
g=j(4rown/c*). (21) 


Now that we have the formal solutions of both 
the ordinary eddy current equation and the 
domain eddy current equation, we can go on to 
calculate yu, ur, and wz by following the procedure 
outlined in Section III. In calculating the im- 
pedances it is not necessary to specialize the 
calculation for a particular cavity or line ; we can 
work with the intrinsic surface impedance of the 
film, which is defined by* 


Z = Etang/H tang = Es/He- (22) 
From Eq. (8), 
E,= (23) 


so that 


18S. A. Schelkunoff, Electromagnetic oe D. Van 
Nostrand Company, New York, 1943); J. A. Stratton, 
Electromagnetic Theory (McGraw-Hill ‘Book ‘Company, 
Inc., New York, oe) 2 282; J. C. Slater, Microwave 
Transmission (McGraw-Hill "Company, Inc., New 
York, 1942), p. 95. 
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Using Ea. (18) we have for the domain model 


For the ordinary eddy current equation we 


have, using Eq. (20) : 


Zora = — (¢/4x0)g tanh gd. (25) 
The two expressions for Z are equal if g is chosen 
so that 
tanh pd 
qd tanh gd = pd (26) 


1—(1—1/wa)(tanh pd/pd)’ 
that is, if the effective permeability u is chosen so 


that 
tanh pd 
ut tanh (27) 
1—(1—1/yo)(tanh pd/pd) 
Since p involves j' the value of yz satisfying this 
equation will be complex. 

Let us consider limiting cases of Eq. (27): 

(a) Low frequency.—Here | pd|<1, so that we 
can replace tanh ¢/¢ by unity. This gives u=yo, 
the correct low frequency value. 

(b) Very high frequency.—Here |pd|>>1, so 
that tanh ¢/¢ approaches zero. This gives u=1 
in agreement with the measurements of Hagen 
and Rubens. 

Values of yw satisfying Eq. (27) for various 
values of pd are given in Table I. These values 
were calculated by cut-and-try methods with 
assistance from Kennelly’s tables'® and the tables 
prepared by Lowan, Morse, Feshbach, and 
Haurwitz.”° 

Theoretical values of uz and uz are also given 
in Table I according to the definitions, Eqs. (4) 
and (5), where we identify 


Rexp?Raom exp X, dom} 
Reate*Rora; Xeate>Xora; 
so that ue is the real number which satisfies the 
real part of Eq. (27): 
Re{uar! tanh pd 
tanh 
(27a) 


1—(1—1/yo)(tanh pd/pd) 


Tables of Comntion ic and Circu- 
lar Functions (Harvard University +2 mbridge, 1914). 
* A. N. Lowan, P. M. Morse, H. Feshbach, and E. 
Tables for the Weve Equation 
ries Having Finite Im nce, 
Panel Note No. 8: Section No. 6. 
2043 1945); unclassified, 
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and yz is the real number which satisfies the 
imaginary part: 
Im {uz tanh pd wz} 

tanh pd 


=Im (27b) 
1—(1—1/ys)(tanh pd/pd) 


_ In Fig. 4 we and yz are plotted together with 
the smoothed experimental curves for iron taken 
from Fig. 1. The arbitrary constant 2d, which is 
the thickness of the domain film model, has been 
taken to be 2.48 X 10~* cm; this value was chosen 
to make the half-value points on the experi- 
mental and theoretical curves coincide. 

It is seen that the theory predicts the order of 
magnitude of the spacing between the ue and uz 
curves correctly. The general nature of the 
theoretical permeability change is in accordance 
with the experimental data, but the slopes of the 
theoretical curves are steeper than the experi- 
mental. The thickness of the film is within the 
limits of reasonable estimates of domain dimen- 
sions, although the thickness is somewhat on the 
small side. In this connection it should be noted 
that Elmore** has found evidence of a fine-scale 
layer magnetization 2X10~ cm thick localized 
near the surface; this gives way to coarser layers 
within the specimens. 

The discrepancy in the slopes is most likely 
to be accounted for by local variations in domain 
dimensions and d.c. permeability, since these 
variations will act to smear out the dispersive 
region. The absence of the hump predicted for 
the ue curve on the low frequency side may be 
attributed in part to these causes and in part to 
the over-simplification of the present model. 


TaB_e I. Theoretical permeability vs. frequency. Film 


thickness 2.5 X cm. 
quency Parameter Permeability 

me/sec. (4/D)/2 Amplitude Phase aL 

83 0.1 104 0° 102 100 

334 0.2 127 —18° 157 58 
750 0.3 89 —53° 160 11.5 
2080 0.5 35 —78° 70 1.7 
4670 0.75 16 —79° 32 0.5 
8300 1.0 9 —80° 18 0.3 
33000 2.0 2.6 —62° 4.5 0.2 
75000 3.0 1.6 — 38° 2.6 0.6 
210000 5.0 1.0 — 18° 1.7 0.9 


%= W. C. Elmore, Phys. Rev. 62, 486 (1942). 
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In the ordinary microwave radio range of fre- 


quencies from 3000 to 30,000 mc/sec. the permea- 
bility u is chiefly imaginary, according to Table I. 


V. FERROMAGNETIC RESONANCE 


Several predictions have been made that reso- 
nance effects or peaks in the permeability vs. 
frequency curve would be found at high fre- 
quencies; see for example the paper of Landau 
and Lifschitz* in which magnetic resonance is 
predicted in nickel at ~2500 mc/sec. 

Such effects have not been found experi- 
mentally, and it is possible to see one of the 
reasons why from the argument of the preceding 
section. The predictions have all neglected com- 
pletely the effect of skin depth and eddy currents, 
yet in the frequency range considered we have 
shown that such effects are of predominant 
importance. 

It is possible, however, that magnetic reso- 
nance effects may be detected in the magnetic 
oxides and sulfides of iron.” These are ferro- 
magnetic but have low electrical conductivity, 
so that the skin depth will be much greater than 
in the ferromagnetic metals. The skin depth in 


magnetite (FesO,) is ~5 X 10-* cm at 10‘ mc/sec.,. 


as compared with 1.6X10-° cm in iron at the 
same frequency. The d.c. initial permeability” 
of magnetite is ~17. Measurements on films of 
ferromagnetic materials should also be pertinent 
when the film thickness is less than the calculated 
skin depth. 

The resonance phenomenon may be under- 
stood as occurring when the frequency of the 
applied field is equal to the Larmor frequency 
of the atomic spins in the internal anisotropy 
field. This is the field caused by spin-orbit inter- 
actions and distinguishes energetically different 
directions of magnetization in the crystal lattice. 
Since the anisotropy field is of the order of 1000 
gauss, the corresponding Larmor frequency is in 
the microwave range. 

%1 Reference 5; see also R. Gans and R. G. Loyarte, 
Ann. d. Physik [4] 64, 209 (1921); L. Page, Phys. Rev. 
21, 456 (1923); J. Dorfmann, Zeits. f. Physik 17, 98 (1923); 
K. Rremnen, Ann. d. Physik [4] 67, 325 (1922). The 
experiments by Ka in and others in which resonance 
og we were rted are now discredited. Cf. G. R. 

ait, Phys. Rev. 29, 566 eke ‘ f 

% The interesting possibilities of the ferromagnetic semi- 
conductors were pointed out to the writer by Prof. A. von 


Hippel, who is planning to investigate them experimentally. 
Critteal Tables, Vol. VI, p. 374. 
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Fic. 4. Comparison of smoothed experimental values 
for iron with theoretical calculations using 2d =2.5x10~ 
cm. 

It is interesting to consider a classical model 
in which the atoms are replaced by non-gyroscopic 
bar magnets pivoted at the lattice points of the 
crystal. With zero applied field each magnet is 
attracted in a definite direction relative to the 
lattice by means of individual coiled springs 
representing the spin-orbit interaction, and the 
magnets will oscillate in an applied field with a 
component perpendicular to the rest position of 
the magnets. The sine of the angle of oscillation 
is proportional to the macroscopic magnetization. 
Resonance occurs when the applied frequency is 
equal to the free period of a magnet+spring unit. 

The bar magnet analogy supposes that the 
relaxation time of the spins is sufficiently short 
so that gyroscopic effects may be neglected. It 
is not usually recognized that this assumption is 


being made. If this assumption is not true, the . 


spins will precess about the field direction with- 
out lining up. It is indeed a prerequisite for any 
type of magnetization that the magnetic mo- 
ments have time in which to line up in the 
instantaneous local field to which they are sub- 
jected. The calculation of the relevant relaxation 
time is a problem in the kinetics of thermo- 
dynamic equilibrium. 

The time-dependent processes can be de- 
scribed by assuming the existence of a relaxation 
time, as was done by Gorter and Kronig for 
paramagnetic relaxation, and by Landau and 
Lifschitz for the ferromagnetic case. The quan- 
tum-mechanical calculation of the relaxation 
times, starting from the detailed interactions of 
spins with the lattice, is extremely difficult and 
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uncertain. Calculations for the paramagnetic 
case have been made by Waller™ and others. 
No calculations have been carried out for the 
ferromagnetic case, so far as the author is aware.* 
It seems plausible to suppose that the strong 
spin-dependent coupling in ferromagnetic ma- 
terials will assure that the relaxation frequency 
will occur above the microwave range. This 
question should be looked into more closely. 

It should be noted in passing that the collision 
frequency of the lattice phonons at room temper- 
ature is ~ 10" collisions per second, as estimated 
from values of the thermal conductivity of non- 
metallic crystals. This figure determines an 
approximate upper limit to the order of magni- 
tude of the spin relaxation frequency. The actual 
spin relaxation frequency may be lower depend- 
ing on the strength of the coupling between the 
spins and the lattice. In metals the relaxation 
frequency of the lattice phonons is estimated to 
be of the order of 10" sec.—' at room temperature, 
based on electrical conductivities. 


VI. DISCUSSION 


Arkadiew** first suggested that eddy current 
effects might be important in ferromagnetic dis- 
persion. This approach was developed further by 
Becker,‘ who pointed out that. the local micro- 
scopic eddy currents associated with the move- 
ment of domain boundaries and the rotation of 
domains set up a magnetic field which opposes 
the applied field. This back field adds a term to 
the equations of motion which is proportional to 
the velocity of boundary movement or spin 
rotation ; that is, the eddy currents behave like 
a viscous force. Becker’s treatment gives a good 
qualitative account of the damping of irreversible 
displacements characterizing magnetization in 


- medium fields, at frequencies below the microwave 


range, although an apparent difficulty in recon- 
ciling these results with the measurements of 
Sixtus and Tonks on the velocity of boundary 
propagation has been suggested by Miss van 
Leeuwen.** It should be pointed out that the 


™ See, for example, I. Waller, Zeits. f. iy i, 79, 370 
(1932). "The writer is indebted to Professor Tisza for 
several discussions = relaxation problem. 

* Note added in bearing on this point has 

*W. Arkadiew, Comptes rendus, Acad. Sci. U.R 
(Doklad ) 2, 204 ieee see also reference 3. 

* H. J. van Leeuwen, Physica 11, 35 (1944). 


local eddy current effects considered by Becker 
have no direct connection with the use made of 
the eddy current equation in the present paper, 
according to which the incomplete penetration 
of the surface domains by the applied field is 
the major cause of dispersion. 

Becker also has given a calculation for the 
dispersion of the initial permeability, and this 
calculation leads to results in. some respects 
similar to those of the present paper. The “back 
field’ is calculated as in the medium field 
strength case just mentioned. The basis of 
Becker's theory supposes that the skin depth is 
greater than the domain dimensions, so that the 
calculation is not applicable to the microwave 
range, where the skin depth is less than the 
domain dimensions. At 3X 10* mc/sec. the skin 
depth is only ~0.1 of the domain thickness. 

The present theory probably could be im- 
proved by working with a more complicated 
model than that of a film one domain thick. If 
the film is backed on one side by a mass of 
ferromagnetic material the motion of the domain 
boundaries in the film will induce eddy currents 
in the backing material. The currents will pro- 
duce a back field giving rise to additional damp- 
ing. However, the correction to the permeabilities 
calculated in this paper is expected to be small, 
since on the low frequency side of the dispersive 
region the eddy current damping is small any- 
way, while on the high frequency side the failure 
of the applied field to penetrate the film leads to 
greatly restricted domain movement and hence 
the additional back field is unimportant. 

It does not seem worth while at this time to 
attempt to calculate the permeability with a 
more elaborate model. The present model gives 
results in reasonable agreement with experiment, 
and the dispersive mechanism proposed here 
appears to correspond to the physics of the 
situation. The most important direction in which 
the model should be extended would seem to be 
in a treatment of the case in which the surface 
energy of the domain wall is small in comparison 
with the magnetization energy, so that the do- 
main wall yields locally to the field. The disper- 
sion would be owing to the magnetic inhomo- 
geneity of the material. The model treated in the 
present paper supposes that the domain wall 
moves rigidly under the influence of the applied 
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field. There are reasons for believing that both 
cases may occur in different actual materials. 

It should be pointed out that the information 
regarding domain behavior obtained from dis- 
persion measurements on metals pertain only to 
the domains in the surface layers of the material. 
With this qualification, dispersion measurements 
may prove to be an important method for 
studying domain mechanisms. 
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APPENDIX A 


Relation of Intrinsic Surface Impedance to 
Resistive Losses and Inductance of Film 


It can be shown that the resistive losses in the 
film considered in Section IV and the contribu- 
tion of the film to the inductance of a circuit 


R. T. ELLICKSON AND W. L. PARKER 


element are related directly to the intrinsic 
surface impedance which is defined according to 
Eq. (22) by Z=E,/Hsz, evaluated at y=d. 

The average rate of energy loss per unit area 
normal to the y direction is given by the average 
value of the Poynting vector 

S= 
when it is recalled that the film has two surfaces. 
Now E,=ZH,, so that 
S= 
a well-known result. 

The contribution of the film to the inductance 
of the magnetizing circuit is given by the 
quotient of the magnetic flux through the film 
by the current in the magnetizing circuit: 


L=Re 


Now J=(c/4r)H.(d) and wH.=+j(c/w)(dE,/ 
dy), so that 
wL =8xRe[jZ]= —8xIm[Z]. 
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Decay in Brightness of Infra-Red Sensitive Phosphors* 


R. T. Exticxsont anp W. L. PARKER 
Polytechnic Institute of Brooklyn, Brooklyn, New York 


(Received May 6, 1946) 


An equation is derived for the decay in brightness of infra-red (IR) sensitive phosphors 
under constant IR stimulation. The derivation is based on a second-order process, but takes 


into account the absorption of the stimulating IR and the emitted visible light. The theoretical 
curves obtained differ markedly from the simple second-order decay curve, especially when 
the IR absorption is greater than the visible absorption. The equation involves three arbitrary 
constants which depend on the quantum efficiency, the number of active centers, and the 
absorption coefficients of the phosphor for visible and infra-red radiation. The equation is 
shown to fit the decay curve of a strontium selenide phosphor for an effective decrease in 
brightness of 10°. It is shown that theories involving a distribution of electron traps, with or 
without interaction, lead to conclusions that do not agree with the experimental results. Some 
experimental evidence is offered indicating that there is no change in the trap distribution as 
this phosphor is exhausted. The apparent deepening of the traps as the decay process continues 


HERE have been developed recently by 
Urbach, Ward, Fonda, and others' a group 
* The work described in this was carried out under 
Contracts OEMsr 982 and NObs 28370 between the 


Scientific’ Res Institute of Brooklyn and the Office of 
and and the,Bureau of 


Society of Ameren, Opt. meting ofthe Of ). 


can be attributed to the absorption of the infra-red. 


brightness when irradiated with infra-red (IR) 
radiation. This effect can be made to occur after 
the normal phosphorescence has decreased to a 
negligible value. Although a good deal of progress 


‘has been made in the technique of making such 


phosphors, there is still uncertainty regarding 
the mechanism. An analysis of the decay of the 


of phosphors that show a remarkable increase in 
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brightness with constant IR irradiation should 
throw some light on this question and it is with 
such data that this paper is concerned. 

The phosphors that have been studied here are 
alkaline earth sulfides and selenides to which 
have been added an appropriate flux and a small 
amount of activator—usually a mixture of two 
rare earths such as cerium, samarium, or euro- 
pium. They were prepared under the direction 
of R. Ward, and the methods of preparation will 
be published elsewhere. 

The decay curves were measured with the 
arrangement shown in Fig. 1. The tungsten lamp 


L was run from a constant voltage transformer. , 
Light from it passed through the IR filter F 


(Polaroid XR7X25) to the opal glass plate G. 
The infra-red light stimulated the sample P and 
the light emitted by the sample was collected by 
the spherical mirror M and focused on the elec- 
tron multiplier tube 7. The anode current in the 
multiplier tube was read directly on a galva- 
nometer equipped with an Ayrton shunt. The 
sensitivity of the galvanometer as set up was 
3xX10-'° amp. per mm. The intensity of the 
stimulating light could be changed from 0.001 
to 0.1 lumen per cm? by moving the scale S on 
which the lamp was mounted. 

It was possible to extend the range of the 
measurements by using the following procedure. 
When the brightness had fallen to a rather low 
value, the intensity of the IR was suddenly 
increased by a factor F. This factor was deter- 
mined by fitting the last few readings before, 
and the first few readings after the change with 
curves of the ‘form B=Bo/(1+at)*?. The factor 
F is the ratio of the two brightnesses calculated 
from these equations for the time at which the 
IR intensity is changed. The arrows on Fig. 7 
indicate times at which such changes in the 
stimulating intensity were made. 

Using this artifice, it was possible to get a 
curve in two and one-half hours that would 


PHOSPHORS 


B 


Fic. 2. Energy bands in the phosphor. The solid lines 
d to excitation and the dotted lines to stimulation 
by infra-red with resultant emission of visible light. 


have taken something over two weeks with 


constant IR intensity. 

The energy levels in the phosphor are taken 
to be as shown in Fig. 2 which is the usual 
schematic diagram that is used in discussing 
phosphorescence. A represents the main energy 
band of the matrix which under normal condi- 
tions will be filled. B represents the conduction 
band, normally empty, and C represents a set of 
impurity levels contributed by the impurity or 
activator atoms present in the phosphor. 

During excitation electrons are raised from A 
to B and then fall to C. In a normal phosphor 
the agitation of the lattice due to thermal vibra- 
tions will cause the trapped electrons to go from 
C to B, from whence they can return to A, with 
the emission of light. In infra-red sensitive 
phosphors this process does not occur readily, 
and the normal phosphorescence is relatively 
weak and dies out rather quickly. However, 
upon irradiation ‘with IR the process is acceler- 
ated, and an increase in the brightness is ob- 
served which is proportional to the IR intensity. 

The idea that the IR actually transfers elec- 
trons from C to B is supported by some measure- 
ments on the photo-conductivity of these phos- 
phors.? Besides the photo-conductivity observed 
during excitation, the excited phosphors show a 
pronounced primary photo-current upon irradia- 
tion with IR. This work is being continued and 


ap will be described more fully at a later date. 

(IR) The situation can be described in mathe- 

after matical terms as follows: Suppose there are NV 
tie traps in C occupied by » electrons. If each trap 

m7 can hold but one electron, there will be N—n 

ding Ss. ng Thecle for M.S., Polytechnic Institute of 
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Fic. 3. Decay curve of strontium sulfide-cerium- 
samarium phosphor. Solid line from Eq. (5). 


vacant traps. Since the electrons came from the 
main energy band of the matrix, there are n 
holes in A. The number of transitions per unit 
time from C to B upon irradiation with IR will 
be proportional to the IR intensity. Those elec- 
trons which reach B can either go to a hole in 
the main energy band A or return to a vacant 
trap in C. If the probability of going to the main 
energy band is proportional to the number of 
holes, and the probability of being retrapped is 
proportional to the number of vacant traps, the 
differential equation describing the process will 
be 

dn n 

(1) 

dt n+r(N—n) 


where a@ is proportional to the IR intensity and 
r is the ratio of the probability that an electron 
in the upper band will be retrapped to the 
probability that it will return to the main energy 
band. There would probably be a somewhat 
higher probability that an electron should return 
to the trap from which it was released than to 
any other trap. This would not invalidate Eq. 
(1), since it would appear simply as a reduction 
of the value of a. In other words, an electron 
that is released from a trap and returns to the 
same one behaves as though it had never left. 


Integration of Eq. (1) gives 


as the relation between ¢ and m. Unfortunately | 


the equation cannot be solved explicitly for n in 
terms of t. However, Eq. (1) can be rewritten as 


The brightness B is proportional to —dn/dt and 
therefore Eqs. (2) and (3) are a set of parametric 


‘equations for the brightness and time in terms 


of the parameter N/n. It is quite likely that r is 
not appreciably different from unity. If it is 
taken as such, Eq. (1) reduces to 


dn/dt= —an*/N. (4) 


If the phosphor is completely excited, n=N 
at t=0. This gives the equation for a second- 
order process : 

B=—dn/dt=aN/(1+<at)*. (5) 


If at ¢=0 the traps are not completely filled 
(m=mp at t=0), the corresponding equation is 


ang? /N 
(1+-amet/N)* 


From Eq. (5) or (6) one would expect that 
plotting the reciprocal of the square root of the 
brightness against time should result in a straight 
line. This is true for many infra-red sensitive 
phosphors as well as for many ordinary phos- 
phors in the early stages of decay. A typical 
example is shown in Fig. 3 where the brightness 
of a strontium sulfide phosphor activated with 
ceriim and samarium’ is plotted in this way. 
The agreement is excellent for the early stages 
of the decay, but the experimental points tend 
to lie below the straight line for larger values of 
the time. That is, the phosphor does not decay 
as rapidly as would be predicted by the simple 
theory outlined above. Deviation from the theory 
is more evident in some phosphors as indicated 
in Fig. 4, which shows the decay of a strontium 
selenide phosphor activated with samarium and 


* The infra-red sensitivity of this phosphor was dis- 
covered by F. Urbach (reference 1). 
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europium.‘ There seems to be a continuous 
curvature in the line drawn through the experi- 
mental points, even at the very early stages of 
the decay process. This deviation is often ex- 

ined by considering the electrons as occupying 
traps of different depth. The shallower traps 
are thought to be emptied first and the deeper 
ones, which would show a slower rate of decay, 
would be responsible for the deviations men- 
tioned above. A second prediction of the simple 
theory would be that if the decay curve is plotted 
on log-log paper, the curve obtained should 
reach a constant slope of minus two. Actually 
this occurs very rarely, the slope usually being 
closer to minus one. This latter point is not so 
easily explained in terms of traps of different 
depth. 

If we have a distribution of trap depths with 
different relative stimulabilities, and if an elec- 
tron once raised to band B has the same proba- 
bility of returning to any trap, regardless of its 
depth, we may replace Eq. (4) by the following 
set of equations: 

dn, ay, 


dt 

dn; a; 


The brightness of the phosphor is proportional to 


(7) 


d 
By a proper choice of units, we can write 


d 


Integrating, 

Lin;=N— Fi). (9) 
Here N is the light-sum, i.e., the total amount 
of light stored in the phosphor, and F(t) is the 
time integral of f(t), obtained by numerical 
integration of the observed brightness. Substi- 
tuting in Eq. (7), we have 


dn; ain; 
F(t). (10) 


‘The infra-red sensitivity of this phosphor was dis- 
covered by R. Ward (reference 1). 


The solution of this equation is 
n= nin exp J}. (11) 


In Eq. (11) mio is the number of electrons in the 


ith trap at t=0 and (f) is the time integral of 
F(t) obtained by a second numerical integration. 
Combining Eqs. (8), (10), and (11), we have for 
the brightness: 


Xexp J}. (12) 


Figure 5 shows f(t), F(t), and (t) obtained 
from a particular exhaustion run, f(t) with the 
apparatus described earlier, and the latter two 
quantities by numerical integration. 

If there are a discrete set of m different trap 
depths, Eq. (12) contains 2m arbitrary constants 
—the a; and myo. If, as is more probable, there 
is a continuous distribution of trap depths, Eq. 
(12) might possibly be used to determine a and 
mo as functions of the trap depth. There seems 
to be no satisfactory way of doing this. However, 
some interesting conclusions can be drawn from 
Eq. (12) regarding the behavior of the brightness 
at very large values of the time. It is apparent 
from Fig. (5) that at large values of the time 
we have approximately : 


&(t)= Ni—K. 
Then Eq. (12) becomes: 


exp (—aiK/N); 
B=constant X[N— F(#)]. 


‘ 2 
MinuTes 


Fic. 4. Decay curve of strontium selenide-europium- 
samarium phosphor. Solid line from Eq. (5). 
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From Eqs. (8) and (9) we have 
d 
> n;= —constant X >> (13) 


The solution of Eq. (13) is a simple exponential 
equation. This means that at large values of the 
time, the brightness vs. time curve should be a 
straight line on semi-log paper. This is quite a 
remarkable result since it indicates that the 
interaction of a number of second-order processes 
can give at large values of the time, an expo- 
nential decay such as is associated with a first- 
order process. 

In view of the complexity of Eq. (12) it is 
perhaps fortunate that the experimental data 
give no indication of conforming to it. Even 
when the brightness has fallen by a factor of 10* 
there is still definite curvature in the plot of 
brightness against time on semi-log paper as 
shown in Fig. 6. What does happen is that the 
plot of brightness against time on log-log paper 
is a straight line after the brightness has fallen 
by a factor of about 100. This is shown in Fig. 7 


for the same phosphor, strontium selenide acti- 


2 4 
Time - MinvTes 


Fic. 5. Plot of the functions f(t), F(t), ®(¢). 


vated with samarium and europium. The slope 
of the straight line is, however, by no means 
equal to minus two as would be expected from 
a simple second-order process. 

The shape of the decay curve for this phosphor 
can be explained very satisfactorily by taking 
into account the absorption of both the incident 
IR and the emitted visible light. The absorption 
coefficients for the IR and visible light will be 
denoted by yu: and yu, respectively. The effect 
of infra-red absorption will be to replace a, 
which is proportional to the IR intensity by 


(—y:x). The effect of visible absorption 


will be to multiply that fraction of the brightness 
which originates at a depth x below the surface 
by exp (—y2x). Let N be the number of trapping 
states per unit depth, which will be independent 
of the depth if the phosphor is completely 
excited. Then, that part of the brightness due to 
a layer of thickness dx at a depth of x will be 


(cf. Eq. (5)): 
aN — (wits 
(1+ at exp 


and the total brightness will be: 
aN — 
exp 
(1+et exp [—y:x])* 


For the values of uw; and mw: which we have in 
these phosphors, the brightness will be negligible 
when x is greater than a few tenths of a milli- 
meter. As a result, the thickness of the phosphor 
D can be replaced by infinity. Doing this and 


B(t)= 


making the substitutions: 

y=at exp [—mix], 

(15) 
we have 


at y? 
B(t)= ——_dy. 16 


By letting at approach zero in Eq. (16), we get: 


By=B(0) (17) 


and rewriting Eq. (16): 


pti 
——_4y, 18 
BO=Be 


B(t) =BG(, at), (19) 
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Fic. 6. Decay curve of strontium selenide phor. 
Note continuous curvature in the . 


where the function G(, at) is defined by: 


p+1 pt y 
G(p, at) 20 
(p, at) lao (20) 


If the phosphor is not uniformly excited, some 
assumption must be made as to the variation 
with depth of the number of filled traps per unit 
depth. Probably the simplest one is an expo- 
nential decrease with depth. Assuming that the 
surface layer is completely excited, the number 
of filled traps per unit depth is then: 


no(x) = N exp [—usr]. 

The coefficient ys is a function of the absorption 

coefficient for the exciting light and the total 

time of excitation. The equations corresponding 
to Eqs. (13) and (17) will be (cf. Eq. (6)): 

aN exp 


—dx, (21) 
[1+at exp [—(ui+ms)x 


| 22 
| 


(23) 
That is, Eq. (19) is valid for the case of non- 


Logt-Min. 


Fic. 7. Decay curve of strontium selenide changed 
Arrows indicate times at which IR intensity was ag 7 
Circles from experimental data, solid line from Eq. 


uniform excitation if the excitation decreases 
exponentially with the depth. The only change 
is to replace p by g. 

An equation similar to Eq. (16) for p=1 was 
used by de Groot® to explain the decay of 
luminescence of zinc .sulfide phosphors. De 
Groot also points out that the theory developed 
here is justified only when the mean distance 
traveled by the electrons is small compared to 
the mean range of the stimulating radiation. 
Rough measurements on samples of different 
thickness indicate a value for the latter of the 
order of 10-* cm. The former is thought® to be 
from 10~ to 10-§ cm 

The integral appearing in the definition of 
G(p, at) is an incomplete beta-function.* This 
function has been tabulated to some extent, but 
we have found it convenient to work with the 
values of p for which Eq. (20) can be integrated 
directly. These are integral and simple rational 
values of ». Table I gives G(p, Z) for several 
values of p. The values of these functions for 
several values of Z=at are given in Table II. 
Figure 8 shows the reciprocal of the square root 
of the function plotted against Z. The initial 
slope of the curve of [G(p, Z J? is a(p+1)/(p+-2). 

of the Incomplete Beta Function ay in 


VII, Cambridge, 1921). We are indebted to Prof. R 
Foster for calling this to our attention. 
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Figure 9 shows the functions on a logarithmic 
plot. It can be shown that for large values of the 
time, the slope of a logarithmic plot of G(p, Z) 
against Z will be minus (p+1) when p< 1, and 
will be minus two when p21. This means that 
if the slope of the logarithmic plot of the decay 
curve is to become minus two at large values of 


TaBLeE I. Values of the function defined in Eq. (20) for 
various values of p. 


B/Bo=G(p, 2) 
0 1/(1+s) 


vis 
1, 


1 Qst—1\ 1 1 
tant (Ag) tan 
(3/2)s~*? 
1 {In (1+2)—2/(1+2)} 
In (1+2)} 


(s/3)(9 In (1+2)} 
1/(i+z)? 


the time (as required by the simple theory) the 
absorption coefficient for visible light must be 
equal to or greater than the absorption coefficient 
for IR. 

In order to fit Eq. (19) to a set of experi- 
mental data it is convenient to make use of a set 
of curves such as is given in Fig. 10. Here the 
negative slope of log B vs. log t for two values of 
at is plotted as a function of p. The values of at 
selected are those for which the brightness has 
fallen to one-tenth and one-hundredth of the 
original brightness. The original brightness can 
be most easily found from the experimental data 
by plotting the reciprocal of the square root of 
the brightness against time and extrapolating 
to zero time. When the data from which Fig. 7 
was drawn are treated in this way, the original 
brightness is found to be 13,800. The slopes of 
log B vs. log ¢ at brightnesses of 1380 and 138 are 
found to be —1.01 and —1.18, respectively. 
From Fig. 10 we get a corresponding value for p 
of slightly less than 0.25. The value of a can be 
found by fitting the equation 


B=13,800G(0.25, at) 


at several points on the decay curve. This 
procedure gives a value of 1.30 for a. The final 
form of our equation is 


B=13,800G(0.25, 1.302) 


TaBLE II. Values of B/By>=G(p, z) for various values of z. Numbers in brackets indicate negative power of ten by 
2 which the entry should be multiplied. 


=at GO, s) ‘G(t. 8) G(4, 8) 8) G(1, G(2, s) G(3, 8) G(4, 5) G(@,s) 
0 1.000 1,000 1,000 1.000 1.000 1,000 1.000 1,000 1.000 
0.1 9.09(1 8.98(1) 8.96(1 8.93(1) 8.80(1) 8.66(1) 8.58(1 8.53(1 8.27(1) 
0.2 8.33(1 8.16(1) 8.11(1 8.04(1)° 7.83(1) 7.59(1) 7.45(1 7.36(1 6.94(1 
0.4 7.14(1 6.87(1 6.78(1) 6.66(1) 6.35(1) 5.99(1 5.79(1) 5.79(1 5.10(1 
0.6 6.25(1 5.91(1 5.81(1) 5.64(1) 5.28(1) 4.86(1 4.63(1) 4.49(1 3.91(1 
1 5.00(1 4.59(1 4.48(1) 4.28(1) 3.86(1) 3.41(1 3.18(1) 3.04(1 2.50(1 
2 3.33(1 2.85(1 2.77(1 2.57(1) 2.16(1) 1.76(1 1.57(1 1.47(1 1.11(1) 
4 ‘ort 1.49(1 1.33(1) 1.01(1) 7.41 3 6.30(2 5.71(2 4.00(2) 
6 1.43(1 1.07(1 9.87(2 8.51(2) 6.05(2) 4.12(2 Tastes} 3.05(2 2.04(2) 
10 76023 6.27(2) 5.63(2) 4.64(2) 2.98(2) 1.83(2) 1.45(2) 1.27(2) 8.27(3) 

20 4.76(2 2.88 3} 2.49(2) 1413) '1,05(2) 5.57(3) 4.20(3) 3.62(3) 2.27(3) 
40 2.44(2 1.23(2 1.06(2) 7.47(3 3.42(3) 1.57(3) 1,14(3) 9.69(4) 5.95(4) 
60 1.64(2 7.86(3) 6.39(3) oo6t3 1.74(3) 7.33(4) 5.22(4) 4.44(4) 2.69(4) 
100 T3003) 3.28(3) 2.06(3) 7.25(4) 2.75(4) 1.93(4) 1.62(4) 9.80(5) 
200 4.98(3 1.80(3 1.33(3) 7.58(4) 2.15(4) 7.14(S) 4.90(5 4.11 3} 2.48(5) 
400 2.49(3) 7.66(4) 5.35(4) 2.76(4) 6.25(5) 1.82(5) 1,.24(5 1,03(4 6.22(6) 
600 1.66(3 4.63(4) 3.13(4) 1.52(4 3.00(S) 8.17(6) 5.52(6) 4.61(6) 2.77(6) 

1000 1.00(3 2.45(4) 1.59(4) 7.15(S 1.18(S) 2.96(6)- 1.99(6) 1.66(6) 9.98(7 

2000 5.00(4 1.04(4) 6.35(5) 2.56(5 3.30(6) 7.45(7) 4.99(7 4.16(7) 2.50(7 

4000 2.50(4 4.36(5) 2.52(S) 9.13(6) 9.12(7) 1.87(7) 1.25(7 1.04(7) 6.25(8) 

6000 1.67(4 2.63(5) 7456) 3.96(6) 4.28(7) 8.31(8) 2.78(8) 

10000 1.00(4) 1.39(5) 7.45(6 2.33(6) 1.64(7) 3.00(8) 2.00(8) 1.67(8) 1,00(8) 
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1.25 at 


(1.305 J, 


The agreement of Eq. (24) with the experi- 
mental data is indeed remarkable. The solid line 
in Fig. 7 is drawn from Eq. (24) and the circles 
are experimental points. Here the brightness 
has fallen by a factor of over 10° and yet the 
equation fits the data, probably within experi- 
mental error. Figures 11 and 12 show the plot 
of the brightness itself against time. Again the 
solid line is from Eq. (24) and the circles are 
experimental points. The agreement is certainly 
all that could bé expected. 

Another possible way of fitting an experi- 
mental curve such as that of Fig. 7 would be to 
use a sum of terms of the type given by Eq. (5). 
Physically this would mean that there were 
several different types of traps each with a 
different stimulability. The explanation given 
here which leads to Eqs. (19) and (20) seems to 
us to be much preferable for several reasons. 


4 


° 2 4 © 8 10 


Fic. 8. Effect of IR absorption on decay curve. Numbers 
on the curves indicate corresponding ratios of visible and 
IR absorption coefficients. 


Log 
Fic. 9. Effect of IR absorption on decay curve. Num- 
bers on the curves indicate corresponding ratios of visible 
and IR absorption coefficients. 


Fic. 10. Slope of decay curve on log-log paper as a 
function of , the ratio of visible to [Rabe ndon coef- 
ficients. 


First, a smaller number of arbitrary constants is 
involved. Some work was done toward fitting 
the data plotted in Fig. 7 with a sum of simple 
second-order terms, and it was found that at 
least five terms involving ten arbitrary constants 
would be needed. Equation (24) fits the entire 
curve, however, with only three arbitrary con- 
stants. 

Second, such a sum of simple second-order 
terms should eventually give a slope of minus 
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2 3, 4 5 
Fic. 11. Short-time decay curve of strontium selenide 
.. Circles from experimental! data, solid line from 


two for a logarithmic plot of the brightness.’ 
Equation (24), however, leads to a value of 
— 1.25 for this slope which agrees quite well with 
the experimental data. 

Third, if there were different types of traps 
with different relative stimulabilities, the only 
reasonable conclusion would seem to be that they 
are different because of different trap depths. 
If this is the case, as the phosphor becomes 
exhausted and the more easily stimulated traps 
are emptied the stimulation spectrum of the 
phosphor should change. This can be checked 


experimentally by measuring the stimulation 


spectra at various levels of exhaustion. 

The method of measuring the stimulation 
spectra will be described elsewhere. Briefly it 
consists of using a Beckman spectrophotometer 
equipped with the diffuse reflectance attachment 
as a monochromator to supply the stimulating 
light. The brightness of the emitted light, cor- 
rected to equal energy for the stimulating light, 


7Cf. Mott and Gurney, Electronic Processes in Ionic 
rystals (The Clarendon Press, Oxford, 1940), p. 211. 
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at 


Fic, 12. Decay of strontium selenide Circles 
from experimental data, solid line from Eq. (24). 


plotted against the stimulating wave-length gives 
the stimulation spectrum. 

Figure 13 shows the result of such an experi- 
ment run on a phosphor similar to the one whose 
decay curve is shown in Fig. 7 and fitted by 
Eq. (24). Here the logarithm of the corrected 
brightness is plotted against the stimulating 
wave-length for five different levels of exhaustion. 
It is noteworthy that there is no change of any 
importance in the shape of the curve even after 
the brightness has fallen by a factor of approxi- 
mately eighty. In particular, there is no per- 
ceptible change in the wave-length at which the 
maximum stimulation occurs. This result would 
seem to rule out the possibility of having traps 
of different depth with different stimulabilities 
in this particular phosphor. 

This would not necessarily be true of all such 
infra-red sensitive phosphors. ZnS, which has 
been investigated a good deal by G. R. Fonda,! 
is known to have quite different phosphorescent 
properties when excited at different tempera- 
tures, which would indicate that it contains 
trapping states of quite different stimulabilities. 

We see then that an explanation of the decay 
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curve for the phosphor dealt with here that is 
based on a sum of simple second-order processes 
leads to conclusions which are incompatible with 
the experimental results. The decay curve can, 
however, be explained by considering a simple 
second-order mechanism for the phosphorescence 
together with the absorption of the stimulating 
and emitted radiations. Only three arbitrary 
constants are involved and each has a simple 
physical significance. The first, Bo, is proportional 
to the concentration of active centers, the sensi- 
tivity of the apparatus used to measure bright- 


WAVELENGTH mut 
Fic. 13. Stimulation spectrum of strontium selenide 
phosphor at various stages of decay. 


ness, to a, and inversely proportional to the sum 
of the absorption coefficients. The second, a, is 
proportional to the IR intensity and the quantum 
efficiency of the process. The third, p, is the 
ratio of the absorption coefficients for visible 
and infra-red light. 

No precise measurements of the absorption 
coefficients of these materials have been made 
and it is not possible at this time to state that 
the ratio of absorption coefficients as determined 
by the form of the decay curve is in fact equal 
to what would be obtained by such measure- 
ments. It is likely that the IR absorption changes 
somewhat during exhaustion, but there seems to 
be no easy way to take this into account. 

There would be a variation in the light in- 
tensity with depth due to scattering also. How- 
ever, the variation would also be exponential*® 
and would not alter the form of the equation 
derived here. It would mean that the absorption 
coefficients referred to here are not true absorp- 
tion coefficients, but are the sum of the absorp- 
tion and scattering coefficients. This would indi- 
cate that the particle size of the phosphor should 
affect the shape of the decay curve. Such an 
effect is known to exist, but no attempt has been 
made here to investigate it. 

We wish to express our appreciation to all the 
members of this laboratory who have cooperated 
in this work, particularly for the preparation of 
the various phosphors studied. Dr. Roland Ward, 
the director of the laboratory, has given us much 
help and encouragement. Most of the numerical 
calculations were made by Mr. Harry Knutson. 
We are deeply indebted to Dr. Franz Urbach, 
now of the Eastman Kodak Company, for many 
stimulating discussions of possible mechanisms 
for the explanation of infra-red phosphorescence. 


*R. R. Newton, J. App. Phys. 14, 481 (1943). 
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Water Vapor Absorption of Electromagnetic Radiation in the Centimeter 
Wave-Length Ranget 


SEPTEMBER 1 AND 15, 1946 


Gorpon E, Becker* AND STANLEY H. AUTLER 
Columbia Radiation Laboratory, Columbia University, New York, New York 


The water vapor absorption line resulting from the 
rotational transition 5_; —6_s has been investigated experi- 
mentally. Radiation is fed into an air-filled cubical copper 
cavity 8 ft. on an edge. Strings of thermocouples with 
alternate junctions coated with a “lossy” material are 
placed at random in the cavity. The e.m.f. of these thermo- 
couples is proportional to the Q of the cavity and its 
contents. With the total pressure inside the cavity at one 


. atmosphere, the partial pressure of the water vapor is 


varied from 1 mm to 55 mm of Hg. A measurement of the 
change in e.m.f. with humidity yields a value for the losses 
in the water vapor, provided the Q of the cavity is known. 
This quantity may be determined from additional measure- 
ments taken with an aperture opened in the side of the 
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cavity. The wave-length range between 0.7 cm and 1.7 em 
has been explored. Results indicate a peak at *=0.744 
+0.005 cm™, corresponding to a wave-length \ = 1.34 cm, 
The absorption line is broadened as the water vapor 
density is increased. At very low density, the half-width 
of the curve (half-width at half-height) is 0.087+0,01 
cm, while the corresponding value for a density of 50 
gram/meter* is 0.107+0.01 cm. The cross section for a 
water-water collision must be nearly 5 times that for a 
water-air collision to account for this change in half-width 
with vapor density. The attenuation at the peak is 0.025 
db per kilometer for 1 gram of water vapor per cubic 
meter. 


INTRODUCTION 


EASUREMENTS on the infra-red spec- 

trum of water vapor made by Randall! 
and co-workers and slightly revised by Dennison? 
indicated an absorption line at *=0.78 cm™. 
This line results from a transition between the 
following rotational energy levels. 


J; W/he 


446.39 cm 
6-5 447.17 cm™ 


J determines the total angular momentum of the 


system. 7 is an index which runs from +J to —J_ 


and denotes the ordering of the levels as regards 
their magnitude within any J group. The accu- 
racy here is rather poor, of course, and the 
infra-red measurements determined % only with- 
in the limits 1.0 and 0.66 

This absorption line is relatively weak. For 
example, the largest absorption measured in this 
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experiment is of the order of 1000 times smaller 
than that measured by Cleeton and Williams* 
in their work with ammonia. 

The experimental procedure described below 
is in some respects the electromagnetic analog 
of the method used by Knudsen‘ for sound 
absorption measurements. 


THEORY 


In this experiment, the absorption by water 
vapor is determined by a comparison of the 
energy loss due to water vapor in a large cavity 
with that due to an aperture in the wall of the 
cavity. This latter quantity can be calculated 
from a theoretical formula. The time and space 
average of the energy density in the cavity is 
directly dependent on the losses, so that losses 
due to various absorbers may be compared if a 
detector is used whose output is proportional to 
(E*)w. The detector used in this experiment is a 
series of thermocouple junctions distributed 
throughout the cavity, with alternate junctions 
coated with a lossy material. 

The fundamental assumption is that the 
steady-state response of the thermocouples (here- 
after called ¢) is proportional to the Q of the 


*C. E. Cleeton and N. H. Williams, Phys. Rev. 45, 234 


(1934). 
4V. O. Knudsen, J. Acous. Soc. Am. 5, 112 (1933). 
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box and its contents: 
€ < Qrotal- (1) 


An examination of the conditions under which 
this assertion is justified is made by Lamb in the 
paper immediately following this one. A very 
important condition is that a large number of 
normal modes of the box must be excited. 
Another is that the modes must have essentially 
the same degree of excitation and absorption. 
The ultimate check on the validity of (1) is given 
by the experimental tests mentioned below. 

Q is defined by the usual relation 


w+ (energy stored) 


energy lost per second 


where w=2zx-(frequency). It is convenient to 

use separate Q-values corresponding to the fol- 

lowing losses : 

(1) Qs: Losses in copper walls, glass tubing and thermo- 
couples, oxygen, etc. 

(2) Qv: Losses in water vapor. 

(3) Qa: Losses through an aperture in the wall of the box. 


The total Q is then given by 
4 


Q: Qs Or Qa 


An expression for Qy may be found by a 
comparison of the following expressions for the 
energy decay in the vapor between pulses: 


W= Wo exp (—wt/Qr), 

W=W, exp (—yux) = Wo exp (—xct) ; 
c is the velocity of light, ¢ is the time, u is the 
absorption coefficient in units of reciprocal 


length, and x is the length of path in the ab- 
sorbing vapor. Thus, 


1/Qv =\u/2e=Kyh, (2) 


where y may be expressed in units like db per 
kilometer, and K depends on the units chosen 
for y. 

Lamb has shown that the Q of the aperture is 
given by 


Qa=8xrV/dA, (3) 


where V is the volume of the box, and A is the 
area of the hole. This expression holds as long 
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as A is not small enough to produce diffraction 
effects, and not large compared to the wall area. 
Thus, by combination of (1), (2), and (3), 


(4) 


The proportionality constant 7 depends, among 
other things, on the sensitivity of the thermo- 
couples and on the power output of the source. 


EXPERIMENTAL APPARATUS 


Figure 1 is a schematic diagram for the micro- 
wave spectroscope. A number of magnetrons of 
fixed wave-lengths were used in pulsed operation 
as sources of radiation. Under the operating 
conditions used, the average power output of 
these tubes ranged from 5 to 20 watts, and the 
peak powers from 10 to 40 kilowatts. The radia- 
tion is fed into an approximately cubical copper 
box through a wave guide terminating in a 
matched horn. The total pressure inside the box 


Fic. 1. Diagram of apparatus. Only two thermocou 
strings are shown. Actually, the thermocouples are dis- 
tributed throughout the volume of the box. The copper 
box is approximately 8 ft. on an edge, with a volume of 


15.8 m*. The walls are 0.020 inch thick, approximately 
plane, and are supported by an outer wooden framew 


is always atmospheric. It is not possible to 
maintain any appreciable pressure differential 
between the interior of the box and the room, 
but the box is sufficiently air-tight so that the 
water vapor density inside remains reasonably 
constant at any desired value. 

The thermocouple system was changed several 
times in.an effort to obtain a greater e.m.f. and 
a smaller time constant. In the final version, 
the Chromel-constantan thermocouples were 
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made in strings, with the distance between junc- 
tions varying between 10 and 15 mm. Flattened 
wire of.0.025-mm thickness and 0.5-mm width 
was used.’ The strings were inclosed in low-loss 
glass tubes 5 mm in diameter. The pressure 


ACH 


eon 


Fic. 2. F vs. p curves for several wave- 
of p between 0 and 50 g/m?, the curve for A= 1.28 is a 
pep line, while the others exhibit upward and down- 

curvature. The marked departure from linearity of 


. For values 


the 1.28 curve above p=60 g/m# is caused by the con- 
densation of water on the walls of the cavity. (The zero- 


in ts of these curves should not be compared with 
each , because the Q of the box and contents was not 
the same for all the runs shown.) 


inside these tubes is atmospheric, and they are 
sealed shut, so that the water vapor concentra- 
tion inside the tube does not change. The total 
number of pairs of junctions is 360. Alternate 
junctions are coated with a small amount of a 
lossy mixture of iron powder in a polystyrene 
base. 

The wave-guide input points at a four-bladed 
copper fan 2 ft. in diameter, which rotates at a 
speed of 2 or 3 r.p.s. near the ceiling of the box. 
This “‘mode-mixer’’ is essential for the excitation 
of all the normal modes and the production of a 
uniform energy distribution inside the box. 
There is a similar fan near one of the side walls. 

There is a hole cut in each of two side walls of 
the box. The area of these may be varied from 
zero to‘ 400 cm?. One of them is covered by a 
thin sheet of celluloid and may be effectively 
removed by sliding a copper plate in front of the 


celluloid. This provides an aperture through 


which radiation, but not water » May 
escape. The effective area of the celluloid window 
is found at each wave-length by comparing the 
loss through it with the loss through the other 
aperture (uncovered) at low humidity. 

The circulation system is necessary for the 
maintenance of uniform vapor density and tem. 
perature throughout the box.® The air speed jn 
the vertical metal pipes is great enough® so that 
the humidity may be measured by the use of 
wet and dry bulb thermometers inserted in one 
of the pipes. Water vapor may be added to the 
box by placing shallow pans of water containing 
electric heaters in the wooden box shown in 
Fig. 1. The vapor density may be changed from 
5 g/m* to 50 g/m! in 45 minutes by this method,’ 
although smaller steps than this are taken in 
practice. 

The room containing the box is kept at a 
uniform temperature of 45°C +1°C, so that high 
absolute humidities may be obtained without 
danger of condensation of the water vapor. This 
is accomplished by the use of eight electric fans 
and heaters distributed about the room. The 
potentiometers required for measurements are 
located in an adjoining room. 


EXPERIMENTAL PROCEDURE 


For the purpose of monitoring the power from 
the source, a thermocouple junction is mounted 


1. 


Fic. 3. Attenuation per unit density vs. water vapor 
density, for several wave-lengths. 


‘In the cavity itself, the breeze created is su oon 
strong to swing the thermocouple tubes through 
distances. This is in no way objectionable, since it helps in 
the averaging and mode-mixi — 

* Smithsonian Meteorlogical Tables, fifth revised edition 
(1931), page Ixix = Table 84. 

? Approximately, 1 g/m* corresponds to 1 mm of Hg 
pressure. The dew points corresponding to the densities 
above are about 1°C and 40°C, respectively. 
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near the center of a wave guide coming off a 
tee-section in the main input line. This monitor 
is subject to long period drifts with room temper- 
ature, and is often not reliable if there are large 

wer fluctuations. When the monitor operates 
satisfactorily, the power from the source can be 
held constant to within at least 0.2 percent for 
a period of 20 or 30 minutes by making adjust- 
ments in the operating voltage. The following 
procedure makes the readings independent of the 
long period power variations, since it eliminates 
the constant 7 from the calculations. 

The thermocouple e.m.f. ¢ is designated by ¢ 
for the aperture closed, and by ex, for the aperture 
open. With the power input and humidity con- 
stant, a reading ¢ is taken, and the aperture is 
then opened. After two minutes, which is suffi- 
cient time for the thermocouples to reach equi- 
librium, a reading e, is taken, and the aperture 
is then closed. This procedure is repeated four or 
five times. With successive values of ¢9 and eu, 


the quantity 
(5) 


is calculated. The average value of F is used for 
one point on an F vs. p plot. (p is the water 
vapor density in g/m*.) 

The humidity is then changed, and the pro- 
cedure repeated. Figure 2 shows examples of 
F vs. p curves. It may be seen from the figure 
that the curve for \=1.28 cm is straight, that 
for \=1.33 cm is curved downwards, while the 
others shown are curved upwards. (Note that 
if y is a linear function of p, then the F vs. p 
plot is a straight line.) 
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The intercept Fy is found by extrapolating 
these curves to zero humidity (y=0 for p=0). 


The value of y may be found as follows: from’ 
(5), F, —Fo=8xVKy/A. Therefore, 


Fo). (6) 


db/xm per 


4 


Fic. 4. Water vapor absorption curve. The attenuation 
in db/kilometer per gram/meter® is plotted against the 
wave-number. The dotted curve is for a density of 50 g/m'*, 
the full curve for 10 g/m!. 


The quantity y/p (attenuation per unit den- 
sity) is calculated and plotted against p. Figure 3 
gives examples of these curves. The points seem 
to be fitted best by straight lines. Low humidity 
points are largely disregarded in drawing these 
straight lines, because they change very rapidly 
with change in Fo. Note that, in general, y/p is 
not a constant, as might have been expected. 

The final values of y/p are read off from these 
straight lines. The values of all runs at each 
wave-length are averaged, and the absorption 
curve (y/p vs. ¥) is plotted. Figure 4 shows this 
curve. Table I gives the values found for the 
attenuation per unit vapor density.® 


TaBLe I. Attenuation per unit density for various wave-lengths and humidities. Values of y/p are in db/km per g/m'*, 
in cm™, and p in g/m’. 


5-134 1.16 1.04 0.943 0.859 0.817 0.784 0.751 0.730 0.671 0.592 
0.0086 0.0067 0068 0.0103 0.0142 0.0184 0.0230 0.0249 0.0224 0.0128 0044 
0081 0.0112 0.0149 0.0189 0.0230 0.0245 0.0224 0.0131 0049 


0 0 
0 0 
0.0094 0.0120 0.0157 0.0194 0.0230 0.0241 0.0224 0.0133 0.0055 
0.0136 0.0108 0.0107 0.0128 0.0165 0.0198 0.0230 0.0237 0.0224 0.0137 0 
0.0152 0.0122 0.0120 0.0137 0.0172 0.0203 0.0230 0.0234 0.0224 0.0139 0 
0.0168 0.0136 0.0133 0.0145 0.0179 0.0208 0.0230 0.0230 0.0224 00142 0 


* The values in Table I will be expressed in the units nepers/cm per g/m* if multiplied by the factor 0.2303 x 10-*. An 
effective absorption cross section of the water vapor molecule for photons may be defined by the relation «= 1/nA, where 
n is the number of vapor molecules per unit volume, and A is the mean free path for photons in the water vapor. 
Comparison of the damping terms exp (—x/A) and exp (— ux) = (—kyx) gives y =constant-(1/A), so that ¢=con- 
stant-(y/p). To find ¢ in cm*/molecule, multiply the values in Table I by the factor 20.6 10-*. Note that this is an 


effective cross section for all the molecules, not just for the excess in the state 5_, over those in state 6_s. 


dow 
ther 
the 
fem- 
d in 
that 4 
e of 
one 
the | 
hing 4 
od,’ 
n in | 
at a 
high 
hout 
This 
fans 
The 
are 
} 
4 | 
small 
us 
f Hg 
isities 


304 


Note that the shape and height of this curve 


change as humidity changes, even though the 
‘total pressure remains constant at one atmos- 


phere. 


EXPERIMENTAL CHECKS ON BASIC THEORY 


The change in shape of the absorption curve 
was striking and, also, unexpected. Therefore, 
attempts were made to check experimentally all 


gx 


APERTURE AREA cn* 
Fic. 5. The fraction 1/F vs. the aperture area. Straight 
lines are drawn through the points. 


assumptions and formulas as far as this was 
possible. 


The Aperture 
From formula (5) 
J. 


For the range of areas for which the formula 
Qa=8xV/)A is valid, and for Qs and Qy con- 
stant, 1/F should be proportional to A. Figure 5 
shows that this has been verified. The range for 
A has been extended up to 800 cm? by using 
both apertures simultaneously. Also, by the use 
of calibrated celluloid-covered apertures, the 
relation has been tested at high humidity. No 
significant departure from linearity has been 
found. 

It is assumed that there is a uniform energy 
distribution in the box. This was not the case 
before the copper fans were placed in the box, 
as was shown by the fact that the Qu-values 
were not the same for apertures of equal area in 
different walls of the box. However, with the 
fans on, the Q4-values of the two apertures are 
the same to within 1 percent. 


G. E. BECKER AND S. H. AUTLER 


Effect of Change of Power on F 


The fraction F is supposed to be independent 
of power output of the source, provided that the 
power output is constant during the determina. 
tion of F. This can be checked by measuring P, 
and then, with humidity constant, changing the 
power output and measuring F again. This was 
done at two wave-lengths. The power was 
changed by more than 30 percent, and the varia. 
tions in F were smaller than the probable 
experimental! error. 


Effect of Pulse Length and Pulse Repetition Rate 


The quantity F should be independent of the 
pulse duration and repetition rate, provided that 
the thermocouples do not saturate during a pulse, 
and provided that the effect of the pulse duration 
on the number of normal modes excited is not 
important. When the pulse length was changed 
from } ysec. to $ usec., and the repetition rate 
from 2000 per sec. to 1000 per sec., the variations 
in F were smaller than the probable experimental 


error. 
Q2-Values 


By use of values of the intercept Fo of the 
F vs. p curves, values of Qs may be obtained. 


Fo= (84V/hA) -(1/Qz). 


Table II gives values of Qs found in this way 
for a set of runs using the same experimental 
arrangement of materials inside the box. If only 
copper losses were present, the product Qs)! 
should be a constant. The small departures 
shown in the table are reasonable, since the box 
contains non-metallic substances, e.g., the glass 
tubes surrounding the thermocouples. | 

The values of Qs are about 50 percent below 
the theoretical value for a copper cavity. Meas- 


TABLE II. Values of QpA?. 


(cm) 0.96 1.06 1.16 1.28 1.37 149 16 
Qs 8.05 8.04 8.14 7.95 7.98 7.93 784 


urements show that the glass tubes, thermo- 
couples, screening, etc. account for about 20 
percent, and the remaining discrepancy is about 
what is usually found for copper cavities or 
wave guides. 
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Variations of Wall Losses with Humidity 


The 7 vs. p curves have a form which approxi- 
mates y=ap+5p*. It was thought possible that 
the coefficients of the linear and squared terms 
might be partly determined by losses in some 
kind of water layer absorbed on the walls of the 
box. If this were true, these losses should be 
proportional to the area of copper exposed to 
the radiation, and the addition of copper surface 
should increase any curvature present in the 
0s. p plot. 

This experiment was conducted at \=0.96 cm 
by placing a number of sheets of copper inside 
the box. Figure 6 shows the results. The full line 
isa least-square parabola for several normal runs. 
Note that points for copper added fall slightly 
below the curve, with some falling on it. The 
results are not as clear-cut as might be desired, 
but there is no evidence that the points for the 
box with added copper sheets fall higher than 
those for the normal box. To indicate the magni- 
tude of the change which might be expected 
when the copper sheets are added, the dashed 
curve in the figure has been calculated on the 
assumption that the coefficient of p? arises en- 
tirely from losses in a water layer on the copper. 
(Note that there is also no evidence of a change 
in the coefficient of the linear term.) 

Figure 2 illustrates what happens when the 
humidity is raised until water condenses on the 
walls. This condensation does not take place at 

deviation of the values 
for y/p. 


TaBLe III. Percent a 
avera 


F 1.34 1.16 1.04 0.943 0.859 0.817 0.784 0.751 0.730 0.671 0.592 


LA 
10 +3.9 38 64 6.2 23 


4 O07 16 
3021716 24 21 O 0 


1 1. 
0.4 OS 1, 


the same instant for all parts of the walls, 
because there is usually as much as }°C variation 
of wall temperature from one point to another. 
This is the probable explanation for the part of 
the curve between 55 and 60 g/m‘. 


PRECISION OF MEASUREMENTS 


Measurements of humidity made by the use 
of wet and dry bulb thermometers are probably 
correct to within +0.3 g/m*. Checks were made 


by the use of a dew point apparatus, and the 
values found agreed to within +0.5 g/m*. The 
dew point, as observed with this apparatus, was 
not sharply defined, however, and this uncer- 


4 


< db/knomerer 
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Fic. 6. Attenuation vs. vapor density for a wave-len 

of 0.96 cm. The points shown are for cases with added 
copper surface in the cavity. The full line is a parabola 
fitted to the average of points from several normal runs. 
The equation for it is -y =0.0127p+2.26 X 10~p*. The dotted 
line is given by the equation y=0.0127p+ (504/408) 
X2.26 X 10~‘p*. t is, the coefficient of the squared term 
has been increased by a factor which is the ratio of the 
copper surfaces with and without the added copper. 


tainty was great enough to explain the differences 
observed. 

The value of Qa is probably correct to within 
+1 percent. 

The values for (y/p) shown on the absorption 
curve were found by averaging results from data 
taken over a period of several months, during 
which time several different thermocouple sys- 
tems were used. Results from data taken after 
improvements were made in the thermocouple 
system were given more weight in the averaging. 
Table III gives the percent average deviation of 
the values of (y/p) which were averaged to find 
the values for Table I. 

It is seen that the self-consistency of the 
results is better for higher value of attenuation, 
and that, in general, it is better for values at 
p=50 than at p=10. We estimate that the 
probable error is within +5 percent for the high 
values of attenuation, and nowhere exceeds +10 
percent. 


DISCUSSION OF RESULTS 
Van Vieck® gives the following formula for 


*J. H. Van Vleck, NDRC Reports 664 and 43-2. See 
H. Van Vleck and V. F. Weisskopf, Rev. Mod. 
Phys. 17, 227 (1945). ; 
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water vapor absorption in this wave-length %=1.34cm™ by subtracting from each curve the 
value of its ordinate at this value of 5, The 


range, 

rom discrepancies here are not much larger than the 

probable experimental error, which means that 
| p (¥—Ho)*+ (Av/c)? the first term in (7) is in good agreement with 
7 init experiment. The theoretical curve would fit the 
(7) experimental points better if this term were 
(F+5)?+(Av/c)? multiplied by a factor of about 1.10 for the cage 


of low density, and 1.13 for high density, The 
chief discrepancy between theory and experiment 


— 
a Fic. 7, These curves are obtained from the absorption 
curve (Fig. 4) by dividing each ordinate by the square of Fic. 8. Same as Fig. 7, for the case of high vapor density 


. the corresponding wave number. The upper curve is the The values of » and (A»/c) are 0.742 cm~' and 
experimental curve for very low density. The resonant respectively. 


4 wave number and the half-width found from this curve 
|! are 0.744 cm and 0.087 cm™, respectively. The lower 
curve is the theoretical curve obtained from Eq. (7) when " 


the experimental values of %» and (Av/c) are used. : ] 
(Av/c) is the half-width at half-height of the x /\ 


absorption line. is the wave number of the 
T incident radiation. % is the resonant wave num- / 
| | ber. The values of C; and depend on the units 
used for A 
| D cm 


It is seen from (7) that the resonance curve is 


- at symmetrical, mainly because y is — Fic. 9. This curve results from matching the curves of 
tional to #*. For the purpose of determining %» Fig. 7 at §=1.34 cm™ - 2 subtracting from each curve the 
valu i 
of 


and Av/c, it is convenient to plot (y/p)/¥? vs. of its | 
| Figures 7 and 8 show these curves for experi- full line is the theoretical curve, and the points shown 
: mental points at low and high density, respec- epresent experimental data. 
tively. (Points for p=0 are found by extrapola- 
tion. See Fig. 3.) Values of % and (Av/c) were 
. : found from these curves, and these values were 
: then used in Eq. (7). These theoretical curves 
7 . are shown in Figs. 7 and 8. The curves are 
: approximately flat at frequencies off resonance. 
| Here the absorption is largely caused by absorp- 
a tion lines at frequencies greater than 5 cm™, 
| whose effect is given by the second term in (7). 
Figures 9 and 10 show the results of matching —_5,., 19, This curve results from matching the curves d 
the curves in Figs. 7 and 8, respectively, at Fig. 8 (high density), as explained under Fig. 9. : 


ABSORPTION OF CENTIMETER WAVES 


ig in the magnitude of the nearly constant ab- 
sorption in this region due to strong lines at 
higher frequencies. The second term in Eq. (7) 
must be multiplied by factors of about 4 and 6 
(for the cases of low and high density, respec- 
tively) to produce agreement with experiment. 
These factors are not determined with great 
accuracy, however. 

Figure 11 shows clearly that the absorption 
line is broadened as the water vapor density is 
increased. The values of Av/c for low and high 
density are 0.087 and 0.107 respec- 
tively. These are in good agreement with the 
value 0.11 cm~'+0.02 cm= reported by Adel"® 
for the half-width of the water vapor line at 
15.99%. 

The increase in half-width with increase in 
vapor density indicates that the cross section for 
collisions of water molecules with water molecules 
is greater than that for collisions of water mole- 
cules with air molecules. Let oww and ow, denote 
the two cross sections. The effective cross section 
at agiven value of pis then oww-g,+owa-(1—@,), 
where q, is the fraction of molecules which are 
water. The effective cross section increases by a 
factor 1.23 as p increases from 0 to 50 g/m’. 
With these values, oww =4.7owa. 


%” A. Adel, NDRC Report 320, and later unpublished 
ts. 
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Measurements by other methods have been 
reported by Dicke and co-workers" and by 
Miller and Bender." Their results agree with 
those given here within the limits of experimental 
error. However, these other methods are not 
capable of detecting a change in shape of the 
absorption line with vapor pressure. 


4 


Fic. 11. Experimental curves are shown, of the same 
hs lag Figs. 9 and 10. They d to the limiting 
ues of the water vapor density in this experiment. 


Many thanks are due Professor J. M. B. 
Kellogg for his invaluable assistance and guid- 
ance throughout the course of this experiment. 
We are also indebted to Professor W. E. Lamb 
for much helpful discussion. 


uR. H. Dicke, R. L. Kyhl, A. B. Va 


and R. 
Beringer, NDRC Report 1002. See also, Bull. Am. Phys. 
Soc. 21, 25 (1946). 


#2 J. W. Miller and R. S. Bender, NDRC Report 729. 
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Theory of a Microwave Spectroscope* 


Wuuis E. Lams, Jr. 
e Columbia Radiation Laboratory, Columbia University, New York, New York 
(Received June 24, 1946) 


The measurement of the absorption of centimeter radiation in water vapor described by 
Becker and Autler (preceding paper) is based on the assumption that the thermocouple read- 
ings are proportional to the Q of the cavity and its contents. The conditions for this are in- 
vestigated theoretically. An expression for the Q of a hole in the wall of the cavity is derived 
for use in the measurements of Q’s on an absolute basis. 


INTRODUCTION 


T is to be expected that the wartime develop- 
ment of strong microwave sources will greatly 
increase the opportunities for spectroscopic 
studies in the wave-length range about one 
centimeter. Besides the physical interest in 
problems of molecular structure, the absorption 
of microwaves in atmospheric gases is of basic 
importance in radar and communication ap- 
plications. 

Among the methods which are available for 
such studies are the following : (1) Absorption of 
the radiation from a monochromatic source in a 
relatively short path of highly absorbing vapor. 
This method was used by Cleeton and Williams! 
in their study of the ammonia inversion. The 
fine structure due to the various rotational levels 
was not resolved due to the large pressure 
broadening. (2) Absorption in a long atmos- 
pheric path of the continuous microwave radia- 
tion emitted by the sun (Southworth’). (3) 
Measurement of the thermal radiation emitted 
by a long column of atmospheric gases (Dicke’*). 
(4) Field studies using the atmosphere. Either 
point-to-point or reflected signalling is used 
(Bender*). (5) Molecular beam and other reson- 
ance methods:® (6) Measurements of attenuation 


on mask: denn for CORD under 
Msr-485. Publication assisted by the Ernest 
Adams Fund for Physical Research of Columbia 
niversi 
Chetan and H. Williams, Phys. ‘Rev. 45, 234 
2G. C. Southworth, J. Frank. Inst. 239, 285 (1945). 
*R. H. Radiation 'No. 787 (1945). 
my ag yle, and A. B. Vane. 
Redistion ‘Report i002, 
. W. der, ospheric ‘Attenuation at K-Band,” 
Radiation Lab. Report No. 41, 
5]. I. Rabi, S. Millman, P. Kusch, J. R. Zacharias, 
Phys. Rev. 55, 526 (1939). Also recent resonance methods 
developed by F. Bloch, W. W. Hansen, and M. Packard; 


of a given density of absorbing vapor in a wave- 
guide (Beringer®). (7) Use of a tuned resonant 
cavity. This method has been used by Bleaney’ 
and others to resolve the ammonia fine structure 
under reduced pressure. (8) Reverberation time 
measurements in a large untuned cavity or echo 
box. (9) Steady-state response of a large untuned 
cavity. The last two methods will be discussed 


‘in this paper. 


The analogs of some of these methods have 
been used in acoustics in order to measure the 
absorption of sound in gases.** A recent survey 
article ‘‘Sound Waves in Rooms” by Morse and 
Bolt!® will be found helpful in this connection. 

The problem proposed to the Columbia Radia- 
tion Laboratory was a determination of the 
wave-length dependence of the absorption of 
centimeter radiation in atmospheric water vapor. 
An account of the experimental procedure and 
results is given in the accompanying paper by 
Becker and Autler." The first method suggested 
was a measurement of the exponential decay of 
the radiation in an untuned echo box between 
pulses. The attenuation coefficient could then 
be calculated from the time constant of the 
decay. This method was soon abandoned on 
account of difficulties which will be discussed in 
by E. M. Purcell, R. V. Pound, and H. C. Torrey; and by 
A. Roberts, Y. Beers, and A. G. Hill. 

* E. R. Beringer, “The A tion of 4 Cm. e.m. Waves 
in O2.” Radiation Lab. Report No. 684 (1945). Also, W. D. 
Hershberger, J. App. Phys. 17, 495 (1946). 

R. P. Penrose, ature 157, 339 (1946). 

Phys. Rev. 69, 539 (1946) and C. H. 


ad Bull. Am. Phys. Soc. 21, No. 3, page 15 (1946). 
*V. O. Knudsen, J. Acous. Soc. Am. 3, 126 (1931), 


5, Meth 8. 
. Acous. Soc. Am. 7, 249 (1936). V. S 
thon and E. | . Fricke, J. ‘Acous. Soc. Am. 10, 89 


(1938), Method 9. 
(1944). P. M. Morse and R. H. Bolt, Rev. Mod. Phys. 16, 69 
u G, E. Becker and S. Autler, Phys. Rev. 70, 300 (1946). 
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dix 1. The method ultimately chosen was 
the determination of the steady-state response 
of the resonator. In view of the object of the 

iment, this cavity was filled mostly with 
air at atmospheric pressure. However, for more 
fundamental research in which pressure broaden- 
ing should be kept at a minimum, it would be 

ible to design a cavity, perhaps somewhat 
smaller, which could be evacuated of all gaseous 
substances except the desired density of absorb- 
ing vapor. It would appear that this method is 
one of the most sensitive ones available for a 
study of weak radiative transitions under con- 
ditions of small pressure broadening. It would be 
limited on the short wave-length side by the 
need for a strong source of nearly monochromatic 
power, and on the high wave-length side by the 
difficulty in constructing a cavity whose linear 
dimensions must be perhaps a hundred wave- 
lengths. 

In the experiments of Becker and Autler," 
pulsed magnetron power is fed into the cavity 
and a measure of the space-time average energy 
level in the cavity is obtained by the sum of the 
electromotive forces generated in a large num- 
ber” of thermocouples placed “at random”’ in 
the box. As described below, such measurements 
can be used to obtain the attenuation of the 
radiation in the water vapor. The theory of the 
measurement in acoustical terms dates back to 
Sabine.” A derivation of the fundamental equa- 
tion, based on elementary considerations and 
stated in microwave terminology, is given in the 
text. Use is made of a photon argument. A more 
rigorous treatment of the subject based on Max- 
well’s equations is given in Appendix 2. 


DERIVATION OF FUNDAMENTAL EQUATION 
USING PHOTON MODEL 


The success of the method depends on the 
proportionality of the thermocouple response to 
the “Q” of the cavity and its contents. As 
follows from the wave acoustic theory of Morse 
and Bolt,’° a necessary condition for this is that 
all of the modes of the cavity which are excited 
should have essentially the same degree of ex- 
citation and of absorption. They obtain correc- 


3 See Appendix 4. 
4 W. C. Sabine, Collected Papers on Acoustics (Harvard 
University Press, Cambridge, Massachusetts, 1922), p. 43. 
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tion formulas for the case in which the modes 
can be classified as oblique, tangential and axial. 
We can see the need for such corrections even 
within the framework of the classical theory. 
We consider that the radiation in the vessel 
at any time may be replaced by photons. To 
represent the different classes of modes, these 
may be of several types which may be distin- 
guished by a subscript k. Let there be N;,(?) 
photons of type & at time ¢. Let M,(#) be the 
rate of creation of photons by the source. The 
photons will eventually be absorbed either by 
the walls or in the gas. The rates of these two 
kinds of absorption will be proportional to the 
density of photons, and to the total wall area S 
or to the volume V of the cavity. The following 
differential equations may now be written 


dN, 


where the ax, 8; are constants of proportionality. 
It is convenient to introduce the Q’s for wall and 
gas losses using the definition derived from cir- 
cuit theory 
1 rate of loss of photons (2) 
Q  w (number of photons) 
for each photon type and for each kind of ab- 
sorption. Then 


= wr /Qn(k), (2a) 
6.V =wx/Qr(k). (2b) 

The differential Eq. (1) are then _ 
= M(t), (3) 


where 


1/Q(k) = 1/Qa(k) +1/Qv(k) (4) 


defines the resultant Q for photons of type k. 
We must expect that the Q for the wall loss may 
depend on the mode type, while that for the gas 
loss is much more nearly independent of k. The 
frequency variation of either type of loss may be 
neglected for the band width associated with the 
pulses. 

By averaging the differential Eq. (3) over a 
number of pulses, we obtain 


k 
Ni= CO) (5) 
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Averaging Eq. (5) for all k, we find 


1* 1° 
Rats (6) 


where n is the number of modes with appreciable 
excitation. If all the excited modes have the same 
rates of excitation and of absorption as well as 
frequency, we obtain 


N=(Q/w)M, (7) 


i.e., the almost obvious result that the mean 
level of energy excitation of the box is Q/2r 
times the average energy introduced per cycle, 
irrespective of the shape of the pulse or the repeti- 
tion rate. 

Without this direct proportionality, actual or 
sufficiently approximate, the experiment cannot 
be made to give accurate values for Qy and hence 
for the attenuation in the gas unless very de- 
tailed assumptions are made about the values of 
Qs(k) and M;, for the various modes. The pres- 
ence of thermocouples, dew point apparatus, 
wall irregularities, etc., make these values im- 
possible to find. Fortunately, the proportionality 
of the thermocouple reading to the resultant Q is 
to some extent capable of direct experimental 
confirmation. As described by Becker and Autler, 
this can be done by introduction of a variable 
known loss. We will therefore treat all classes of 
photons alike in the subsequent discussion. 


IDEALIZED FORM OF EXPERIMENTS 


The experiment consists in principle of a com- 
parison of the small probability of absorption of 
a photon at each collision with the wall" and the 
small probability of absorption by the gas during 
each crossing of the box. The thermocouple 
reading for constant average power input and 
varying amounts of an absorber in the box is 
proportional to the Q of the box and its contents. 
To idealize, let us imagine that we could obtain 
a thermocouple reading for the box with all 
’ water vapor removed. In this case, the steady 
state would be given by 


1=QsM /w. (8a) 
Then we would introduce such a density of 


™ The probability of absorption for normal incidence on 
copper is 4.3 10~ at 1.25 cm. 


LAMB, JR. 


water vapor as to cut the thermocouple reading 
in half. The steady state would then be 


(8b) 


whence Q=4Qz and hence Qg=Qy. If were 
known, so would be Qy. The attenuation go. 
efficient of the radiation in the water vapor at 
the wave-length used could then be determined 
by the following argument. If all other losses 
were negligible, the radiation would decay ac. 
cordingly to the law exp(—wt/Qy). Since in time 
¢ the photons traverse a total distance of x=¢f, 
the exponential factor may be written as 
exp(—wx/cQy) so that cQy/w is the mean free 
path for photons in the absorbing vapor. The 
same result also follows from the wave theory of 
Appendix 3. Hence a value for Qz is needed. 
The walls are largely of copper, and it is pos- — 
sible to derive a theoretical value of the Q for a 
very large cavity with metallic walls (Appendix 
5). Unfortunately, there are a number of obstacles 
to the use of this theoretical result for the de- 
termination of the Q’s on an absolute basis, i.e., 
the presence of other lossy substances in the 
box : solder, flux, thermocouples, glass, dew point 
apparatus, perspiration, oxygen, etc. Also the 
attenuation in copper wave guide for 1.25 cm is 
believed to disagree with theory by something 
like 10 percent. Hence an absolute measurement 
of Qz is required. One method, of course, would 
be a measurement of the reverberation time, but 
the gurgle phenomenon interferes (Appendix 1). 
Another way, used in the corresponding acous- 
tical problem,” is to make a hole in the wall of 
the box. If no reflecting material is outside the 
hole, all of the photons striking its area will 
escape from the box and lower the resultant Q as 


“measured by the thermocouples. We may ac- 


cordingly define a Q« for the hole, and write for 
the total Q 


(9) 


Suppose we again start with a dry box and meas- 
ure the thermocouple response. We then intro- 
duce a hole into the side of the box, and increase 
its size until the thermocouple e.m.f. is halved. 
For this hole size, Qs=Qa. If Qa can be calcu- 
lated, we can determine Qz and hence Qy and 


8 W. C. Sabine, reference 13, page 24. 


MICROWAVE SPECTROSCOPE 311 


dx 


Fic. 1. Figure used in calculation of Qa. 


the attenuation coefficient for the water vapor 
at the wave-length used. 


DERIVATION OF EXPRESSION FOR Q, 


The photon model offers a very simple deriva- 
tion for the value of Qa. According to Eq. (2) it 
is necessary to calculate the number of photons 
which escape through the hole per second. To 
do this, we make the usual assumptions of the 
ideal kinetic theory of gases. Consider those 
photons moving in a direction which will hit the 
area A of the hole in a very short time dt. These 
will all be found in a prism whose base area is A, 
and whose height is dx=c cos 6dt. (See Fig. 1.) 
The density of photons, and their angular dis- 
tribution of velocities, may be taken as uniform 
in the body of the vessel, but near the hole these 
quantities may be quite seriously distorted by 
the presence of the hole, since many molecules 


_ escape which would otherwise be reflected. This 


is the feature which makes difficult the problem 
of the efflux of a real gas through an aperture 
whose dimensions are comparable to the mean 
free path. However, we must sum only over the 
photons which are moving toward the hole, and 
in the present case, these have been moving in a 
straight line since their last collision with a dis- 
tant part of the wall or a molecule of the absorb- 
ing gas. Provided only that AS, we may assume 
uniformity of their angular distribution of veloc- 
ities for 
0<6<¢ 90° 


and a value for the number of photons per unit 
volume moving between @ and 0+-d8 of 


N 
sin 
4nV 


(The chance that a photon is absorbed in any 
one trip across the box is too small to influence 
the angular distribution appreciably.) The num- 
ber of photons escaping through A per second 
is then 


NAc NAc 
2V 


cos 6 sin 6d@ =——, 
4V 


and hence 
wN 


= =—. 10 
(NAc/4V) 


Qa 


A calculation using the wave picture gives the 
same answer. 

A necessary condition for the validity of this 
derivation is that a sufficiently large and repre- 
sentative selection of the modes of the cavity 
should be excited. Otherwise, one might find Eq. 
(10) in error, as for example, if the source were 
so directional that an appreciable fraction of the 
energy were to escape without many reflections. 
Another condition is that the dimensions of the 
window should be large compared to a wave- 
length so that diffraction effects can be neglected. 
The limiting case A<)* has been treated rigor- 
ously by Bethe'* who shows that very small 
holes radiate considerably less than is given by 
Eq. (10). On the other hand, if the area A is too 
large, the assumptions regarding uniformity of 
the photon distribution will be invalid. The de- 
pendence of 1/Q4 on the area A of the hole 
should be linear over the greater part of the 
range 0<A < V1, with oscillations for A ~*, and 
a gradual change of slope from the law of Eq. 
(10) for large A. In practice, only the intermedi- . 
ate straight part of the curve is likely to be ob- 
tained because (1) a small hole gives a very 
small change in thermocouple e.m.f., and (2) a 
large hole would ruin the box. 


APPENDIX 1. FLUCTUATIONS DURING 
REVERBERATION 


In the decay-time method mentioned in the 
text, some of the r-f was taken out of the box 
through a wave guide and detected by a super- 


heterodyne receiver. The video-frequency output 
of this was fed into an oscilloscope. According 


1¢H. A. Bethe, Phys. Rev. 66, 163 (1944). 
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to one authority,!” the observed decay curve 
should look something like that shown in Fig. 
2 with the relative amplitude of the ‘‘squiggles”’ 
given by 1/nt. 


The number of modes appreciably excited 


by the pulse of duration A is given by 
n=164 


For the box used at Columbia, »=2.4x10!° 
A=1.25 cm, A=}X10-* sec, V=8'X8’ 
X83’, n=66,100 and the relative amplitude 
should be 0.4 percent. This would be increased 
somewhat by degeneracy of the mode spectrum, 
and by variations in the Q’s of the different 
modes, but the discrepancy with the observa- 
tions (100 percent fluctuations) seems to great. 

On the other hand, R. C. Jones!* has treated 
_ the same problem (in acoustics) and finds that 

the relative fluctuations are of order unity and 
independent of V for sufficiently large volumes. 
It is therefore necessary to find the source of the 
difference in the two results. 

After the pulse has passed, the electric field : at 
a point x, y, z in the box is given as a superposi- 
tion of the free damped normal vibrations in 
the form 


E(xyst) = axux(xyz) exp (11) 


where the u; are the vector eigenfunctions for 
the normal modes in the box, w,/2 are the nor- 
mal frequencies, and Q(k) is the measure of the 
persistence of the kth mode. As these latter do 
not differ very much from one another for a 
rectangular box, they will here be taken equal. 
The amplitudes a, can be exactly calculated 
from the theory of the forced oscillations of a 
cavity resonator if the current distribution due 
to the magnetron pulse is assumed to be known. 
However, this would give rise to integrals im- 
possible of evaluation in practice. Instead, it is 
possible to ask for statistical information about 
the values assumed by E at some point x, y, z as 
a function of time ¢, i.e., what is the probability 
that E(xyz, ¢) will lie in a certain range of mag- 
nitude and direction if all values of ¢ in a certain 
small range of ¢ are equally likely? Because of the 
factors exp(iw:t), the expression (11) is the sum 
of a of a large number of two-dimensional vectors 


~ 47 Radiati Radiation Labora Text T-2, page 12-31. 
wR. C. Jones, J. Acous. 324 (1940). 
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Fic. 2. Expected decay curve of the cavity. 


whose phase angles at any time are essentially 
oriented at random. The relation to the two- 
dimensional random walk problem is obvious, 
Jones used its known solution for the probability 
distribution of the resultant displacement vector, 
which in our case is the electric field E(xyz, #) 
whose magnitude, or perhaps its square is in- 
dicated on the oscilloscope screen. 

A simpler insight into the reason for the large 
relative fluctuations may be obtained if the 
phase angles of the vector summands in Eq. (11) 
are restricted to the two values 0° and 180°. 
The problem then becomes that of the one- 
dimensional random walk problem: a man walks 
left or right with equal probabilities, and each 
time through distances distributed in magnitude 
according to a certain law. What is the proba-. 
bility that he is displaced by X from his starting 
point after m walks? The result is well known: 
His average displacement is zero, and the average 
magnitude of his displacement is proportional to 
the square root of the number of walks. However, 
the relative fluctuation in the magnitude of the 
displacement is large: 


(X)w=0, (12a) 
|X| ant, (12b) 
(X*) y= Bn, (12c) 
(8—a?)! 
— |X , (12d) 


independent of m. (A similar result, differing 
only in the numerical coefficients a and 8 was 
obtained by Jones in the two-dimensional 
problem.) 


19S, Chandrasekhar, Rev. Mod. Phys. 15, 1 (1943). 


The question now arises: How could one ob- 
tain the 1/n* law for the relative fluctuations? 
One way would be to evaluate the sum of the 
magnitudes of the distances walked. This is 


(13a) 

(13b) 

(13e) 


= | Xs | (m —1)((| Xi] (13d) 
— (6)? =m Xe] }.  (13e) 


The relative fluctuation in ¢ is 


(138) 
expressing the 1/n! law. Jones, on the other 
hand, discusses the magnitude of the vector sum 
of the displacements. This is, of course, the cor- 
rect procedure, for actually the magnitude of the 
total electric field at a point determines the 
measured quantity, not the sum of the magni- 
tudes or magnitudes squared of the contributions 
of the various modes. 
_ The higher frequency components in the gurgle 
could be avoided if one used a video circuit 
which eliminated them. (This is apparently what 
happens in the acoustical case when the human 
ear is used to estimate reverberation time.?°) 
However, the exponential decay itself would 
thereby be distorted, especially for the stronger 
attenuations. Even if the gurgle could be elim- 
inated, the spacial interference of the modes 
would cause trouble if the walls of the box were 
slightly deformable (as they were!). All in all, 
the thermocouple method seems preferable. 
Kroll* has suggested the use of a large number 
of randomly located crystal rectifiers connected 
in series. This would give a measure of the total 
energy in the box as a function of the time, and 
would not suffer from the sluggishness of the 
thermocouples. It can be shown that during the 
time between the pulses the total energy in the 


ae +e P. M. Morse and R. H. Bolt, reference 
1 
private communication. The author is 
discussions. 
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box does not have squiggles, so that the Q’s 
could be measured absolutely. This method seems 
feasible, but has not been tried due to the diffi- 
culty of obtaining enough crystals. 


APPENDIX 2. FIELD THEORY OF 
THERMOCOUPLE RESPONSE 


Maxwell’s equations for the interior of the 
box are 


dH 
curl div H=0, 


(14) 
aD 
curl div E=0, 


where m.k.s. units are used, J is the current 
density exciting the cavity, D=eE+P, and 
P=xeE where x is the complex polarizability 
of the medium. Since x depends on the fre- 
quency, it must be applied as a factor to each 
time fourier component of E separately. The 
wall losses are taken into account by the im- 
position of a homogeneous boundary condition 
at the walls of the cavity. 

The simplest proof using the field equations 
that the steady state energy density in the cavity 
is proportional to Q is based on the energy con- 
servation integral which can be derived from 


Eqs. (14). 
Vv 
+(exH)-da. (1s 
fe (18) 


This can be rather plausibly interpreted as 
equivalent to Eq. (1). The surface integral 
represents the wall losses, the integral on the 
left the magnetron power input, and the volume 
integral on the right. both the energy storage 
and the losses in the gas. 

A more explicit proof assuming excitation of 
the cavity by a given current density J(xyz, t) 
will also be given. Elimination of H from (14) 
gives the inhomogeneous wave equation 


(16) 


The homogeneous wave equation, i.e., J=0, has 
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solutions of the form 
(17) 
representing damped normal modes, if u satisfies 
Vu+ku=0 (18) 


B= pP(1+x)/c. (18a) 


The requirement that u should satisfy the cor- 
rect boundary conditions at the walls determines 
a discrete set of complex values of k, and hence 
of p. Since both boundary conditions and polariz- 
ability x depend on the frequency p, the above 
_ solutions of Eq. (18) are not orthogonal. A 
complete set of appropriate orthonormal func- 
tions may however be obtained by considering 
the solutions of Eq. (16) for a real constant w 
equal to some frequency in the magnetron band 
width. This set of functions may then be used in 
' the expansion of the steady-state function of 


with 


Eq. (16). In the present applications, unlike the - 


acoustic, there will be no appreciable difference 
between the two sets of functions, as the mag-. 
netron pulses are so nearly monochromatic that 
x and the wall impedance are essentially con- 
stant over the band width. 

For each damped normal mode, the wall losses 
may be “shifted” into the gas by assigning a 
different imaginary part of x, in such a way that 
the Q of the mode has the correct value allowing 
for both kinds of loss. The amount of the wall 
contribution to x will depend somewhat on the 
nature of the mode, but for large cavities of 
irregular shape, relatively few of the modes have 
a Qs sensibly different from the ergodic value. 
The eigenfunctions which will be used then obey 
Eq. (18) and have vanishing tangential com- 
ponents at all walls. The eigenvalues k? are then 
real. 
Writing x, p in terms of their real and imagin- 


ary parts 
x=a+ib, (19) 
p=w+in, 

we find that 

(w+in)*(1+a+1b)/c 


2wn dw? 
- 
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since a, 1. Hence k? will be real if 


w=ck (21) 
and 
n=—wb/2. ' (22) 
For positive damping, 7 must be negative, and 
hence b positive. 


To solve Eq. (16), we make a space-time ex- 
pansion of J(r, ¢) and E(r, t). If T is the repeti- 
tion time, 


where the summation index k runs over all wave 
vectors which are eigenvalues of Eq. (18) for 


perfectly conducting boundaries of the box. If 
the ux are normalized so that 


(24) 
the expansion coefficients J,. are given by 
1 T 
f dt f drJ(x, (25) 
VT J, v 


Likewise 
E(r, t)= E(k, m)uy(r)e (26) 


Insertion of these expansions into Eq. (16) and 
comparison of the coefficients of 


int T 


gives 


E(k, —k? 14+ (=) | 
( a Xk T 


= we (27) 
whence, using Eq. (26) 


EG. 2xin 
(r, T 


k? — 


where the subscript on xx denotes that it is a 
function of the mode k, but that any frequency 
dependence, i.e., on m is neglected. 


(28) 
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It would be a hard task to evaluate the sums 
giving E(r,#) even if J(r,¢) and the uy, were 
known, and the result would be exceedingly de- 
pendent on their exact values. The time average 
of E(r, ¢) is of course zero. A single thermocouple, 
owing to its long relaxation time, would give an 
essentially steady e.m.f. proportional to the time 
average of | E(r, ¢)|* at its position. The reading 
would be very dependent on the location of the 


thermocouple and sensitive to small’ deforma- — 


tions of the walls. Instead, an attempt is made 
to space average |E|*:ime average OVer the entire 
box by using a large number of “randomly” 
located thermocouples. A further average over 
the possible standing wave patterns is achieved 
by “stirring’’ up the modes by rotation of large 
copper fans. 

The expression for |E|* averaged over space 
and time is fortunately rather simple because of 
the orthogonality of the expansion functions, 
and one finds 


(29) 
| |? 
Recalling that 
since 
the expression (29) becomes 
De Din 
| |*(2an/cT)* (30) 


P+ (2an/cT) 


We consider the summation over n. Because of . 


the smallness of b, in the denominator the sum- 
mand has a sharp maximum of half-width 6n 


for 
(31) 


(Thus m is equal to the number of cycles of the 
wave k during the repetition period 7. For the 
pulsed source used in the experiments of Becker 
and Autler this is of the order of 10'°-10-* = 107.) 
The numerator contains the factor | Jax|* which, 
as we shall see, is rapidly variable for pulses 
long compared to the reverbation time of the 


cavity, but not for short pulses. It is therefore 
necessary to distinguish between the two cases. 

We may calculate the » dependence of J,, on 
the assumption of rectangular pulses of duration 
A by setting 


Jr, =J(r)f, (32) 
where 
t 0<t<A 
A<t<T (33) 
Periodic with period T. 


Then Jax =Jif(m) where J, are the expansion co- 
efficients of J(r) and the expansion coefficients 
of f(t) are given by 


2an\A 

(-= 

(34) 


This function is well known in connection with 
the spectrum of the pulsed magnetron, and has 
a maximum when i.e., nearly at 
n =n, =w,1/2x for all the modes which will be 
appreciably excited. Its half-width is 
bn = 2(1.39)(T/xA) =0.8857/A. (35) 
The condition that the half-width of the maxi- 
mum provided by the numerator is very large 
compared to that provided by the denominator 
is that 
0.8857 /A>bn, (36) 
or in terms of Q : 
Q> (36a) 
For A=}X10-* sec and w/2x=2.4X10" 
this requires that 
Q>6800. (36b) 
The values of Q used in the experiments have ex- 
ceeded 10°. A more physical statement of the 
condition (36a) is that the pulse duration should 


be short compared to the ring time Q/w of the 
cavity. 


Pulsed Source 


In this case, the sum >>, may be replaced by 
an integration and the factor | J,|? removed 
from the integral and evaluated at n=m,. The 
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resulting integral is elementary and gives 
_ | |? 


E|*,, = 
(37) 


or in terms of Q(k) =1/by 
4 k Wk 


which is of the same form as Eq. (6), and when 
the conditions for the ergodic state are met, is 
directly proportional to the Q of the box and its 
contents. 


Case of a Monochromatic (CW) Source 


In the case of a CW source, the numerator of 
the integrand in Eq. (33) is the more rapidly 
variable factor. In this case, the pulse length A 
is equal to the repetition period 7, and equation 
(34) may be written 


Mole E (39) 
n) |? =| —————_ 

a(N—n) 

where N=w7/2z is a positive integer. This has 
a half-width in m of order unity, and is essentially 
a delta-function with the property 


1ifn=N 


The sum over 7 in Eq. (30) then reduces to 
Cw? | Jy |? 


(41) 
— 
independent of N as it should be. Then 
| Jul? 


CR)? 


a result which can, of course, be obtained with- 
out the time Fourier analysis, since all of the 
forced normal modes oscillate with the same fre- 
quency. Under ergodic conditions, this sum will 
also be proportional to the Q of the cavity. The 
number of terms involved in the sum (42) is the 
number of cavity modes within the half-width of 
a cavity resonance. The expression for this num- 
ber is 
(43) 
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For the box used at Columbia, using the: theo- 
retical Q= 1.465 X 10° for copper losses only, n is 
only 135, to be compared with the 66,100 terms 
in Eq. (38). Hence it would appear that the 
ergodic state is more likely to be realized when 
a pulsed source is used. 


Resolving Power of the Spectroscope 


The water vapor line studied by Becker and 


Autler" was so highly pressure broadened that 
the spectral width of the source (~1/A cycles 
~4X10* cycles) was much less than the width 
of the absorption line. (~5 10° cycles.) If the 
total gas pressure were reduced until the line 
breadth became comparable to 1/A for the pulsed 
source, it would be necessary to correct for the 
lack of resolution. The resolving power could be 
increased by lengthening the pulse, but only at 
the cost of decreasing the number n of modes 
excited. As explained above, m given by Eq. 
(43) is still appreciable even for a CW source. 
In this case, the resolving power would be in- 
finite except for the probable appearance of 
“ghost” lines due to failure to realize the ergodic 
state with the limited number of modes excited. 
These questions are worthy of further experi- 
mental study. 


APPENDIX 3. CONNECTION BETWEEN Qy 
AND THE ATTENUATION 


We next establish the connection between the 
Q of the gas and the attenuation. The homogene- 
ous wave equation (18) has spacially damped 
monochromatic running wave solutions 


eiKz—ivt 
where 
K?=(1+x)(w/c)*. (44) 
Separating K into real and imaginary parts 
(45) 
2A - 


and comparing with the exponential decay factor 
e~*/4 involving mean free path A in kinetic the- 
ory, one obtains a mean free path 


A=Qc/w (46) 
as stated in the text. The absorption cross sec- 


@ 


1s 


he 


he 
1e- 


MICROWAVE SPECTROSCOPE 317 


tion « of a molecule is then defined by the 


equation 
1/mA (47) 


where , is the number of absorbing molecules 
per unit volume. 


APPENDIX 4. NUMBER OF THERMO- 
COUPLES NEEDED 


Granted that the value of |E|*, is directly pro- 
portional to the Q of the box and its contents, 
the question arises : How well do a large but finite 
number of thermocouples simulate a genuine 
space average of |E|?? If there are m thermo- 


couples located at positions r;,i=1, 2,... m, 
the e.m.f. will be proportional to 
R=); |E(r,)|*. (48) 


The average of R over all possible thermocouple 
positions is 

R=n|E|*y. (48a) 
For any actual distribution of the thermocouples, 


the reading may differ from R& by a fractional 
amount of the order 


as in Appendix {, and decreases with the in- 


verse square root of the number of thermo- — 


couples. In practice, the error can be made even 
less by the use of copper fans which stir up the 
standing wave patterns. 


APPENDIX 5. USE OF THE PHOTON MODEL TO 
DERIVE Qg FOR A LARGE METALLIC CAVITY 


This calculation differs from that of Q,4 only 
in that there is a non-zero reflection coefficient 
dependent on the polarization and angle of in- 
cidence of the photons. For a dielectric, this de- 
pendence is so complicated that the averaging 


over the angles would have to be done nu- 
merically for each particular case. In the case 
of a good conductor, however, the expressions 
become considerably simpler, and the integrals 
can be done with sufficient approximation. The 
reflection coefficients R, and Ry are given by” 


1— Ri =2yx, (50a) 
Qux 


for the two kinds of polarizations. Here u=cos @ 
and the parameter x=(2e¢w/c)* is much less 
than unity for metals at microwave frequencies. 

The number of photons lost per second to an 
area A of the wall is 


2anAc 


1—R, (S0b) 


f duu} {(1—Ru)+(1—Ra)} 


= jnAc J (51) 


= nAcx, 


where the approximation x1 has been made. 
The Q for the area A of metallic surface is then 


(52) 
or in terms of skin depth 
5 =(2/wpoo)* (S3) 


one has 

Q=3V/Ab (S54) 
which agrees with the result derived from the 
field theory. 


The author has profited from many interesting 
discussions with Professors J. M. B. Kellogg and 
A. Nordsieck and his other colleagues in the 
Columbia -Radiation Laboratory. 


2 J. A. Stratton, Electromagnetic. Theory, Ch. IX, Eqs. 
(87), (88). 
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X-Ray Microradiography of Distorted Crystals 


R. C. M. Lucut, anpD M. MANN 
Research Laboratory, General Electric Company, Schenectady, New York 
(Received June 19, 1946) 


The phenomenon of selective x-ray transmission within single grains of a metal foil is 
interpreted as a diffraction effect related to the distorted crystal lattice. This provides a new 
method for the study of the distributidn of distortions in single crystals and throws light upon 
the magnitude of these distortions and their gradients. 


N a previous study! of composition and dif- 
fraction effects in microradiographs of various 
metals and alloys it was indicated that the 
microradiographic method offers new possibilities 
for the study of strains in crystals. Some of the 
fundamental properties and results will be re- 
ported in this paper.? For all experimental details 
the reader is referred to the previous publication.! 
If a beam of parallel monochromatic x-rays 
falls on a photographic plate through a thin, 
polycrystalline foil of a pure metal and no 
diffraction occurs, then the transmitted intensity 
of the x-ray beam is the same for all grains and 
a uniform blackening is formed on the plate. 
If, however, certain grains happen to be oriented 
in such a manner that a set of crystallographic 
planes satisfies the Bragg condition, then these 
grains will appear much lighter on the photo- 
graphic plate. Figure 1 illustrates the case and 
shows that the diffracted beam will reach the 


; photographic plate at another place increasing 


PHoT. PLate | 


LIGHT OARK 
Fic, 1. Diffraction in a perfect crystal. 


* Now at the Carnegie Institute of Technology, Pitts- 
h, Pennsylvania 
C. M. Lucht, and Hurd, J. App. 
Phys je fo be published i in November, 1 
Lucht, M. Mann, and R. ‘Eekachoushdl, Phys. 
69, 256 (1946). 


the local blackening. The parallel lines in the 
grains indicate crystallographic planes. The dis- 
tance between the light and the dark area de- 
pends upon the distance of the photographic 
plate from the metal foil and upon the Bragg 
angle. This gives the possibility of knowing 
which set of crystallographic planes is diffracting 
without measuring the orientation of the grain 
by some other means. If the additional length of 
the path of the diffracted beam in the foil is 
appreciable as compared to its thickness, then 
the absorption may be so large that the dark 
area will not be noticeable. 

By changing slightly the direction of the beam, 
for instance by tilting the sample, the diffraction — 
pattern changes rapidly because the Bragg 
condition is quite sharp. This depends naturally 
upon the degree of divergence of the x-ray beam: 
The less parallel the beam the less rapid the 


Fic. 2. Diffraction in a distorted crystal change on 
tilting. 
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Fic. 3. Deformation pattern in copper. Cu anode, filtered. 


change of the pattern. It should be noted that, 
strictly speaking, the position of the photo- 
graphic plate should remain unchanged while 
the foil is tilted. However, the angle of tilt is so 
small that the ensuing correction is negligible 
and the photographic plate is usually tilted 


together with the foil. If a perfect single grain is 


comparable or larger than the size of the focal 
spot of the x-ray tube, then part of the grain can 
be diffracting while another part is still dark 
producing a gradient of blackening within the 
grain (see Fig. 6). te 

The right beam in Fig. 1 illustrates the role of 
the thickness of the metal foil in the gradation 
of intensity in the diffracted beam. That part of 
the diffracted beam which originates near the 
upper surface of the metal foil will have a longer 
path, at an angle, through the foil than the beam 
diffracted near the lower surface of the foil. 
Therefore, one would expect the: edge of the 
dark area, on the side towards the light area, to 
be sharper and stronger than on the side away 
from the light area. 

All this occurs when the grains are perfect, 
where their crystal lattice is undistorted. How- 
ever, if the lattice is not perfect, if it is strained, 
then the diffraction patterns undergo character- 
istic changes which, it is believed, give a new and 
promising method for the study of strains. 


Figure 2a shows a cross section of a strained 
grain in which the lines indicate the orientation 
of crystallographic planes in that grain. The 
non-parallelism of the planes is, of course, greatly 
exaggerated. Depending upon the particular area 
of the grain, the x-ray beam will be either 
diffracted or not. In Fig. 2a, beam 1 and 3 will 
be diffracted, beam 2 will not be diffracted and 
the corresponding areas on the photographic 
plate will be light and dark. In the diffracted 
beam the intensity naturally will be reversed. 
Figure 3 shows a typical pattern obtained on 
copper. The distortion of the lattice, as here 
shown, is caused by the usual mechanical pol- 
ishing of the sample. Since the sample was only 
0.05-mm thick, the distortion was relatively 
large. It is interesting to note the topography of 
the deformation, its gradients and size of areas 
which reflect uniformly. The method seems to — 
open entirely new possibilities in the field of 
study of lattice distortions on a microscopic 
scale. Caution is necessary in the interpretation 
of microradiographs of strained metals. What 
we see are those areas of the grain in which, 
within a certain tolerance determined by such 
factors as size of focal spot, etc., the crystal 
lattice is similarly oriented. The value of the 
strain naturally does not follow from such a 
pattern directly. It can be obtained only through 
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Fic. 4. Deformation pattern in copper. Cu anode, filtered. 


a careful analysis of patterns obtained at various 
angles. 7 

The size of the various details of the deforma- 
tion pattern in Fig. 3 is of the order of a few 
hundredths of a millimeter. Inasmuch as the 
focal spot is an order of magnitude larger, it 
follows that this is approximately the natural 
size of the uniformly oriented area in the crystal. 
Many of the spots have a prominent edge some- 
what lighter than the rest of the diffracting area. 
That this line is not caused by some non-uni- 
formity of the focal spot is clear from Fig. 3 in 
which in two neighboring grains these lines run 
in roughly perpendicular directions. It seems 
more likely that they have the following explana- 
tion : Because of the finite size of the focal spot, 
x-rays reaching one particular point of the photo- 
graphic plate have a convergence of the order of 
a few minutes of arc. If the orientation of the 
small area of the crystal lattice corresponding to 
that point on the photographic plate is uniform 
or shows a small curvature, then only a small 
portion of the x-ray beam will be diffracted, if 
at all. On the other hand, if the orientation of 
the lattice in that area varies more rapidly, if 
the curvature is large, then there is a good chance 
that within the thickness of the foil nearly all of 
the x-rays which would have reached the given 
point of the photographic plate will be diffracted. 
This is a situation similar to the one described 


by Barrett® in his recent extensive study of 
x-ray reflections from strained surfaces. 

From the position of the dark and light areas 
and the known distance between the foil and the 
photographic plate it follows that the diffracting 
set of planes are the dense packed (111) planes. 
So far no diffraction on planes other than (111) 
was observed. The direction of the lines of strong 
diffraction, described above, is roughly perpen- 
dicular to the plane containing the primary and 
the diffracted x-ray beams. Thus these lines 
seem to lie in the diffracting plane (111) sup- 
porting the suggested explanation of its appear- 
ance. Another factor corroborating this point of, 
view is the known fact that slip in copper occurs 
on the (111) planes. 

It should be noted that absence of deformation 
patterns on some grains next to grains which 
show a pattern does not mean that they are not 
strained. Their orientation happens to be such 
that no diffraction can occur and by tilting the 
conditions can be easily reversed. In Fig. 4a a 
copper grain is uniformly gray while the three 
twins show pronounced deformation patterns. 
The dark areas due to the diffracted x-ray beam 
partly superimposed on the neighboring grain 
are well visible. 

In Fig. 4b we have a deformation pattern in 
and around a twin in a copper grain. The abrupt 


3C. S. Barrett, Trans. A.I.M.E. 161, 15 (1945). 
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Fic. 6. Strain"free copper. Cu anode, filtered. 


Fic. 5. Change of pattern on — Distribution of deformation. Cu anode, 


change of orientation of the diffracting crystallo- 
graphic planes is clearly evident. The black 
spots in the central part of the picture correspond 
to the white pattern above it. The general 
similarity of the details is evident including the 
twin band which, having a different orientation 
than the rest of the grain, does not reflect in the 
same direction. For that reason the correspond- 
ing area of the dark reflection is missing. 

By tilting the foil an entirely new pattern 
appears: In Fig. 2a diffraction occurs in two 
areas of a strained grain as indicated. Upon 
tilting (Fig. 2b) the angle between the x-ray 
beams and the reflecting planes changes so that 
another part of the grain is able to produce a 
diffraction pattern. The angle of tilt is, of course, 
equal to the angle between the orientation of the 
two parts of the grain. The significance of this 
method is obvious: It gives us a means to study 
the distribution of deformation in the crystal 
lattice and to measure local orientation gradients 
which characterize deformation of a crystal 
lattice. 

Figure 5 shows some typical changes of pattern 
obtained on tilting: from an almost completely 
dark grain through a grain covered with dif- 
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fracting areas to a dark grain. The tilting was 
done in the plane containing the diffracted beam, 
i.e., the axis of tilt perpendicular to the line 
joining the white and dark areas for a given 
crystal. As far as analysis of individual diffracting 
areas is concerned, two cases were observed: in 
some, the pattern remains in position and does 
not change in.intensity for a few consecutive 
positions of the foil and then disappears abruptly; 
others change shape and disappear gradually. 
The first may be interpreted as due to advanced 
lattice distortions in which the continuity of the 
lattice may have been spoiled. Their persistence 
over an appreciable angle is due to the imper- 


M. F. M. OSBORNE AND A. H. TAYLOR 


fectly parallel x-ray beam. The other type of 
spots indicates a gradual continuous change of 
orientation of the lattice. 

Naturally it was attempted to obtain thin 
foils of strain free copper. For that purpose a 
well-annealed disk of copper was electrolytically 
reduced to the proper thickness and polished on 
both sides. The resulting microradiographs are 
shown in Fig. 6 in two positions of the foil. 
There is practically no deformation present as 
far as comparison with the other microradio- 
graphs is concerned. A few grains show a faint 
criss-cross pattern indicating a slight deforma- 
tion. 
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Non-Linear Propagation of Underwater Shock Waves 


M. F. M. Osporne* A. H. Taytor** 
Naval Research Laboratory, Washington, D. C. 


(Received March 15, 1946) 


Comparative measurements at large and small distances have been made on the pressure wave 
from a small underwater explosion. It is shown that: (1) there is a small departure from the 1/r 
law for the peak pressure, (2) there is no detectable change in shape or “spreading” of the pres- 
sure wave with propagation, and (3) the shock front is discontinuous within the limitations of 
the apparatus. A theory is developed which is in quantitative agreement with (1) and (3) but in 
disagreement with (2). The theory predicts a small spreading of the profile of the wave which is 
large enough to have been detected. The theory shows that a spherically diverging wave of any 
amplitude always becomes discontinuous eventually. In practice the distance over which it must 
propagate before becoming discontinuous may be enormous. 


INTRODUCTION 


T has been known for a long time that elastic 
waves of finite amplitude propagate with 
change of shape, and in air the effect is large. In 
water the medium is linear (for positive pres- 
sures) over a much greater range of pressure than 
is air, and the effect is correspondingly smaller. 


In this paper experimental data will be given | 


on the propagation of underwater shock waves, 
and compared with a theory developed for the 
expected change of shape of a wave of finite 
amplitude in water. An estimate will also be made 
of the distance a spherically diverging wave must 
propagate before becoming discontinuous. 

A submarine explosion (and also a subterra- 


* Vibrations Section, Sound Division. 
** Crystal Section, Sound Division, 


nean explosion) emits a pressure wave with a steep 
(essentially discontinuous) shock front, followed 
by a gradually diminishing tail. The dependance 
of the pressure at any given point on time 
is approximated by p=Pmax exp (—tco)/a(¢>0), 
p=0(t<0), ¢ being measured from the time of 
arrival of the shock front. This disturbance 
propagates with the velocity of sound ¢», except 
very close to the explosion. ¢ is the ‘space con- 
stant,”’ or distance from the shock front over 
which the wave falls to an eth of its maximum. 


CRYSTAL CLAMP. 
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Fic. 1. Cross section of circular housing for oil-im- 
mersed tourmaline crystal pressure gauges. 
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PROPAGATION 


sure wave from ex- 


rements. 


Time of rise to peak, 
0-1. 


EXPERIMENTAL PROGRAM 


In the experiments described below the ex- 
plosions were produced by No. 6 Dupont blasting 
cap, with powder fuse. These are thin-walled 
copper cylinders containing a charge of approxi- 


mately 0.3 gram of mercury fulminate and tetryl. . 


The charge has a diameter of 0.56 cm and length 
1.4 cm. Oscillograms of the pressure waves from 
this charge at distances from 1 ft. (30.5 cm) to 
31.3 ft. (956 cm) were obtained by use of 
tourmaline pressure gauges, a broad-band tele- 
vision amplifier, and cathode-ray oscillograph. 
The experiments were performed in the Potomac 
river, at a depth of 44 ft. Except for the gauges, 


OF UNDERWATER SHOCK WAVES 


the apparatus was essentially that described in 
reference 1. 

The gauges were of two types. (1) Single slabs 
of tourmaline with metal foil electrodes coated 
with various kinds of plastic, usually an air-dried 
synthetic rubber, as in reference 1. (2) Slabs and 
foil electrodes for which the dielectric was oil, 
held between two thin sheets of neoprene (thick- 
ness 0.0035 in.) as shown in Fig. 1. In this second 


type, the dielectric was reduced to a minimum - 


and the results were somewhat more consistant 
than with the first type. This second type was 
intended to represent over the interval of obser- 
vation (~30 usec.) a crystal suspended in an 
infinite medium, with a minimum of mechanical 
“loading” of the crystal, other than its electrodes. 
The tourmaline crystals were 0.020 in. thick in all 


cases. The absolute value of the pressure in the 


explosion wave was determined from gauges 
calibrated in continuous waves. This calibration 
was in fair agreement with the theoretical cali- 
bration as computed from the piezoelectric 
constant of tourmaline. 

Since the non-linear effects in water are quite 
small, it is necessary to compare oscillograms of 


10; 


at 
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Fic. Measurements of oscil- 
ms from oil-immersed crys- lof 
Upper curve, distance to 


explosion 1 ft. Lower curve 31.3 
ft. Arrows indicate means. 
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Fic. 4. Measurements 


of oscillograms from 


lastic-coated crystals. 
pper curve, distance to 
explosion 1 ft. Lower 
curve, 31.3 ft. Arrows in- 
dicate means. 


the explosion wave over as large a range of 
distance from the explosion as possible, com- 
patible with the durability and linearity of the 
gauge, and the sensitivity of the recording appa- 
ratus. In most cases observations at only the two 
extremes of distances stated above were made 
since the change in shape of the explosion wave 
with distance is very small. In making observa- 
tion, the crystal face was always oriented with 
the normal to its face in the direction of propaga- 
tion, i.e., “face-on.’’ The measured quantities are 
illustrated in Fig. 2. 


EXPERIMENTAL RESULTS 
The results of the measurements indicated in 


TaBLeE I. Theoretical and observed increase of time scale from 1’ to 31.3’. 


Fig. 2, comparing the explosion wave at 1 ft. and 
31.3 ft., are shown in Figs. 3 and 4, and sum- 
marized in Tables I and II. In’ the case of 
the peak voltage measurements, the ratio 
(p.v. Xdist.)1-/(p.v. Xdist.) 31.3 is given, since for 
perfectly linear propagation (1/r law for pres- 
sure) this ratio would be unity, and hence de- 
partures from unity indicates non-linearity. Each 
of the points in Figs. 3 and 4 represent the mean 
of 3-6 observations with a single, different gauge. 
The errors are standard errors, computed with 
each point as a single observation. 

It will be observed that the dispersion of data 
from the plastic-coated crystals is greater than 
for the oil-immersed crystals. No significant 


3 


increase of 
time interval 


increase according 
to Kirkwood and Bethe 


4 


0-1 1 0 0 +0.12+0.17 +0.8+0.5 
+1.3 +1.4 —0.3 +0.5 +1.841.0 
+2.6 +3.5 +2.1 +1.0 +2.1+41.7 
o +3.9 +7.0 —0.3 +1.4 +2.142.3 


0! 
75 ° 
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+ SEC. 
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change in time scale with distance is indicated by 
the latter data; the former show a very small 
increase both in the time scale and time of rise 
measurements at 31.3 ft. over that at 1 ft. 

Figure 5 indicates, as might be expected, for a 
discontinuous shock front, that the time of rise 
is primarily an instrumental effect. Since the 
crystal slabs were of irregular shape, the square 
root of the area was taken as a typical dimension. 
The time of rise increases with the square root of 
the area, probably because of imperfect orienta- 
tion of the gauges ‘“‘face-on.’’ The extrapolated 
time of rise for crystals of zero area is 0.4 ysec., 
which is of the same order of magnitude as the 
sum of the time constant of the amplifier 
(~0.1 usec.) and the time required for sound to 
traverse the thickness of the crystal (0.1 ysec.). 
The theoretical limitations of the apparatus are 
thus very nearly reached. The data of Fig. 5 are 
from the oil-immersed crystals only, at both 
distances. The plastic-coated crystals indicated a 
considerably longer time of rise (Fig. 4) than the 
oil-immersed crystals, perhaps caused by a 
cushioning of the shock wave in the plastic 
dielectric. 

In view of the results of Fig. 5, showing that 
the shock front is truly discontinuous, at least a 
part of the increase with distance of time scale for 
the plastic-coated gauges must be instrumental. 
This part is that due to the increase in the time of 
rise, +0.8+0.5 usec. 

The peak voltage ratios indicate a small but 
definite departure from the 1/r law. The peak 
pressure at 1 ft. is ~30 percent larger than its 
value as given by the 1/r law and the observed 
value at 31.3 ft. 

In summary therefore the observations indi- 
cate (1) practically no spreading of the explosion 
wave with propagation, (2) the peak pressure 
falls off slightly faster than 1/r, and (3) a shock 
front which is discontinuous within observational 


accuracy. 


TABLE II. Theoretical and observed values of 


1 2 3 4 
(15) Eq. (19) oil- plastic- 
= Kirkwood immersed coated 
factor crystals crystals 
1.39 1.34 1.31+0.04 1.25+0.03 
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Fic. 5. Time of rise of shock front vs. linear dimension 
__ of crystal. Oil-immersed crystals. 


THEORY. FORMATION OF SHOCK FRONTS 


In order to obtain a theoretical estimate of the 
variation of peak pressure and time scale with 
distance it is first necessary to determine over 
what distance an initially continuous wave of 


finite amplitude must propagate before becoming 


discontinuous, and second, what changes in shape 
thereafter obtain. According to the Riemann 
theory for plane shock waves, points of constant 
pressure propagate with the velocity (c+w), 
where c is the local velocity of sound for the 
pressure in question, and wu the particle velocity. 
In order to estimate c+, one can approximate 
the dependence of c on pressure by a Taylor 
expansion, and use the acoustic approximation 
for u. This is done as follows. If the density is a 
function of the pressure alone, the local velocity 
of sound is given by 


(1) 


where p= po at p=0. Let p— po = Ap corresponding 
to p—O0=Ap and Then (1) can 
be written 
c=CoL 1 — (co?/2)(d*p/dp*) Ap] 

=Co(1+k’Ap). (2) 


The value of k’ from various estimates (experi- 
ment, second differences of p vs. p data) will be 
taken as 1.1 10-'° c.g.s. units. From the acoustic 
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approximation u is Ap/pco so that finally 
C+u =co(1+RAp). (3) 


Consider two points of given pressure pa, pz at 
points on the front side of a plane wave of finite 
amplitude, separated by a distance As, Fig. 6. 
The rate of change of As at any instant is given 
by 


d(As) /dt =(c+u)a—(c+u)p=—keoAp. (4) 
If one makes the change of variable r =cot then 
d(As)/dr = —kAp. (5) 


If in addition one makes the assumption that, 


for spherically diverging waves, Ap is given by 
its acoustic approximation Ap=Aporo/r where 
Apo is the value at some given distance ro from 
the explosion, then 


d(As)/dr = —kAporo/r, (6) 
As=—kAporo In (r/r0)-+Aso. (7) 


Aso is the value at r=ro. It should be noted that 
in the Riemann theory for plane shock waves the 
points A and B on the profile are identified as 
points of the same pressure as the wave pro- 
gresses. In the case of spherically diverging 
waves, they are identified initially at a particular 
distance ro and subsequently identified at pres- 
sures diminished by ro/r—this constituting an 
approximation. 

Equation (7) can be used to make an inter- 
esting estimate of the distance over which a wave 
of finite slope on its front propagates before 
becoming discontinuous. Let po be the height of 
the peak at distance ro from the source and Aso 
the distance of rise when the wave is at ro 


r/ro=exp [—(As—Aso)/Rporo]- (8) 
At As=0, 
=o exp [Aso/Rporo (9) 


Yaise being the distance at which the wave front 
becomes discontinuous. Thus it seems that a 
spherically diverging wave always becomes dis- 
continuous eventually, though it can be readily 
verified that, for ordinary acoustic amplitudes, 
Yaise is Of more than astronomical magnitude. 
Evidently the critical quantity which determines 
whether or not a given wave will become dis- 
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Fic. 6. Formation of shock fronts in a continuous 
wave of finite amplitude. 


continuous in any reasonable stretch of propa- 
gation is the exponent in Eq. (9). If the exponent 
is of the order of or less than unity, the wave 
front becomes discontinuous after an interval of 
propagation not much greater than ro. However 
if the exponent is very much greater than unity, 
the distance at which the wave front becomes 
discontinuous is a perfectly enormous factor 
times ro. Two examples will illustrate the force 
of these statements. 

By use of figures commonly realized in labo- 
ratory practice, a one-megacycle wave of double 
amplitude 10° dynes/cm? at a distance 1 ft. 
(30 cm) from the source (fo = 10’, Asp =0.075 cm, 
r9>=30 cm) will become ‘“‘sawtoothed”’ at 
—10**° cm, a colossal distance. | 

On the other hand, for an explosion wave, it 


would seem reasonable to use as the initial 


thickness of the shock front an average dimension 
of the charge. It is over such a distance that the 
pressure difference at the shock front must exist 
at the instant of detonation. For ro one can also 
use this same average dimension as the ‘‘distance 
from the center of the explosion.’”’ A lower limit to 
the corresponding fo can be obtained by extra- 
polating backward using the 1/r law and some 
observed pressure at a safe distance from the 
explosion. The observed pressure at a distance of 
1 ft. was 71X10® dynes cm; the equivalent 
spherical radius of the cap (see below) was 0.436 
cm. Thus the distance from the cap at which the 
explosion wave must develop a shock front is 
approximately 


= 0.436e':** = 1.56 cm. 


The actual value must be less than this, since the 
pressure obtained from the 1/r law was a lower 
limit. 

If instead of the 1/r law, one assumes a 1/r* 
law, n>1, Eq. (6) can be integrated to show that 
a wave front may or may not become discon- 
tinuous, depending on the initial amplitude. 
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CHANGE OF PROFILE WITH PROPAGATION 


There is nothing in the derivation of Eq. (6) 
which requires that Apo or As be restricted to 
small values, so long as the Taylor expansion for 
c+u is good. One can write therefore 


s= —kporo In (7/70) +50. (10) 


In this expression the distance coordinate s in 
-the profile is expressed in terms of Po, So, and r. 
This is a type of Lagrangian solution. po and so 
are initial conditions, r is a field variable. For the 
particular case of the explosion wave about to be 
discussed, po is given as a function of so so that 
there are only two independent variables, so and r. 

For an explosion wave, po=Po exp (—50/c), 
where Py is the maximum pressure when the 
wave has traveled to a distance ro from the 
explosion. ¢ is the “space constant” observed at 
this distance 79, i.e., it is the distance from the 
shock-front (so=0) over which the pressure wave 
profile falls to an eth of its maximum. Then 


s=—kP, exp (—50/e)roln +50. (11) 


This expression indicates that s becomes negative 
for r>ro and so small. s is measured from the real 
shock front, negative values of s refer to those 
“points” (identified as above) near the shock front 
or head of the wave when it was at ro which have 
progressed forward through the shock front. 
Another way of expressing this is that when the 
wave is at r>ro, the shock front has “eaten 
back”’ to a point (s=0) corresponding to a point 
S9=5o’ on the wave when it was at r=7o, i.e., s=0 
at So=So’ in Eq. (11). The value of so’ can give an 
estimate of the departure of the peak pressure 
from the 1/r law. To determine 59’: 


$(So") =0 
exp [—so’/o]ro In (r/ro) +50’. (12) 


For values of so’o (numerical estimates verify 
such to be the case), one can expand the expo- 
nential factor and get 


5o'(r) =kPoro In (r/r0)/ 
[1+kPoroln (r/r0)/o]}. (13) 


Note that so’ is a function of r. 

It is now desired to determine the way in which 
observed time intervals 0-3, 0-4}, 0-} should vary 
with distance, on the basis of the above theory. 


By initial assumption the pressure at any point 
(identified as above) in the pressure wave in 
terms of its distance s» from the shock front when 
the wave was at fp is 


b= Pore exp (—S0/a)/r. (14) 
Since so=5o'(r) 


- 
X(exp [—(so—so’(r))/o]). (15) 


Again note that the independent variables are so 
and r. The first factor in Eq. (15) represents the 
variation of the peak pressure with distance, the 
second the shape of the profile behind the real 
shock front [so>so’(r)]. The corresponding 
values of so, So, at which the pressure has fallen 
to a specified fraction 7 =}, 4, } of the value at 
the peak are therefore given by solving 


exp [—[Soy—so'(r) (16) 
for Soy. The solution is 
(17) 


The values of s, s, corresponding to So,, therefore 
are, by use of (11) and (12), 


Sy= exp [—[se'(r) Inn 
Xroln (r/ro)+50'(r)—o ln, (18) 
lng 


—a In 7 is the distance interval 0-3, 0-4, 0-} as 
measured at r=ro so that so’(r)(1—) is the 
increase in these intervals measured at r over 
those measured at ro. The corresponding values 
of the time are so’(1—7)/co. If ro=1 ft., r=31.3 
ft., Po=71X10* dynes/cm*, ¢=2.34 cm corre- 
sponding to a time constant o/¢» as indicated on 
Fig. 3 then the values of the time intervals 
So'(1—n)/co are as given in Table I, column 3. 

As previously stated, the observed values indi- 
cate that the spreading is zero, or at least a good 
deal smaller than that required by theory: Part of 
the increase indicated by the plastic coated 
gauges is instrumental. If the intervals 1-3, 1-4, 
1-} are used, i.e., if the interval 0-1 or time of 
rise is subtracted from the observed values above, 
the observed spreading is even less. This corre- 
sponds to using the peak, rather than foot, of the 
shock wave as origin of time interval measures, 
or subtracting 0.8+0.5 from all the entries in the 
last column. 


Soy = So (7) —oln 
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No explanation could be found for this disa- 
greement between theory and observation for the 
spreading. All known or imagined sources of 
experimental error would have added to rather 
than diminished this spreading, and would have 
also affected the peak volts. Air around the 
crystal was a potent source of false spreading. 


DEPARTURE OF PEAK PRESSURE FROM 1/r LAW 

The factor Poro exp [—s0’(r)/o]/r in Eq. (15) 
gives the variation of the peak pressure with dis- 
tance. The numerical predictions from this factor 
for the ratio (peak volts X dist.)1-/(p.v. X dist.) 1.3” 
agree fairly well with the observations, as indi- 
cated in Table II. ¢, Po, ro, and r take the same 
values as before. 


COMPARISON WITH OTHER THEORIES 


J. G. Kirkwood and H. A. Bethe of Cornell 
have derived a theory (as yet unpublished) which 
gives.the variation of the pressure with time, 
measured from the shock front, and with distance 
r from the explosion. They give 


p=const.,; ro exp [—#/0(r) ]/r[In (r/ao)]*#, (19) 


6(r) =const.» [In (r/ao) }}. 
is the equivalent spherical radius of the charge 


taken as (3 V//4r)* the volume V being measured | 


as 0.346 cm’ for a No. 6 cap. 
The numerical predictions of this formula are 
given in column 4 of Table I and column 2 of 
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Table II. It will be seen that it predicts slightly 
larger values for the time scale increase and 
slightly smaller values for the peak volts ratio, 
Mathematically the two expressions for thé peak 
pressure are practically equivalent as can be 
shown by expanding them in powers of In (r/r,), 
They agree to the first and second order of small 
quantities, and do not differ appreciably in the 
third. Equation (15) gives, where a=kPoro/c, ; 


Pmax = Poro exp [—S0'(r)/o]/r 
(Poro/r){1—a In (r/ro) 
+(3a*/2)[In (r/ro) 
— (13a*/6)[In (r/ro) (20) 


On the other hand, Eq. (19) gives 


Pmax = Cr%o/r[In (r/ao) 
=¢,7o/r[In (ro/ao) 
X {1—(1/2)[In (7/ro)/In (70/a0) 
+(3/8)C(In (r/ro)/In (r0/ao) }? 
— (15/48)[In (7/r0)/In (r0/ao) }*}+ (21) 


Note that by (19), c:/[In (r0/ao) ]'= Po, the peak 
pressure at r=ro. Let 2 1n (r0/ao)=0, and (21) 
becomes 


Pmax = (Poro/r) 
X {1—In (7/10) /b+ (3/26?) [In (r/ro) 
—(15/65*)[In (r/ro) (22) 


Thus it is seen that if one identifies the two 
constants a = 1/b, the form of the two expressions 
(22) and (20) including term of the second order 
in In (r/ro) are the same and they differ only by 
about 15 percent in terms of the third order. 
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An adiabatic compression raises the conductivity of an aqueous salt solution because of direct 
pressure influence and of temperature increase. An ultrasonic wave therefore modifies peri- 


odically the conductivity of the solution. If a filament of current passes normal to the wave 
propagation, the wave train produces under proper conditions an alternating potential, which 
can be picked up. This gives per atmosphere pressure and volt applied about 220 microvolts in 
CuSO,. (At wave-lengths shorter than the cross dimension of the current, the effect decreases.) 
This permits the construction of a convenient receiver indicating absolute intensity for the 


investigation of ultrasonic fields in water, provided the frequency is not above 1.5 megacycles. 


I. INTRODUCTION 


measure the behavior of shock waves in 
water one uses at present crystal gauges, 
usually tourmaline’ or quartz. 

This performance of these gauges rests on the 
elastic and piezoelectric properties of the crystal 
and is therefore directly connected with the 
existence of a characteristic frequency of the 
gauge. 

It seemed desirable to have, for the purpose of 
checking the results of the usual gauges, one 
based on an entirely different principle; if possi- 
ble, this gauge should not have a characteristic 
frequency and its acoustic impedance should be 
as close as possible to that of water, to avoid 
reflection of the wave. 

It occurred to us that the resistance of an 
electrolytic solution' should vary with the pres- 
sure and therefore the measurements of this 
resistance provide a means of investigating 
shock waves with the help of a medium which has 
elastic properties very close to that of the 
surrounding water. 

It was decided first to investigate the physics 
of the phenomenon, using ultrasonic waves in- 
stead of shock waves. A contract N171-s-57120 
was made between the David Taylor Model 
‘Basin, Bureau of Ships, Navy Department, and 
the Catholic University of America, and a report 
on the work was submitted on September 26, 
1943. The present paper contains the main 
results of this report. 

It was decided to investigate a monovalent and 


Otemnentt. D. Hart, J. Acous. Soc. Am. 
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a divalent salt solution. For the first NaCl solu- 

tion with a composition near that of sea water 

was chosen, for the second CuSO,, because it was 

easy to avoid here polarization at the electrode. 

Accordingly, the following two solutions were 

investigated : 

(A) One containing about 59 g of CuSO,-5H,O 
per liter (about 0.47 equivalent), 

(B) One containing 35 g of NaCl per liter (0.6 
normal). 


Il. THE EXPECTED RESULTS 


(1) Pressure in a Sound Wave 


If p is the density of the liquid, V the sound 
velocity, x the compressibility, p the effective 
pressure, all in absolute units, and F the energy 
flow per square cm in watts, one has 


F=V2-}xp?X107 (1) 
or eliminating «x by 
V?=1/pk, 
F=(1/pV)p*Xx10~, (2) 


p=(pVF-10")}. 


If we change to atmospheres, use p=1.02, 
V=1.538X10* cm/sec., and neglect, between 0° 
and 30°C, the variation of these quantities with 
the temperature, one finds 


Patmos = (3) 
(2) The Expected Magnitude of the Effect 


Static measurements of the effect of pressure 
on the conductivity of salt solutions have been 
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made by Koerber.? In the range of pressures 
below 1000 atmospheres, he finds an increase in 
conductivity proportional to the pressure. A 
maximum occurs near 1200-1500 atmospheres. 

Koerber has found that for simple, monovalent 
salts like sodium and potassium chloride, the 
effect is nearly independent of the concentration 
of the solution and alike for the two salts. 

At 19.18°C, the change of resistance between 0 
and 500 atmospheres is found to be 3.7 percent, 
which means that the relative conductivity in- 
crease is 74X10-* per atmosphere. This value 
agrees well with a calculation founded on the 


_ assumption that two effects contribute to the 
increase of conductivity: The decrease of vis- 


cosity with pressure,*? and the increase of the 
concentration, due to compression. 

At 0.01°C, only measurements for 0.01 n-po- 
tassium chloride solutions have been made. They 
give a relative increase in conductivity of 98 X 10-* 
per atmosphere. 

Koerber did not measure copper sulphate, but 
he measured zinc sulphate, which behaves 
electrolytically very similarly to copper sulphate. 
Therefore, it seems reasonable to assume that the 
dependence of conductivity on pressure will be 
similar for the two salts. 

For ZnSO, the effect is found to be dependent 
on the concentration, contrary to the behavior of 
sodium chloride, and to be larger than in the 
former case. 

This can be explained on the basis that the 
apparent dissociation of divalent salts like copper 
sulphate and zinc sulphate is not complete and 
is increased by pressure. 

The increase of conductivity for 0.2 normal 
zinc sulphate is, at 19.18°C, 10 percent for 500 
atmospheres, or 200X10-* atmosphere.‘ No 
measurements exist near 0°C. 

These measurements are for a static applica- 
tion of pressure. In a sound wave, or shock wave, 
pressure rise is accompanied above 4°C by a 
temperature rise, which diminishes the viscosity 
and increases the conductivity. 

The increase AT in temperature is connected 
with the increase Ap in pressure by the following 

* F, Koerber, Zeits. f. physik. Chemie 67, 212 (1909). 
* Water is an exception in so far as the viscosity decreases 
with For olla, the viscosity increncse 


for i increasing pressure. 
* This value is probably only accurate to 10 percent. 


formula.* 


Here, (3 V/V@T), is the usual coefficient of heat 
expansion, and C,/V the specific heat of unit 
volume. 

One finds in Table I results for the temperature 
increase per atmosphere. 

TaB_e I. Calculated increase of temperature in water 
per atmosphere adiabatic pressure increase, and relative 
increase in conductivity. 
t= 0 4° 5.5° 10.5° 15.5° 205° 
xX 108 —0.38 —0.16 0 0.16 0.64 1.1 15 


increaeeX10° -13 -5 5 O37 


These values are applicable to both sodium 
chloride and copper sulphate. One should there- 
fore expect, at 20°C, an increase of conductivity 
per atmosphere, adiabatically applied, of (74+37) 
X10-*=110X10-* for sodium chloride, and of 
(200+ 37) X 10-* = 235 for 0.2 normal cop- 
per sulphate. At 0°C, one should expect (94—13) 
X10-* or 81X10-* for 0.01 n-sodium chloride 
solution. It cannot be decided whether the small 
dependence on concentration would materially 
affect the dependence on temperature. 


Ill. THEORY OF THE METHOD 
(1) The Principle of the Method - 


The method uses a ‘‘detector.’’ The ‘‘detector” 
consists of an arrangement in which current flows 
through the electrolytic solution in a direction 
parallel to the wave fronts. If a sound wave 
passes through the solution, the conductivity 
changes periodically. Call fo the frequency of the 


sound waves, Ry the normal resistance of the. 


solution, R the momentary resistance, then 
Ro 
1—Sp cos 2xfot 


where S is the relative increase of conductance 
per atmosphere pressure. If one has a high 
impedance source for an a.c: voltage E.s; of low 


frequency /,, there flows in the absence of sound 


5 See, e.g., Heat and Thermodynamics 
(Blackie and 1933), p. 450. 


(5) 
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SENSITIVITY RATIO - vs 


0 


Fic. 1. The effect of current distribution on sensi- 
tivity. The ordinate S’/S is the fraction of the maximum, 
which is found if the current density is proportional to 
exp [—(x/L)*], the maximum sensitivity occurring for a 
current filament. The abscissa is the length 2L, which 
measures the current distribution, over the wave-length \. 


waves a current through the detector 
Rov2E ett cos 24 f: it. 


If the sound wave is applied, the current remains 
constant because of the high impedance of the 
source, and the voltage at the electrodes of the 
detector is 


V2 Ect: COS 2nfit 
(1—Sp cos 2x fot) 
+4Sp cos 2x(fot+fi)t +4Sp cos 2x(fo—fit}. (6) 


That means that two side bands with frequency 
(fo—fi) and (fot+f:) have been produced (the 
potential of the a.c. has been modulated by the 
sound wave) with effective voltage 4E.1.Sp. 

One should therefore expect, for NaCl solution 
at 20°C, 55 microvolts per applied volt and 
atmosphere for each side band, for a CuSO, 
solution 115 microvolts per applied volt and 
atmosphere for each side band. 


(2) The Expected Dependence on Frequency 


In formula (5), the pressure p cos 2rfot is the 
average pressure in the region traversed by the 
current. This can be identified with the pressure 
at a point in the sound wave only if the region 
through which current flows extends only over a 
distance small compared to the wave-length in 
the direction of wave propagation. Otherwise, the 


= V2 Ee {cos 


average pressure amplitude is always smaller 
than the local pressure amplitude and this 
diminishes the sensitivity. Assume that the cur- 
rent flows in a direction normal to x, the direction 
of wave propagation, and that the current density 


is 
jo exp [—(x/L)*], (7) 


that is, is distributed according to a Gaussian 
distribution of width 2L. Then the space average 
pressure over the current is given by 


p cos 2xfot= p exp [—(axL/X)*] cos 2rfol, 
and the sensitivity S is replaced by S’ 
S’=S exp [—(#L/A)?]. (8) 


Figure 1 shows the sensitivity ratio S’/S, against 
2L/A=2Lf/V. It is remarkable how closely the 
curve resembles a straight line in the middle 
region. However, one would get a result about 11 
percent too high if this straight line were 
extrapolated to zero frequency. Another reason 
for a variation of sensitivity with frequency lies 
in the fact that the ions form space charges at the 
electrodes, depending on the potential applied. 
One can see that this can be formally treated by 
considering the electrodes as having capacity® 
(possibly depending on the electrode potential), 
which capacity is in parallel with the resistance 
of the solution. 

For the method used here to standardize the 
electrical circuit for different frequencies— 
namely the insertion of a known high frequency 
voltage into the circuit, including the solution 
(see Section IV 9)—the electrode capacity does 
not affect the results of the measurements re- 
ported below. The.effect of the electrode capacity 
appears only as a decrease of the over-all elec- 
trical sensitivity of the measuring circuit with 
increasing frequency. This change of sensitivity 
is determined, besides the electrode capacity, 
by the cable losses and the dependence of the 
sensitivity of the receiver on frequency. 


IV. THE EXPERIMENTAL ARRANGEMENT 


(1) Schematic Description (Fig. 2) 


An electrical generator A excites a quartz 
crystal B, which is mounted in the side wall of a 
water tank C. The vibrating quartz crystal pro- 


¢F. Krueger, Ann. d, Physik [IV] 21, 701 (1906). 
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Cc 


Fic. 2. Schematic diagram of the experimental set-up: A radiofrequency 
oscillator, B quartz crystal, C tank, D acoustic shutter, E audiofrequency 
oscillator, F acoustic blackbody, G detector, R radiofrequency receiver, 


V a.c. voltmeter, W bridge. 


duces ultrasonic waves which fall on the detector 
G. D is a hollow air-filled glass sphere which can 
be used as shutter for the sound. F is’ a “black 
body,” which prevents reflection of the sound 
beam from the back of the tank. : 

The detector is connected to a high impedance 
source E of low frequency a.c., a low frequency 
voltmeter V, the high frequency receiver R, and a 
Wheatstone bridge W. The sound beam modu- 
lates the low frequency a.c. produced by E, the 
high frequency voltage being measured by R. 


(2) The Oscillator A 


The oscillator used for the 0.5-, 1.5-, and 2.5- 
megacycle tests was constructed at the Catholic 
University of America. It is capable of delivering 
300 watts at frequencies from 0.5 to 20 mc and 
about 50 watts up to 50 mc. A frequency stabil- 
ized oscillator having a tuning range of 0.5 to 2 
mc furnished the master frequency control. The 
output of this was fed to a buffer amplifier, and 
this whole unit provided with a voltage-stabilized 
power supply. The output from the buffer ampli- 
fier was fed to a series of frequency-doubling 
tubes and a switch allowed one to feed the output 
of any doubler into a power amplifier. A separate 
power supply was provided for these doublers 
and a third for the last stage, in which the plate 
voltage could be regulated between 0 and 2500 
volts by means of a Variac in the primary of the 
transformer. 

In the arrangement used the output of the 
power amplifier was capacitively coupled to the 
quartz plate which served then as the source of 
the ultrasonic waves. 


7F. E. Fox and G. D. Rock, Phys. Rev. 54, 223 (1938). 


The oscillator used for the 213-kc tests, 
also constructed at the Catholic University of 
America, was of the Meissner type with a large 
L/C quotient to give high r-f voltages (up to 
4000 v) for the excitation of the quartz plate. 
Two tubes were used in parallel with approxi- 
mately 700-volt plate excitation. 

The output from the oscillator was continu- 
ously monitored by a wave meter, for which the 
current was supplied by dry cells. 


(3) The Crystal B 


For the frequencies 0.5 mc, 1.5 mc, 2.5 mc, an 
X-cut crystal with fundamental frequency 0.5 mc 
was used, being driven at its fundamental mode 
at 0.5 mc, at its third and fifth harmonic for 1.5 
mc and 2.5 mc. The fundamental frequency was 
checked against station wee (National Bureau 
of Standards, 5 mc). 

For 213 kc, an X-cut all was used at its 
fundamental frequency. 


(4) The Tank 


The water tank had the dimensions 92 X 34 X32 
cm, the bottom and sides were of glass, held 
together by metal borders, the two small end 
faces of metal. One of the end faces ‘had an 
opening for the crystal holder. 


. (5) Standardization of Sound Intensity 


The sound intensity was determined by meas- 
uring the deflection of a sphere, slightly denser 
than water and of about 34-inch diameter. The 
sphere hung on a bifilar suspension of 72-cm 
length and could be moved in the sound field so 
that the center of the deflected sphere was at the 


- 


co 
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place otherwise occupied by the detector. The 
deflection was observed through a microscope 
equipped with a micrometer screw. 

The deflection caused by radiation pressure is 
proportional to the sound intensity F; for our 
bead 1.00 cm deflection corresponds® to 


F=0.035 watt/cm’, 


i.e., to an effective pressure in the sound wave of 
0.247 atmosphere. That was the sound intensity 
with which we usually worked. _ 
The method encounters difficulties if the sound 
field is very inhomogeneous, so that the sound 
intensity varies strongly over distances smaller 
than the diameter of the bead. If one chose a 
smaller bead, the accuracy would be diminished 
. too much. During measurements with the de- 
tector, the bead was behind the detector ; relative 
measurements of sound intensity could be made 
and the strength of the sound beam monitored. 

The standardization was checked almost daily. 


(6) The Detector 


Figure 3 shows the detector. A brass ring of 
55-mm inner diameter and 12-mm depth forms 
the casing for the volume containing the solution. 
It contains on top a hole with screw-threads, into 
which a brass tube can be screwed. This brass 
tube serves as holder for the detector, as holder 
for the electrodes in the detector, and as protection 
for the leads to the electrodes. The inside of the 

‘brass ring and the holder of the electrodes are 
coated with paraffin (for purposes of insulation). 

The front and back windows of the detector 
are made of sheets of Pliofilm, which are pressed 
against the container by two brass rings, fastened 
by screws. 

Pliofilm turned out tq be superior to the other 
materials which were tried, for two reasons: 

(a) It transmits the sound waves without 
measurable loss, as we found by using the bead 
behind the detector. 

(b) It does not deteriorate and become perme- 
able to water, whether the filled detector is taken 
out of the water tank and left in air, or is left in 
the water of the tank. Cellophane, on the other 
hand, becomes permeable if left in contact with 


water for several days, and the solution must be 


renewed. 
*F. E. Fox, J. Acous. Soc. Am. 12, 147 (1940). 
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The detector is supported on the tank by an 
arrangement of iron bars and clamps, which 
permits adjustment in all directions and also 
furnishes rigid clamping. An exact control of the 
position of the detector along the direction of the 
sound beam was provided in the following 
manner.: The detector was clamped by its holder 
to a horizontal axis, located above the tank and 
across it. A micrometer screw moved the lower 
end of a long vertical arm, the upper end of which 
was clamped to the same axis. For small motions, 
this produces a measurable motion of the de- 
tector along the direction of sound travel. 

The detector was moved up and down and 
sideways until a maximum effect was observed. 
For 0.5, 1.5, and 2.5 mc, the effect varied only 
slowly with the normal distance from the crystal, 
showing that the sound field is sufficiently 
uniform. 

For 213 kc, however, the sound field was very 
irregular, showing maxima extending over only 
about 2 mm. All attempts to get a uniform field 
by shielding from reflected sound failed, so that 
we had to give up attempts to make absolute 
measurements at this frequency, and had to be 
content to measure the ratio of the sensitivity of 
salt water and copper sulphate (see V 4). 

The electrodes were, for copper sulphate, two 


Fic. 3. Detector. 
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copper wires about 3 mm long and about 1 mm 
apart, of 1-mm diameter for 0.5 mc, and of 
0.5-mm diameter for all other frequencies. In 


spite of the use of alternating current, it was- 


found that one electrode decreased in size and 
that trees of copper grew between the electrodes. 
When these came close to forming metallic 
bridges between the electrodes, the receiver 
showed great irregularity, and the loudspeaker 
connected to the receiver gave off loud crackling 
sounds. We attribute this to local heating. _ 

For+sea water, a direct current would develop 
hydrogen and oxygen on the two electrodes. If 
gas bubbles actually developed, they would 
influence the current (see later) and a shock 
wave, sweeping the bubbles away, would give 
unpredictable results. 

With alternating current, hydrogen and omen 
are alternately developed in small quantities at 
each electrode. If these gases are united cata- 
lytically again to water with sufficient speed, no 
bubbles should appear. For this reason we chose 
as electrodes platinum wires covered with plati- 
num black, which is a very good catalyst. 

The platinum wires, of 0.3-mm diameter, were 
bent so that their ends were about 0.5-mm 
distant, forming almost a U, and all but about 
0.5 mm at the end was covered with paraffin. 
Platinum black was then deposited.® 

These electrodes gave very good results, par- 


ticularly after some aging, if E was kept below 


about 2.3 volts (for an a.c. frequency of 3000— 
4000 cycles). 
If the voltage E is run up too high, gas is 


.developed and bubbles are formed. The sensi- 


tivity to sound waves (that is the high frequency 
voltage) then suddenly goes up by a factor of 
about 5. We did not follow up this effect, be- 
cause, as previously mentioned, a shock wave 
would sweep the bubbles away in an uncon- 
trollable manner, but it is possible that a useful 
detector of ultrasonic waves could be developed 
in this way. We think that the effect might be 
caused by oscillations of the bubbles set up by 
the sound waves, which oscillations would result 
in a periodic change of size of the bubbles at 


the electrodes, which change in turn would - 


cause a variation in resistance. 


* The following method, according to E. 
Handbuch der Experimentalphysik iste 1926) 
p. 464, was used. 


(7) The Bridge W and the Variation 
of Temperature ° 


The alternating current passing through the 
detector heats the solution. To be able to follow 
this temperature change and also to measure 
the temperature dependence of the detector 
action, an a.c. Wheatstone bridge was perma- 
nently connected with the detector. 

The impedance of the bridge is so high that 
no high frequency current can pass through it. 
The low temperature resistance of the sea water 
detector was around 125 ohms, that of the 
copper sulphate around 145 ohms. The resist- 
ances were measured to within 1 ohm. 

The procedure to measure temperature de- 
pendence was as follows: The filled detector was 
put into ice water and left there until the 
resistance had become constant. This was taken 
as the resistance at 0°C. 

A tin can 10X10X12 cm, had two windows 
cut into opposite sides. These windows were 
covered by Pliofilm, the can filled with ice water 
and put into the water tank, so that the sound 
beam went in by one window and out by the 
other. The detector at 0°C was then put into the 
tin can and allowed to heat up by conduction 
from the water of the tank. During the warming 
up process measurements of the performance of 
the detector together with resistance measure- 
ments were made. 

From the ratio of the resistance to the resist- 
ance at 0°C, the temperature was determined." 

In this manner, during the time of warming 
up from near 0°C to room temperature, a series 
of sensitivity measurements were made at differ- 
ent temperatures. 


(8) The Low Frequency. Oscillator E and the 
Low Frequency Voltmeter V 


A Hewlett-Packard audio oscillator served as 
source E of the low frequency a.c. Its frequency 
range is continuous up to 20,000 cycles per 
second. We usually worked in the frequency 
range between 3000 and 4000. A choke coil was 


10 T, R. Lyle and R. Hosking, Phil. e . 3, 487 (1902) 
for sea water. International Critical Tables, Vol. VI, p. 235, 
236 for copper sulphate. 

4 The reason for the use of the tin can was this: If the 
cold detector is put ao © into the tank water at room 
temperature, it warms up uickly to make sufficient 
measurements ible. e other hand, the whole 
tank is filled with ice at a process takes too long. 
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connected in series, to avoid short circuiting the 
‘high frequency through the audio oscillator. 
A switch was also in the same circuit. 

In the first stages of this investigation, it had 
proved exceedingly difficult to keep the very 
selective receiver R (see IV 9) tuned to. the 
side band. The results were also not very repro- 
ducible. Finally, the difficulties were traced to 
rather rapid variations of the line voltage of 
the power supply. The University is at con- 
siderable distance from the power station of the 
District of Columbia and there were found, 
particularly during the afternoon, voltage varia- 
tions of 10-12 volts within a few minutes. These 
not only threw the audio oscillator off frequency 
but also changed the sensitivity of the receiver R. 
The difficulty was remedied by putting voltage 
regulators on all the power lines except those 
supplying the oscillator A (however, as described 
in 2, a voltage regulator was built into the power 
supply of the first unit of A). 

The a.c. voltage E applied to the detector 
was measured in the following manner: A recti- 
fier type a.c. voltmeter was first standardized at 
4 volts with the help of a thermocouple and 
resistances, the thermocouple having been stand- 
ardized with d.c. The rectifier type voltmeter 
was then used to standardize a cathode-ray 
oscillograph with the help of a potentiometer 
arrangement. The setting of the cathode-ray 
oscillograph was frequently checked with the 
rectifier type voltmeter. The actual effective low 
frequency voltage E was then measured and 
continuously followed with the cathode-ray oscil- 
lograph. This had the advantage that irregu- 
larities showed up immediately. 


(9) The Receiver R and Its Standardization 


The measuring instrument was a National high 
frequency receiver, which was used with rather 
high selectivity. Two improvements were made. 

The receiver has a built-in logarithmic meter 
with rather wide divisions, the receiver not 
having been designed for exact quantitative 
work. We put a Triplett microammeter, with 
41 ohms in series, in parallel with the built-in 
meter. This shunt diminishes the readings of 
the built-in meter by about 10 percent; the 
microammeter readings are about 10 times those 


of the built-in meter, so that the accuracy is 
multiplied by about a factor 9, the improvement 
being particularly important for the low readings. 
In addition the microammeter has heavier 
damping and is therefore steadier than the 
built-in meter. 

Secondly, the frequency drifts slowly and it is 
therefore necessary to retune the receiver all the 
time to maximum sensitivity. This is almost 
impossible with the original wave-length dial ; 
it can, however, be done with the help of a 
vernier, which we clamped to it. 

The procedure of tuning was as follows: First 
the receiver was tuned, with the help of its 
wave-length dial (or with the dial of the fre- 
quency converter where this was used) to the 
“main band,” i.e., the frequency of oscillator A, 
which frequency is transferred by electromag- 
netic induction to the receiver circuit. (This 
main band is one of the reasons why we used 
a.c. of a frequency of about 4000 on the detector. 
Direct current or 60-cycle a.c. would have given 
a detector effect with a frequency at or so near 
to the main band, that this main band, electro- 
magnetically transmitted, would have nearly 
covered the effect of the pressure variation. At 
first we had to measure the detector effect as a 
small difference.) 

Then, the dial is turned to the upper side 
band, i.e., a frequency higher than the main 
band frequency by 4000. At the side band there 
is no direct electromagnetic induction, the cur- 
rent going to zero when the sound is cut off by 
the shutter D. 

The vernier is now clamped on the dial and 
adjustment to maximum current made by either 
adjusting the receiver dial with the vernier or 
the sideband frequency with the audio oscil- 
lator frequency dial. 

It is found that the maximum is reproducible 
in a series of frequency settings to about } 
division on the microammeter, involving a setting 
to perhaps 20 cycles per second” (in 500,000). 

The receiver was standardized with the help 
of a standard signal generator at the actual fre- 
quencies of the side bands used, after it had 
been ascertained that the sensitivity of the 


12 It is believed that the performance of the receiver as 
an exact measuring instrument has been pushed con- 
siderably higher than the manufacturer contemplated. 
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Fic. 4. Microvolts per atmosphere as function of applied audiofrequency 
voltage for sea water. The different marks refer to runs on different days. 


The ultrasonic frequency is 0.5 mc. 


receiver did not vary appreciably with a fre- 
quency change of +500 cycles/sec. 

In the actual measurement of detector per- 
formance, there are, in the high frequency circuit, 
cables with appreciable capacity, the audio 
oscillator, etc. Therefore, not only was the 
receiver standardized by itself, but the following 
procedure was followed : 

The standard signal generator was inserted 
in series with the detector into the actual circuit 
used in the measurement of detector perform- 
ance, directly next to the detector, the sound 
being turned off. The receiver readings were 
then noted for the different standard signal 
generator settings. In this way, the voltage 
produced by the standard signal generator takes 
actually the place of the high frequency voltage 
produced at the detector by the sound waves, 
the circuit being the same (except for the 
negligible impedance of the standard signal 
generator). 

We have, therefore, something like a substitu- 
tion method and this standardization can be 
used directly for the detector measurements. 


To give an idea of the actual sensitivity, Table II 

is inserted : 

TABLE II. Microvolts needed to give a deflection of 30 
divisions on microammeter. 


Frequency in mc 0.21 0.5 1.52 2.52 


Microvolts applied directly 
to receiver 22 22 6.5 7.5 
Microvolts applied to circuit 70 40 16 8.5 
> 
+ 
7 
E - VOLTS 


Fic. 5. Microvolts per atmosphere as function of applied 
audiofrequency voltage for copper sulphate. The different 
marks refer to runs made on different days. The ultrasonic 


frequency is 0.5 mc. 


or 


a 


250 

00 

| 

| 
= 
| ‘ 


ble II 


EFFECT OF ULTRASONIC WAVES ON CONDUCTIVITY 337 


*ee 
e a a 
a+ a a 
9 e+ 
i i 1 i 1 | = 
70 i i i i = i 


TEMPERATURE . 


Fic. 6. Microvolts produced per atmosphere and volt in sea water as function of tempera- 
ture. The different marks refer to’ different runs. The ultrasonic frequency is 0.5 mc. 
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Fic. 7. Microvolts produced per atmosphere and volt in 
of temperature. The different marks refer to different runs. 


is 0.5 mc. 


V. RESULTS 
(1) For 0.5 mc 
For the réasons mentioned in IV-6, we have 
only a very few measurements at 213 kc; the 
discussion of that frequency will therefore be 
postponed to V-4, and we will start out with 
0.5 mc, where most measurements were made. 


sulphate, as function 
e ultrasonic frequency 


The first question to be answered was whether 
the high frequency voltage is proportional to E, 
the a.c. voltage applied. This was tested for 
both sea water and copper sulphate. The results 
are given in Fig. 4 for sea water and Fig. 5 for 
copper sulphate. On the horizontal axis is plotted 
the applied low frequency alternating voltage E. 
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Most measurements were made at the four 
voltages, 1.04; 1.45; 1.82; 2.32 volts. 

The ordinates were found so: From the stand- 
ardization curve the number of microvolts was 
determined which would give the same deflection 
on the microammeter. This value was multiplied 
by 2, because only one sideband was measured, 


_and by 4.04, to reduce the results to 1 atmosphere 


effective pressure, the effective pressure in the 
sound beam being 0.247 = 1/4.04 atmosphere. — 

The different marks (dots, crosses, etc.) desig- 
nate different series, usually made on different 
days. It is seen that in both cases the results 
can be well represented by straight lines going 
through the origin. 

We are therefore justified in introducing the 
term “sensitivity” as the number of microvolts 
produced per atmosphere pressure and per volt 
applied to the detector (see formula (6) in III-1). 

Next all the measurements (except those used 
in Fig. 4 and Fig. 5) are plotted against the 
temperature, those for sea water in Fig. 6, those 
for copper sulphate in Fig. 7. The vertical axis 


represents the sensitivity in microvolts, which is" 


found as follows: From the standardization curve 
is found the number of microvolts in the circuit, 
which produces the same microammeter deflec- 
tion. This value is multiplied with 8.08 (see 
above) and divided by E. 

The different marks again signify different 
series (each series being made while the detector 
warms up, see IV-7). 

Obviously, the sensitivity for copper sulphate 
is constant in the temperature range from 3°C 
to 21°C. For sea water, the sensitivity seems 
constant in the range from 2°C to 8°C, then 
drops slowly to a value 15 percent lower, which 
remains constant from 14° to 21°C (actually, 
the measurements have been made up to 26°C). 
This temperature variation is in the opposite 
direction from that expected according to an 
elementary theory (see II-2). 


(2) For 1.5 mc 


The measurements at the other frequencies 
were only made at room temperature. At 1.5 mc, 
a total of 71 measurements with sea water were 
made at different voltages E. The average for 
the sensitivity is 61 microvolts, or 55 percent 
of the theoretical low frequency sensitivity. 


For copper sulphate, 8 measurements (for 
four different E) were made with electrodes of 
1-mm diameter. They gave a sensitivity of 79 
microvolts (or about 32 percent of the theoretical 
low frequency value). The electrodes were then 
replaced by copper wire of 0.5-mm diameter, and 
38 measurements for the four values of E men- 
tioned before were made. The resultant average 
sensitivity was 98 microvolts or 44 percent of 
the theoretical low frequency value. 

It is understandable (see III-2) that electrodes 
of 1-mm diameter diminish the sensitivity, the 
wave-length in water being 1 mm for 1.5 me. 


In fact, one might be astonished that the sensj-_ . 


tivity is still as great. It seems possible that a 
decrease in the size of the electrodes below 
0.5 mm (and perhaps a corresponding decrease 
in the case of sea water) might still further im- 


prove the sensitivity, but this was not tried for — 


practical reasons. 
(3) For 2.52 mc 


Ten measurements gave for sea water a sensi- 
tivity of 16 microvolts, or 15 percent of the 
theoretical low frequency sensitivity. Eight meas- 
urements with copper sulphate (0.5-mm diameter 
of the electrodes) gave a sensitivity of 27 micro- 
volts, or 12 percent of the theoretical low fre- 
quency value. 

Different voltages E were used without chang- 
ing the result, so that we are sure that the effect 
is proportional to the low frequency voltage E 
also at this frequency. 


(4) For 213 ke 


As explained in IV-6, it was found impossible 
to produce at this frequency a sound field suff- 
ciently constant over a distance larger than 
2 mm. As this distance is much smaller than the 
diameter of our bead, it was impossible to make 
measurements of the sound intensity. We could 
not secure a bead of 2-mm diameter with suffi- 
ciently exact spherical shape, and sufficiently 
small density. 

Therefore, all that could be done was to 
measure the microvolts produced‘ by a sound 
beam of unknown intensity for 1 volt low fre- 
quency a.c. in the sea water detector, located at 
a position with maximum sound intensity. Then, 
the electrodes (0.5-mm diameter) of the copper 
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Fic. 8. Sensitivity in microvolts per atmosphere and 
volt as function of the ultrasonic frequency. The copper 
sulphate values are marked by dots, the sea water values 
by crosses. All measurements are at room temperature. 


sulphate detector were clipped to 2-mm length 
and bent together to a distance of 1 mm so that 
the electrodes were localized within a region of 
2X2X2 mm. The copper sulphate detector was 
then moved, by locating the maximum deflec- 
tion, to the same place where the sea water 
detector had previously been, and the microvolts 
per volt low frequency a.c. determined. In that 
way the ratio of the sensitivity of the copper 
sulphate detector to the sea water detector was 
determined and found to be 2. 
It seems reasonable to assume that the sea 
water detector would have, at 213 kc, almost the 
theoretical low frequency sensitivity of 110 
microvolts, in view of the fact that its sensitivity 
is already 98 microvolts at 0.5 mc. We take 108 
microvolts if that is assumed, then the sensitivity 
of the copper sulphate detector is 216 microvolts, 
which falls within the limits of the theoretically 
expected low frequency sensitivity of 217 to 237. 


(5) Discussion of the Results 


The frequency dependence of the sensitivity 
S’ is shown in Fig. 8. Each point is an average 
of many measurements at room temperature, 
as discussed in the preceding section. The copper 
sulphate values are marked by a dot, those for 
sea water by a cross. We estimate that the 
results are accurate to five percent. 

According to Fig. 8, the points lie nearly on a 
straight line between 213 kc and 2.5 mc. This is 
in agreement with the predictions of IV-2 and 
Fig. 1. The characteristic length 2Z of Eqs. (7) 
and (8) is calculated from Fig. 8 as 0.6 mm for 
copper electrodes and 0.44 mm for the platinum 
electrodes, which values seem reasonable in view 
of the construction of the detector. 

If one extrapolates the curves of Fig. 8 linearly, 
one finds as low frequency sensitivity for sea 
water 114 microvolts, for copper sulphate 236 
microvolts. According to Section IV-2, these 
values are 11 percent too high, and therefore 
the true values are 103 microvolts for sea water 
and 211 for copper sulphate. These values lie 
lower then but sufficiently close to the theoretical 
prediction (Section II-2). 


(6) Use as an Instrument for Measuring 
Sound Fields 


For frequencies below 500 kc, the detector can 
be used as a convenient absolute instrument to 
measure inhomogeneous sound fields. Even at 
higher frequency, it is convenient for many 
purposes, although it must be standardized for 
absolute measurement and is not adapted to. 
measure inhomogeneities of the order of a mm 
(no other instrument can do that either). 
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The absorption of microwave radiation in traversing the earth’s atmosphere has been 
measured at three wave-lengths (1.00 cm, 1.25 cm, and 1.50 cm) in the region of a water-vapor 
absorption line. The measurement employs a sensitive radiometer to detect thermal radiation 
from the absorbing atmosphere. The theory of such measurements and the connection between 
absorption and thermal radiation are presented. The measured absorption together with water- 
vapor soundings of the atmosphere permits the calculation of the absorption coefficients at 
standard conditions (293°K, 1015 millibar). These are 0.011, 0.026, and 0.014 db/km/g H:0/m?® 
for the wave-lengths 1.00 cm, 1.25 cm, and 1.50 cm, respectively. These values are (50 percent) 
greater than those given by the theory of Van Vleck. The collision width of the line and its 
location are in better agreement with the theory and infra-red absorption. measurement. It is 
also found that there is very little (<20°K) radiation from cosmic matter at the radiometer 


wave-lengths. 


I. INTRODUCTION 


HE absorption of centimeter, electromag- 
netic waves in atmospheric gases has re- 
ceived considerable attention recently. There are 
two known contributions to this absorption: 
oxygen, which has a band of resonance absorption 


lines in the region of 4 cm superimposed on a. 


weak continuum extending up to long wave- 
length and water vapor, which has a weak 
absorption line at approximately 1.3 cm, and a 
number of stronger lines below 0.2 cm, the far 
tails of which contribute to the absorption in the 
centimeter wave-length region.” Both of these 
were predicted theoretically by Van Vleck® in 
1942 and their absorption coefficients were calcu- 
lated subject to experimental determinations of 
the line widths owing to collision broadening and 
some uncertainty in the location of the water 
vapor resonance. More recently, these absorp- 
tions have been measured® by several methods. 


1This paper is based on work done for the Office of 
Scientific Research and Development under contract 
OEMsr-262 with the Massachusetts Institute of Tech- 


? Now at Princeton University. 
* Now at Yale University. 

*Now at Naval Ordnance Test Station, Inyokern, 
Vleck, Radiation Laboratory Report 43-2 
. H. Van . iation tory Report 

and Radiation Laboratory Report 664. 
* J. A. Saxton, British Report RRBS 17, measured the 
absorption of superheated steam in a resonant cavity. 
- W. Miller and R. S. Bender, Radiation Laboratory 
729 measured the absorption in the atmosphere 
at 1.25 cm with radar techniques. Kellogg, Phys. Rev. 69, 
694A (1946), has measured the a tion in moist air in 


The present paper describes atmospheric absorp- _ 


tion measurements initiated by one of the authors 
in 1944 using a microwave radiometer’ and is 
principally concerned with the water vapor 
absorption. 

Except for the O2 band, the atmospheric ab- 
sorption is too small to be easily measured with 
path lengths which are available in the labora- 
tory. This has led several observers* to employ 
resonant cavities. The present experiments make 
use of the entire atmosphere as an absorption 
path, measuring the thermal radiation which is 
emitted by the absorbing atmosphere in ac- 
cordance with the Kirchhoff-Einstein law. The 
absorption is then calculated from the measured 
thermal radiation assuming local thermodynamic 
equilibrium in the atmosphere. 

The microwave radiometers consisted of a 
directional antenna which was pointed at the sky 
and which was connected to a special microwave 
receiver which gave an indication of the thermal 
radiation intercepted by the antenna.® It is con- 
venient to consider this radiation as originating 


in the effective terminating impedance of the — 


antenna and to assign to this impedance a 


the range 0.9 cm to 1.7 cm with a cavity resonator. R. 
Beringer, Radiation Laboratory Report 684, has measured 
the O, absorption in the range 0.5 to 0.6 cm with a wave 
guide path. 

7™R. H. Dicke, Radiation Laboratory Report 787 and 
forthcoming article in The Review of Scientific Instruments. 

® Such measurements have been made in the infra-red 
using somewhat different techniques. See, e.g., J. Strong, 
ij oy Soc. Am. 29, 520 (1938), J. Frank. Inst. 232, 2 
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thermodynamic temperature ¢ (°K) such that the 
corresponding “Johnson noise” is equal to the 
observed radiation.® If the radiation intercepted 
by the antenna is P ergs/sec. in the frequency 
range Av cycles/sec., this temperature is 
t=P(kAv) °K. This will be called the noise 
temperature of the antenna or simply the antenna 
temperature. The connection between the antenna 
temperature and the thermodynamic tempera- 
tures of various absorbing systems will be dis- 
cussed in the following paragraphs. 

If the atmosphere is transparent at the signal 
frequency of the microwave receiver, the effective 
antenna termination will be the stars and other 
cosmic matter and the antenna temperature will 
be characteristic of this matter. At ordinary radio 
frequencies, the radiation from this matter, the 
so-called cosmic noise, is quite large.’° However, 
at the frequencies in question the cosmic noise 
was found to be very small. 

If there is absorption in the atmosphere, this 
contributes to the antenna temperature and, if 
the thermodynamic temperature and distribution 
of absorption in the atmosphere are known, the 
total fractional absorption in the atmosphere can 
be computed from a measurement of this con- 
tribution to the antenna temperature. In general, 
this total absorption is made up of contributions 
from various atmospheric layers, each at a 
different temperature and pressure. It is possible, 
however, to reduce these data to some standard 
condition (say 20°C and 1015 millibar) and to 
find the corresponding absorption coefficient if 
the distribution of the absorption in the atmos- 
phere is known. If the variation of this absorption 
coefficient with wave-length is measured in a 
region of resonance, the location, strength, and 
collision-width of the resonance may be deduced. 


Il. THEORY OF THE MEASUREMENT 


Consider a matched" antenna connected to a 


_ lossless transmission line which is terminated in a 


*The available “Johnson noise” power from any im- 
pedance is kT Av ergs/sec. in the frequency range » to 
cycles/sec., where k is s constant. 

wK, G. Ja nsky, Proc. I.R.E. 20, 1920 (1932); Proc. 
L.R.E. 21, 1387 (1933); Proc. I.R.E. 23, 1158 (1935) ; 
G. Reber: Proc. I.R.E. 28 28, 68 (1940); Proc. I.R.E. 30 
367 (1942) ; Astrophys. J. 91, 621 (1940). K. Franz, Tioch 
tech. u. Elek: akus. 59, 1943 (1942), 

4 We use matched in the usual transmission line sense, 
€.g., a wave originating in the load and running toward 
the antenna is radiated into space without reflection. 
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matched load (a load impedance equal to the 
characteristic impedance of the transmission line, 
Z,). Let this be imbedded in an absorbing medium 
in thermodynamic equilibrium at temperature T 
and of infinite extent, and let Zo also be at 
temperature 7. In the frequency range v to v+Ayv 
the resistor radiates an average power kT Av 
ergs/sec. which in turn is radiated by the 
antenna. In order that the second law of thermo- 


dynamics be obeyed, it is necessary that the | 


antenna intercept an equal amount of power. 
The absorbing medium, being a blackbody, radi- 
ates an amount of power 


2hv® 


1 
1) ‘ 


into the solid angle dy in the frequency range » to 
v+Ayp, as given by Planck’s formula. This reduces 
to the Rayleigh-Jeans expression 


2kTv? 
AvdQ (2) 


for hv/k<T which is the case of interest. (At 
2.4X 10° cycles/sec., hv/k =1.14°K as compared 
with atmospheric temperatures 7~300°K.) The 
total radiation intercepted by the antenna and in 
turn absorbed by Zp is 


2kTv? 
c 


in the range Av, where the factor } is introduced 
because an antenna accepts a single polarization. 
o(¢, 8) is the absorption cross section of the 
antenna in spherical coordinates. It can be shown 
from the reciprocity theorem for antennas that 


f o(0, (4) 


Ava(6, ¢)dQ (3) 


Thus 
P=kTAyp, (5) 


and the thermal radiation emitted by Zo is just 


equal to that absorbed. The temperature T is the — 


antenna temperature in this example. Hence the 
antenna temperature of any blackbody is just the 
thermodynamic temperature of that body. 
Equation (5) will be recognized as a generaliza- 
tion of the Johnson noise formula to a system 
including antennas. 
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When an antenna is pointed at an incom- 
pletely absorbing medium whose thermodynamic 
temperature is 7, the antenna temperature is, of 
course, less than T. This is easily shown by the 
example of Fig. 1. Consider a matched antenna- 
transmission line-matched load system to be 
imbedded in a homogeneous, isotropic absorbing 
medium 1 at temperature T which is bounded at 
x=l by a similar semi-infinite medium 2 at 
_ temperature 7’. The antenna pattern, o(0, ¢), is 
assumed to be unidirectional along the x axis. 
The noise power originating in medium 2 and 
intercepted by the antenna is 


RT’ Ave, (6) 


where a is the absorption coefficient of medium 1 
(defined by P(x) =e—**P(x =0) for a waye running 
in the +x direction). If T’ =T7, it is clear from (5) 
that the total intercepted power is kT Av. There- 
fore the noise power originating in medium 1 and 
intercepted by the antenna is 


kTAv(1 —e7*"). (7) 


In general 7’#0 and the total noise power 
intercepted by the antenna is 
(8) 
The quantity [T—(7T—T’)e-™“] is the antenna 
temperature, t, of the system. The quantity 
(1—e-*') is the fractional absorption, a, for the 
path length / in medium 1 since 
P(x=0)—P(x=1) 


P(x=0) 


(9) 


= 


for a wave running in the +~ direction. 

The most important case of interest is for 
T’ =0. Then the total noise power intercepted by 
the antenna is 


P=kTAv(i—e™) (10) 
=kTAva, (11) 

and the antenna temperature is 
t=Ta. (12) 


Thus if the temperature T of such a medium is 
known and if the antenna temperature ?¢ is 
measured one immediately has the total fractional 
absorption a for the path length / by using (12). 
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Medium 2 


a 1. The sneneuremént of antenna temperatures in a 

See absorbing system. Medium 1 is at temperature 

T(°K) and is bounded at x=] by medium 2 which is at 
temperature 7’ and which extends to x= ~. 


One can also compute a if / is known. If the 
absorption is small 

In general the absorption coefficient, a(x), and 
the temperature, T(x), of medium 1 may be 
functions of x. In the case of T’ 0 the total noise 
power intercepted by the antenna is 


i 
P=kAvT’ exp |-f 
0 


z 
f T(x)dsx exp| - f (13) 
0 0 


In the measurements reported here the antenna 


temperature ¢ is measured for the zenith direc- | _ 


tion and at several angles (48.2°, 60°, 66.5°) from 
the vertical. This is done for several reasons. 
First ; by reason of its construction the apparatus 
measures the difference between ¢ and the 
ambient temperature of the apparatus (say, 
300°K). As the absorption is weak, ¢ at the zenith 
is quite small (say, 30°K), and a small percentage 
error in the measurement gives a large error in ¢. 
The change in ¢ with zenith angle can be meas- 
ured with considerably greater precision and, 
under suitable conditions, can be.used to com- 
pute the absorption. Also, this change in ¢ with 
angle enables one to evaluate the contribution 
due to the cosmic noise. 

An exact analysis of the antenna temperature 
as a function of tipping angle is easily made if we 
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assume the atmosphere to be of uniform tempera- 
ture throughout. Nothing need be assumed about 
the distribution of the absorption so long as it is 
horizontally stratified. We shall, for the moment, 
assume the cosmic noise to be zero. If the ab- 
sorbing layer is of height h, the antenna tempera- 
ture at the zenith (@=0) is, from (13), 


h 
0 
and at a tipping angle 8, it is 


h 
0 


‘From (14) and (15) 


At 6=60°, (16) can be solved for 


to 1 — to 
This quantity ¢o/T is the fractional absorption a» 
along a path normal to the earth’s surface. For 
to/T<1, the function (16) is linear in sec @. 

Of course, in practice T is not constant 
throughout the absorbing region of the atmos- 
phere. Fortunately, this variation is not large nor 
is it a rapid function of height and a good ap- 
proximation to (t@—to) is obtained by replacing 7, 
in the above formulae, by 


T= J / J ‘alx)dx. (18) 


T,, is called the mean temperature of the atmos- 
phere averaged over the absorption along a 


(17) 


. vertical path and can be evaluated if the form of 


a(x) is known, 

The cosmic noise is evaluated by comparing to 
as calculated from (12) with that observed at the 
zenith. In the experiments such comparisons 
showed no systematic differences so that the 
cosmic noise is presumed to be negligible to these 
frequencies. However, the absolute accuracy of 
this result was not high (+20°K) for a number of 
experimental reasons. In any case, a small 
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amount of cosmic noise if distributed uniformly 
in direction does not introduce much error in (11) 
for the values of to/T relevant here. 


Ill. EXPERIMENTAL METHOD AND DATA 


In the experiments three radiometers were 
operated simultaneously. Each was sensitive at a 
different wave-length in the region of the water 
vapor resonance; namely, at 1.00 cm, 1.25 cm, 
and 1.50 cm. All three had sensitive band widths, 
(total acceptance band widths to $-power points), 
Av, of 1.610? cycles/sec. During each run the 
antenna temperature at the zenith and the 
antenna temperature change with tipping was 
observed at the three wave-lengths. 

The water vapor contents and temperatures of 
the atmosphere at various altitudes were taken 
from balloon and airplane soundings which were 
made at the time of day and in the geographical 
regions in which the radiometers were operated. 
The balloon soundings were kindly furnished to 
us by the AAF 26th Weather Region at Orlando, 
Florida. They employed commercially available 
“‘Radiosonde” equipment. In addition, the AAF 
personnel carried out several special flights over 
our Leesburg, Florida, location using airplanes 
equipped with the U. S. Army ML-313/AM 
psychrometer (wet and dry bulb thermometers in 
a housing which projects into the air-stream). 
Since these data were taken and analyzed by the 
AAF personnel we shall not discuss them here. 

The microwave radiometer has been described 
elsewhere.’ Suffice it to say that it consists of a 
superheterodyne receiver having a_ balanced, 
crystal mixer, a reflex-klystron local-oscillator, an 
intermediate-frequency amplifier of band width 
8X 10*® cycles/sec. centered at 30 X 10° cycles/sec., 
a vacuum tube detector, and a narrow-band 
audio amplifier provided with a “‘lock-in’’ mixer. 
The antenna noise is intercepted by a tapered, 
rectangular horn connecting to a wave guide 
which carries the received signals to the receiver 
input. A slot in this wave guide admits a rotating, 
eccentric absorbing disk which periodically varies 
the attenuation in the wave guide from essentially 
zero to a large value. If then, the antenna temper- 
ature is different from the disk temperature 
(room temperature) the noise input to the re- 
ceiver is modulated at the rotational frequency of 
the disk (30 cycles/sec.). Thus, the detected noise 
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output from the intermediate-frequency amplifier 
contains a 30-cycle/sec. component which is 
amplified and beat against a 30-cycle/sec. signal 
(obtained from a generator attached to the shaft 
which drives the disk) in the lock-in mixer, 
producing a direct-current which is proportional 


-. to the difference between the antenna tempera- 


ture and the disk temperature. 

This use of a narrow channel at 30 cycles/sec. 
for the amplification of the noise signals has two 
great advantages over a simple scheme in which 
no modulation is employed and in which the 
direct-current component of the detected inter- 
mediate-frequency noise is observed. In the first 
place, vacuum tube amplifiers have inherent 
noise fluctuations which become very large as the 
frequency approaches zero. The modulation 
scheme enables one to avoid these large fluctua- 
tions and so to measure smaller changes in the 
antenna temperature. In the second place, the 
use of a 30-cycle/sec. channel enables one to 
stabilize the gain of the amplifier system accu- 
rately without degeneration of the 30-cycle/sec. 
signal. This is done by using the direct-current 
component of the detected noise from the: inter- 
mediate-frequency amplifier to actuate a feedback 
system which removes all frequencies of less than 
30 cycles/sec. and so stabilizes the amplifier 
against low frequency gain variations. 

The intermediate-frequency band width is 
made as large as is consistent with small noise 
contributions by that part of the system, and the 
time constant of the output meter is made ‘long 
(4 sec.), since under these conditions the output 
noise fluctuations are smallest and the useful 
sensitivity of the system for measuring changes in 
the antenna temperature is the greatest. The 
radiometers used had a useful sensitivity (antenna 
temperature change required to equal the r.m.s. 


Receiver 


Fic. 2. Tapered, rectangular, horn antenna. 


noise fluctuations in the output meter) of 0.4°C, 
The direct-current output from the lock-in mixer 
is measured with a recording milliammeter which 
produces an inked trace which can be analyzed 
for the best fit with respect to the noise fluctua- 
tions over relatively long time intervals (say, 1 
minute). 

The antenna is shown in Fig. 2. The 4-inch by 
34-inch aperture determines the antenna’s direc- 
tional properties. The flared section attached to 
this is to reduce the interception of radiation 
from the back hemisphere. This is necessary be- 
cause such radiation originates from warm 
terrestrial objects. 

The radiometer is calibrated by substituting 
for the antenna a matched wave guide termina- 
tion which can be heated to known temperatures 
by means of a heating coil. This is called a hot 
load. Such calibrations were made before and 
after each series of observations on the atmos- 
pheric absorption. The sensitivity did not change 
more than 5 percent between such measurements. 

As we have mentioned, the two essential ob- 
servations are the measurement of the antenna 
temperature at the zenith and the measurement 
of the change in antenna temperature with 
tipping. A systematic procedure was used. First, 
an observation at the zenith, giving a deflection 


of say 250°C below the disk temperature. This 


deflection was then balanced out with a 30- 
cycle/sec. signal derived from the generator, and 
the gain of the audio amplifier was increased by 
a known amount. The apparatus was then tipped 
successively to 48.2°, 60.0°, and 66.5° remaining 
at a given position for say 1 minute, and this 
procedure was repeated in reverse order. The 
balancing signal was then removed, the zenith 
temperature measured, and the whole procedure 
repeated several times.” A typical tipping trace 
is shown in Fig. 3. The tipping deflections were 
converted to °C with the calibration constant 


2 It should be mentioned that it was found that some 
cumulus clouds were quite absorbing at the radiometer 
frequencies. For example, on April 11, 1945, a cloud was 
observed having absorption of 0.56 db, 0.36 db, and 0.25 db 
at the three wave-lengths 1.00 cm, 1.25 cm, and 1.50 cm, 
respectively (assuming a cloud temperature of 10°C, cal- 
culated from the ground-level relative humidity and 
temperature). Consequently, the radiometer antennas were 
never pointed at clouds during the atmospheric absorption 
measurements. Also, the sun was avoided for obvious 


| 
| 
reasons. 
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Fic. 3. Teste wos with the 1.25-cm radiometer. (April 18, 1945.) Trace is — 
labeled with tipping angles (measured from zenith). 


deduced from the hot load calibrations and the 
resulting deflections in °C, namely (t—to), were 
plotted vs. sec 6 as in Fig. 4. The best-fit straight 
line was then drawn through the three points 
(tas.2—to), and (¢66.s—¢o) and the ordinate 
of this line at 60° was taken as (te9—fo) in Eq. (17) 
from which the fractional absorption at the 
zenith, to/7, was calculated.*'* The values of T,, 


Sec. 
40 “5 20 25 


Fic. 4. Tipping deflection for the trace of Fig. 3. — 
te—to is expressed in °C. 


4 A small correction is applied to the calibration constant 
because of the difference in the absolute antenna tempera- 
ture during the calibration and during the tipping. The 
effect of the feedback gain stabilizing system is to increase 
the radiometer gain by a small amount for the tipping as 
compared with that for the calibration, an amount which 
can be calculated accurately and which did not exceed 


2 percent. 

“From Eq. (11) it is seen that (t¢—¢s) is not linear in 
sec @ for finite values of to/7. However, the best fit straight 
line still passes very near to (tso—to). It does, however, 
have a finite intercept at @=0. Occasionally this intercept 
had to be adjusted to have the correct value by displacing 
the Ente Fig. 4 up or down by equal amounts. This 
troublesome condition was caused by a change in radi- 
ometer zero setting in the tipping interval 0° to 48.2°. 


used in Eq. (17) were deduced from Eq. (18) by a 
method which will be discussed in the next 
section.'® 

The collected absorption data are shown in 
Table I together with other data which will be 
discussed in the next section. The fractional 
absorption is expressed in decibels (db) in Table I. 
It is, therefore, the total absorption in db along a 
vertical path through the atmosphere, i.e., 


Lrotai = 10 logio (1 —to/T)~ db. (19) 
IV. REDUCTION OF DATA 


In order to find the absorption coefficients for 
water vapor (db/km path/g H,O/m*/at standard 
temperature and pressure) from the measured 
fractional absorptions and the water vapor 
soundings a rather involved procedure is re- 
quired. This is because of the following reasons: 
(a) the fractional absorption contains a contri- 
bution due to oxygen, (b) the water vapor: is 
distributed with altitude and hence with pres- 
sure, (c) the thermodynamic temperature of the 
atmosphere is a function of the altitude. 

The effect was eliminated’ by increasing the mechanical 
rigidity of the wave guide circuits. 

46 Because of the Enite directivity of the imental 
antennas, the observed (ts9>—¢o) values differed from those 
given by Eq. (12), which was derived for a unidirectional 
antenna. This was a very small correction and was accu- 


rately calculated from the measured directivity of the 
antenna. 

16 A sufficiently accurate value of T is easily found by 
inspection of the water vapor sounding data since the 
oe of variation of T is small compared with its mean 
value. 
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TABLE I. Total absorption, mean temperature, total water, 
radiometer observations at 
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uivalent water, and absorption coefficients computed f; 
urg, Florida, in April, 1945. . 


Total simephede Mean temperature Total Water vapor , n 
absorption L: (db) of water absorption at 8.T.P. 
(including oxygen) Ta L/G (db/kg/m*) A(Po) (db/km/g/m!*) 
A=1.00 A=1.25 A=1.50 |A=1.00 A=1.25 A=1.50 A=1.00 A=—1.25 A=1.50 | A=1.00 A=1.25 A=1.50/ A=1.00 A=—1.25 A= 
cm cm cm cm cm em | kg/m? cm cm cm cm cm cm cm cm cm 
Radiosonde runs 
April 8, 1945 0.29 = 0.77 0.41 285 284 284 26 0.0085 0.028 0.015 23 28 26 0.0095 0.026 0.014 
9 61 30 284 285 20 028 013 21 20 027 013 
10 31 65 35 286 86.285 285 24 010 .026 013 22 26 25 O11 024 013 
ll 29 82 4 287 287 21 010 037 018 19 23 21 O11 034 018 
12 35 85 41 287 286s 286 21 .013 038 018 19 24 22 015 .034 017 
13 37 289 287 288 26 .025 013 23 28 26 .0097 .023 013 
4 77 289 288 32 0081 023 012 28 36 33 .0093 .020 011 
16 83 42 292 27 029 014 29 27 O11 027 015 
. B A4 1.07 50 289 287 288 38 .0098 027 012 32 42 39 O11 024 012 
20 52 30 293 290 291 24 0075 .020 011 20 26 .0089 019 O11 
21 .29 51 .28 290 286 288 25 .0088 019 010 22 28 25 010 017 .0098 
23 45 1.21 62 289 ©. 287 288 36 O11 032 016 21 40 37 012 029 016 
24 37 89 50 292 290 291 34 0088 025 014 30 38 35 010 022 013 
25 .39 85 48 204 439.292 293 28 011 .029 016 24 31 28 013 026 016 
26 Al 1.10 56 292 =. 289 291 36 0094 029 015 31 40 36 O11 026 015 
27 36 82 43 291 289 290 27 .029 014 24 30 28. 012 .026 014 
28 23 64 33 2932-291 292 26 .023 012 23 29 26 0070 021 O11 
Averages 0.011 0.025 0.014 
Airplane soundings 
16 0.33 0.85 0.43 288 $287 287 24 29 27 0.011 0.028 15 
37 85 287 286 26 33 30 012 024 014 
-23 66 33 289 287 288 18 22 d .026 014 
Averages 0.011 0.026 0.014 


The Oxygen Contribution 


The first step is to subtract the oxygen contri- 
bution from the total fractional absorption. This 
is most easily done by simply plotting the ob- 
served fractional absorptions vs. the water vapor 
contents of the atmosphere (G in kg/m?) and to 
extrapolate this to zero water vapor ; the absorp- 
tion at that point being due to oxygen. This 
method is good when the experimental variation 
in G is large. For the Florida data this was not the 
case and another method was used. The measured 
Lrotai Values at say 1.0 cm are plotted vs. those for 
say 1.25 ‘cm, each point corresponding to a 
different day of observation. A straight line is 
drawn through these points. If then, it is assumed 
that the oxygen absorption varies in the theo- 
retical manner,’ namely, as 1/)?, the intersection 
of this line with a line of slope (1.00/1.25)* gives 
the oxygen absorptions’ at the wave-length 1.00 
cm and 1.25 cm. In principle, this procedure is 
more accurate than plotting Lictar vs. G at 
each wave-length since the absolute amount of 
water vapor is not relevant and the only scatter 
is introduced by the different pressure variations 
of the water vapor absorptions at the three wave- 
lengths. The oxygen absorptions deduced in this 
manner are shown in Table II. The fractional 


absorption L for water vapor is obtained by 
subtracting the values of Table II from Liotai. 


The Absorption Coefficient 


The water vapor contribution to the fractional 
absorption is made up of absorptions in various 
horizontally stratified layers each at a different 
pressure and temperature and each containing a 
different amount of water vapor. Unfortunately, 
the total absorption of these layers cannot be 
evaluated independently of the theory. 

Before going into this matter, it is well to 
consider the following approximation. Consider 
the radio L/G in units db/kg/m?. The total water 
vapor G is the mass of water vapor in a vertical 
column of one square meter cross section ex- 
tending from ground level to infinity, and is 
calculated by simply summing the water vapor 
densities over the altitude. The ratio L/G, is, 
therefore, the observed absorption in db along a 
vertical path per kg/m? in the column. It is also 
the absorption in db along a 1 km path con- 
taining a unit density (1 g/m*) of water vapor. It 
is, therefore, neglecting the effects of temperature 
and pressure on the absorption, just the absorp- 
tion coefficient (db/km/g/m*). Or, one may say 


that L/G is the absorption coefficient for some 
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average atmospheric conditions. These values are 
shown in Table I. 

The theory must now be invoked in order to 
reduce the data to an absorption coefficient at 
standard conditions (20°C, 1015 millibar). This 
involves assuming that the absorption coefficient 
depends on pressure in the theoretical manner. It 
is not necessary to assume the absolute value of the 
theoretical absorption coefficient. Let A(A, p) be 
the theoretical water vapor absorption coeffi- 
cient!? (db/km/g/m*) at a pressure p, a wave- 
length A, and a temperature 293°K."* 


i 2.65 


+9.65 ; (20) 


v=pB/po, where po is standard pressure (1015 - 


millibar) and B is one-half of the total line width 
(cm) at half-maximum due to collision broaden- 
ing at a pressure pp and temperature 293°K. The 
fractional absorption (in db) at wave-length 
\(cm) along a vertical path is 


L(Q) = f pwA(A, p)dh (21) 


10 Po 
f M(p)A(d, p)dp, (22) 
g 0 


where g is the acceleration of gravity (cm/sec.*), 
p» is the water vapor density (g/meter*) at a 
height h(km), and M(p) is the corresponding 
mixing ratio (g H,O/kg air). Let us define a 
relative absorption coefficient 


o(A, p)=A(A, p)/A(A, po) (23) 
at each wave-length \. Then 


" This formula is given in reference 6. The first and 
second terms give the resonance absorption (line at 1.3 cm) 
and the last term is the effect of the tails of the infra- 
red lines. 

_ 18 The variation of A(A, p) with atmospheric temperature 
is neglected for two reaons. The analytic form of this 
variation is very complex and the range of temperatures 
observed at altitudes containing an appreciable amount of 
fl vapor was small and fairly well distributed around 


AQ, (24) 
f M(p)o(d, p)dp 


where 
Po 


10 


is called the equivalent water, being the mass (kg) 
of water vapor all at pressure fo in a column of 
1 m? cross section which is required to give the 
observed absorption. A(A, po) is the . desired 
absorption coefficient at standard conditions. 

The integration (26) is carried out numerically 
using the observed distribution of water-vapor in 
the atmosphere and the function (A, p) which is 
calculated from (20) and (23) for assumed values 
of A» and B. The values assumed were B=0.12 
cm~ and A»=1.33 cm. We shall see how these 
may be checked in a following paragraph. 

The equivalent water and the absorption 
coefficient at standard conditions are given in 
Table I for the Leesburg, Florida, observations. 
The absorption coefficient can also be expressed 
as db/kg/m? being the absorption in db along a 
vertical path which contains 1 kg/m? of water 
vapor and throughout which the pressure is 1015 
millibars. 


The Mean Temperature 


The mean temperature defined in (18) is seen 
to reduce to 


T(p)o(d, p)M(p)dp 


f p)M(p)dp 


Po 


which can be integrated numerically by use of the 
meteorological data. These T;, values were used 


TABLE II. Deduced O: absorption values in db for 
traversal of the entire atmosphere along the radio vector 
(Florida data). 


N L (oxygen) 
1.00 cm 0.07 db 
1.25 0.04 
1.50 0.03 
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TaBLe III. Theoretical a tion coefficients at the 
three-radiometer wave-lengths for a line half-width of 
0.12 cm™ located at 1.33 cm. 


A (bo) 
1.00 cm 0.0071 db/km/g/m?* 
1.25 0.017 
1.50 0.0092 


in (17) in calculating %/T and are given in 
Table I. 


The Line Width and Line Position 


The assumed values of B and Xo can be checked 
by substituting the calculated values of A(A, po) 
into (20) and solving for B and Xo. This was done 
and found to be self-consistent. 

B and Xo were also solved for by another 
method. A standard atmosphere (M(p) vs. p) 
was assumed which fitted much of the mete- 
orological data quite well and for which the 


‘integrations (22) could be carried out explicitly 
arbitrary and B. Ratios of L(A) values at 


the three observation wave-lengths could then be 
used to find \» and B. The values so found were 
B=0.11 cm™, Ao =1.34 cm. 


V. DISCUSSION 


It is believed that the principal errors in the 
absorption coefficients, A(po), arise from inaccu- 
racies in the water vapor data, in particular, the 
“radiosonde” observations. This contention is 
borne out by the fact that the absorption at the 
three wave-lengths are relatively in much better 
agreement than the day to day scatter in the 
absorption coefficients. Also, the ascents were 
made at Orlando, Florida, some forty miles from 
the radiometer location at Leesburg, Florida in a 
region dotted with ponds and lakes. The airplane 
soundings were made above the Leesburg location 
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using a psychrometer which is generally regarded 
as having high precision. It is to be noted, how- 
ever, that the averages of the radiosonde data 
agree well with the airplane data. 

The absolute agreement of the measured ab- 
sorption coefficients with the theory’ is very poor. 
For the observed line width and position (A» = 1.33 
cm, B=0.12 cm~) the theory gives the absorp- 
tion coefficients shown in Table III for p=1015 
millibar and T = 293°K. These values include the 
infra-red contribution. The deduced line-width 
and position are, however, in good agreement 
with the values found by Adel and others 
(unpublished infra-red absorption measurements 
quoted by Van Vleck®). This,"agreement may 
have little significance, since we have used the 
theory generously in reducing our data and have 
only. three points on; the absorption line profile. 

It is to be noted that the disagreement between 


the theory and the experiments can be lessened 


by arbitrarily adjusting the relative contributions 
of the line absorption and the infra-red absorp- 
tion. In our experiments this procedure is not 
justifiable since we have data only at three 
frequencies all of which is required in finding the 
three parameters Xo, B, and the absolute magni- 
tude of the absorption. However, the Columbia‘® 
experiments on water vapor absorption include 
data at a number of wave-lengths, permitting 
such an analysis to be made. This indicates that 
the infra-red contribution is some four to six 
times the theoretical value. When this is taken 
into account the agreement with the theory is 
very good for the resonant absorption at 1.33 cm. 

It is a pleasure to acknowledge the assistance 
of many members of this laboratory ; in particular 
Dr. E. M. Purcell, and the close cooperation of 
the AAF in providing facilities at our Leesburg, 
Florida, location and in supplying the water- 
vapor data. Mr. A. E. Bent of this laboratory was 
most helpful in establishing liaison with the AAF. 
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Physical Processes in the Recovery of TR Tubes! 
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Gas-filled switching (TR) tubes are important components of a radar duplexer. The recovery 
of the tube, i.e., the elimination of ions on termination of the discharge, is of great interest 
because it determines the quality of radar reception. In the first part of this paper, techniques of 
measurement of the recovery of certain types of TR tubes are described and results are reported. 
In the second part, the physical processes responsible for recovery are discussed in connection 
with simple theoretical developments concerning recombination of electrons and positive ions, 
diffusion of electrons, and capture of electrons by gas molecules. The last of these processes is 
found to be of principal importance in removing electrons and producing a short recovery time. 


INTRODUCTION 


AS-FILLED switching tubes, or transmit- 
receive tubes (TR tubes), make it possible 

to use the same antenna and transmission line 
for pulse radar transmission and reception. This 
duplexing is accomplished by a circuit in either 
wave guide or coaxial line in which the gas dis- 
charges in one or more TR tubes act as short 
circuits and accomplish the switching of the 
antenna to the transmitter for the duration of 
the emitted pulses and to the receiver during the 
periods between the pulses. The gas discharge 
takes place at pressures of from 5- to 20-mm Hg 
and is excited by the radiofrequency power from 
the transmitter. A TR switch usually consists of 
a TR tube, containing a gap across which the 
discharge takes place, and a resonant cavity into 
which the TR tube isinserted. When the discharge 
is formed across the gap, the large admittance of 
the ionized gas detunes the resonant cavity and 
effectively prevents transmission through it. At 
the power levels used for radar transmission 
(10 to 1000 kw) the discharge forms within a 
small fraction of a microsecond. After the trans- 
mission period, the TR tube recovers as electrons 
are removed from the neighborhood of the gap, 


+This paper is based on work done for the Office of 
Scientific Research and Development under Contract 
with the Massachusetts Institute of Tech- 


ow at Sloane Physics Laboratory, Yale University, 
New Haven, Connecticut. 
*Now at Phillips Petroleum Company, Bartlesville, 


Oklahoma. 
¥ a at University of Rochester, Rochester, New 


5 Now at Gielich Tanning Company, Taunton, Massa- 


chusetts. 


and the cavity is restored to resonance. The 
results to be presented here arise from a study 
of this period of recovery. 

At the frequencies encountered in the micro- 
wave region (3000 to 25,000 mc/sec.) heavy 
positive ions have little effect on a traveling 
electromagnetic wave compared with that of the 
electrons. Hence only the free electrons need 
be removed from the TR-tube gap in order for 
the tube to recover. The processes of diffusion 
and recombination take much too long a time to 
be satisfactory for radar purposes. Certain gases, 
however, are known to capture free electrons, 
and, if heavy negative ions can be formed fast 
enough, a short recovery time can be obtained. 
After the transmission period, the free electrons 
in the gap lose energy rapidly by virtue of 
elastic collisions with the gas molecules and to 
a large extent the capture takes place at thermal 
energies. 

The transmission through a TR switch during 
the recovery period is directly related to the 
density of free electrons present, and the rate 
of change of transmission is proportional to the 
electron-capture cross section. The cross section 
may thus be determined experimentally. It 
should be pointed out that the measurement of 
capture cross sections by this method is, in a 
sense, only a by-product of the effort in the 
development of many types of TR switches and 
duplexers. The results are, therefore, neither as 
complete nor as accurate as might be desired. 


EXPERIMENTAL TECHNIQUES 


The transmission through the TR tube as a 
function of time was measured by applying an 
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Fic. 1. Schematic diagram of A 1B38 pre-TR tube. 


artificial signal, usually one microsecond long, 
to the switch. The strength of the signal could 
be altered by means of a calibrated attenuator, 
and the time of occurrence of the signal after 
the cessation of the high power pulse could be 
varied. A standard radar receiver was used to 
detect the signal. The data were presented on a 
cathode-ray tube so that the signal intensity 
was proportional to the spot deflection in one 
direction and time of occurrence proportional to 
the deflection in the perpendicular direction. 
The signal levels used were small, only a few 
decibels above the receiver noise after trans- 
mission through the TR switch. 

The high power radiofrequency (r-f) source 
was a magnetron capable of delivering peak 
powers of about a megawatt at a wave-length 
of 10.7 cm. The magnetron was driven by a 
modulator capable of delivering microsecond 
pulses of 28,000 volts peak at a rate of 500 per 


- sec. The peak r-f power used throughout this 


work was 700 kw unless it is specifically stated 
otherwise. 

The tubes used were experimental models of 
the type 1B38 pre-TR tube. They consist of 
sections of wave guide of outside dimensions 
1 in. by 3 in., one-quarter of a wave-length long, 
closed off by low-Q resonant glass windows sealed 
to Fernico flanges. Figure 1 shows a schematic 
diagram of a tube. The tubes were attached to 
the wave guide so that one window of the tube 
formed a portion of the top surface of the wave 
guide. At high power, a discharge is formed 


across the window and the wave guide acts as 
though the tube were not present and the top 
surface continuous. To protect the receiver from 
the power leaking through the pre-TR tube, a 
second TR tube, type 1B27, mounted in a 
cavity was used. The arrangement is shown in 
Fig. 2. To cause the low level signal to travel 
around the corner without excessive reflection, 
an ATR tube was placed at the correct distance 
from the T-junction. A block diagram of the 
whole apparatus is shown in Fig. 3. 

It should be pointed out that the measured 


recovery times actually refer to the integrated 


effect of all three TR tubes in the duplexer, 
The TR tube between the pre-TR tube and the 
mixer contributes little since it is excited by 
only the relatively small leakage power from the 
pre-TR tube. Separate tests indicated that the 
ATR tube also had little influence. In any 
event, since the TR and the ATR tubes have a 
short time of recovery compared with the pre-TR 
tube, the presence of the other tubes may be 
neglected after a suitable interval. The estimates 
of electron-capture cross section which are made 
below are based only on the recovery rate after 
this suitable interval. 

‘The results of numerous tests indicate that 
proper baking of the tubes before filling is highly 
important. Metal tubes that have not been 


Fic. 2. Duplexer used for observations. 


| 


PROCESSES IN THE RECOVERY OF TR TUBES 351 


baked, but pumped to 10-* mm or better, will 
yield large amounts of adsorbed gases under the 
conditions of the r-f discharge. One typical un- 
baked tube showed an increase of 15 percent in 
pressure during one hour of operation, another 
showed a pressure increase of over 38 percent in 
approximately 1000 hours of operation. A few 
pre-TR tubes were specially constructed from 
oxygen-free high conductivity copper with the 
windows attached with hard solder so that the 
tubes could be baked at 500°C while evacuated. 
These tubes were very fragile and their extensive 
use was not practical. Soft-soldered brass tubes 
could be baked at 150°C with little breakage 
and a series of tests on baking seemed to indicate 
that little was to be gained by baking at a higher 
temperature. 

Some spectrographic analyses were made of 
several tubes filled with pure argon. Typical 
results are shown in Table I. The long time of 
recovery of the baked tubes should be taken as 
evidence of high purity of the gas filling. 


RESULTS 


Some of the experimental results will now be 
presented and the special significance of the data 
interpreted in a succeeding section. Figure 4 
shows the effect of power level during the dis- 
charge on the recovery of the 1B27 TR tube 
which followed the pre-TR tube in the duplexer. 
The actual power level during the experiments 
was of the order of one kilowatt. The recovery 
time under this condition is evidently very short. 

TaBLE I, Spectrographic analysis of gas-filling of 1B38 


tubes. M=major component; m=minor component; ér 
= trace. 


Unbaked 
Hard-soldered Soft-soldered soft- 
tube baked tube baked- soldered 
Components at 500°C at 150°C tube 
A M M M 
CO . M 
CH M 
OH M 
Ne —_ m 
Cc: tr 
H m 
Sn tr 
Oo 
H tr tr _— 
Cc 
N 
Hz m+ 
Transmission 710 psec. 875 psec 13 psec. 
6dbdownat . 


Fic. 3. Block diagram of experimental equipment. 


Figure 5 shows the data taken with a hard- 
soldered tube, baked and filled with 5 mm of 
argon under the best conditions to maintain high 
purity of the gas. These data represent the 
slowest recovery that was possible to attain with 
the techniques available. Figures 6-8 show the 
effects of mixtures of argon and various captor 
gases, water vapor, pentene, and hydrogen 
sulfide, respectively. Figure 9 shows the re- 
covery data for pure oxygen. The anomalous 
variation with pressure is to be noted. 


THEORETICAL CONSIDERATIONS 


Three physical mechanisms present them- 
selves for consideration when an explanation of 
the recovery of a TR switch is sought: electrons 
can be removed by recombination with positive 
ions, by diffusion to the walls of the box, and 
by capture in the presence of captor molecules. 
Experimental evidence suggests that the last of 
these processes is the most important of the three. 
This is indeed borne out by numerical com- 
putation. 

We first consider recombination. If the number 
of electrons per cc is m, their (mean) speed », 
and the cross section for recombination Q,, the 
rate of removal of electrons by recombination is 
governed by the equation 


dn/dt = —vQ,n?, (1) 
which has the solution 
n=no/(1+vQ,nd), (2) 


mo being the initial concentration of electrons. 
The half-value period of the process is 


= (vQ,no)™. (3) 
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_Fic. 5. Recovery of a hard-soldered tube filled 
with pure argon. 


4 Now the speed of the electrons is approximately 
thermal, hence v~ 10’ cm. Recombination cross 
sections are not accurately known, but a typical 
value has been computed® for H*; it is 2X10 
cm?. As will be shown later in this report, mo is 
| of the order 10'* cm~*. Hence, according to (3), 
t, is of the order of a second. Since recovery times 
are measured in microseconds, recombination 
may be ignored. 

Diffusion and capture require more careful 
study. Both vary strongly with electron speed, 
and this circumstance makes an examination 
‘of the value of v and of the change in v during 
“recovery time desirable. For clearly, while the 
discharge passes, v is great and diffusion pro- 
ceeds rapidly. With the sudden stoppage of 
transmission the electrons will relax to smaller 
speeds until they have reached thermal velocities, 
ywhich they then maintain even under the weak 

‘agitation of the reflected pulse. 
: The approach to thermal velocities takes place 
by the agency of electron collisions with gas 


* Cf. H. Bethe, Handbuch der Physik, Vol. XXV, 1. 
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Fic. 6. Recovery of mixtures of argon and water vapor. 


molecules which occur at the rate of v/d per 
second. (A=mean free path.) According to 
Cravath’? the mean energy loss of an electron 
at (equivalent) temperature T against atoms at 
temperature is 


4m 
Ae=—k(T—T)). 
M 


The rate of loss of mean energy 3k77/2 is therefore 
Ae(v/X), or 


o(—). (4) 


The solution of this equation is 

S—So Si—So 

S+So SitSo 
where S=4/T, the indices 1 and 0 refer to initial 
and final values, and g=(8/M))(km/3)*. From 
(5) it is seen that the time in which the speed 
will drop from its original value to @ times its 
final value is : 


exp (—gSot), (5) 


1 
=— In —— 
gSo a-—1 


provided that S,;>So, a condition satisfied in our 
applications. For a=2, this gives a relaxation 


7A. M. Cravath, Phys. Rev. 36, 248 (1930). 
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Fic. 7. Recovery of argon-pentene mixtures. Fic. 8. Recovery of argon-H:S mixtures. 


Time microseconds 


period of a few microseconds for electrons in ae SS eee 


argon at 10-mm Hg pressure. Beyond that time, / 2 mm of Op 


—s 


the approach to thermal speed is slow. 
A similar result could have been obtained by a 
very simple argument. Since in one encounter an 
electron loses on an average the fraction 2m/M If 
_of its energy, it must make M/2m impacts to 
lose a sizable part of its energy. The time be- ‘ 
tween impacts is \/v~ 107° sec. Hence the time A: 


Ue x 


in question is zs 


of Op 


7mm of 


Smm of © 


Mx 
—--=4 sec. 
2m v 0 


In our analysis we may assume, therefore, . y 
with reasonable safety that after about 10 usec. wy, 
electron speeds are approximately thermal. The 
experimental data contain evidence of the re- 
laxation phenomenon here described. » 
The theory of diffusion is well known. To solve __ Fic. 9. Recovery of oxygen. 
the diffusion equation 


2 ae (t=0) this region of space is uniformly filled 
Ciena ane (6) with electrons of density mo, the solution of (6) 
Da’ may be shown to be 


for the geometrical condition of the pre-TR tube % 
is a simple boundary-value problem. If we 

assume the discharge to take place in a thin 1 d d 

plane sheet of thickness d adjacent to the ~~) = (7) 
window, so that at the beginning of recovery 2L \2(Dt)t 2(Dt)4 
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Fic. 10. Diagram or calculation of transmission. 


‘where 


‘We have here assumed that an electron hitting 
the glass window is absorbed, but have neglected 
absorption by the metal enclosure. More com- 
plicated geometrical conditions have also been 
treated, but the results do not modify the con- 
‘clusions reached with this. simpler picture and 
‘will not be included in this report. The coeffi- 
cient of diffusion D requires comment. It is not 
tthe quantity $vA familiar from kinetic theory, 
for diffusion takes place in a manner sometimes 
called ambipolar. That is, the electrons do not 
diffuse outward like a free swarm of particles of 
‘velocity v; they are held back by the positive 
jons because of the strong electric field called 
into action by incipient separation of the charges. 
‘Both types of ions diffuse simultaneously at a 
gate corresponding to the coefficient 


D(electrons) = 2D (ions). 


‘ Under the conditions of the experiments, D 
as a value around 5 cm? sec.~'. From this a 
ugh estimate of the times involved in diffusion 

can be made. The functions in (7) change appre- 

yiably when their arguments undergo changes 

pf order 1. This occurs in times of order d?/D. 
f d=1 mm and D=5 cm? sec.~, the time is 

yeveral. thousand yseconds. Few curves among 
ose obtained involve times of that length. 

We conclude, therefore, that capture is mainly 

ponsible for recovery. There is one case in 
hich a gas of very great purity was employed 
iFig. 5) and where the question as to the role of 
diffusion arises significantly. We return to it 
for special consideration when more fundamental 
things have been discussed. 

’ First let us give an analysis of the capture 

process. As to symbols, we define: 
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m =concentration of electrons (number per cc), 
Y =concentration of neutral captor molecules, - 
Y~- =concentration of negative molecular ions, 
M=concentration of total number of captor molecules, 
neutral, and negative, 
N=concentration of total number of negative cha 
Q=gas-kinetic collision cross section for electrons (calli 
sions between electrons will be neglected), 
heap = probability of capture per collision, ° 
Ie: = probability of release of electron on encounter with 
an electron with a negative ion, and 
v=electron velocity. 
The subscript 0 indicates the values of quantities 
at ¢=0. 
The equation for the rate of increase of nega- 
tive ions is 
dY dt =vQn(cap y= hrei (8) 


During the discharge the conditions to be im- 
posed on (8) are 
n=constant, 
Y+ Y-=M=constant. 


The solution of Eq. (8) is then 


heap 
=—— M{1- Neapt+hre)t }}. 
{ exp [ —vQn( ret tJ} 


In general, heap and hye; are functions of electron 
velocities. During the discharge v is great, corre- 
sponding to about 10 electron volts. In that case 
Nrer>heap,? and the last equation may be sim- 
plified. The equilibrium value of Y~, which 
results when {—, is given by 


Yo~ = (9) 


For water® as captor molecule, ~ 0.01; 
this means that at the beginning of the recovery 
period about 1 percent of the water molecules are 
ionized. It is also possible to estimate the time . 
of production of these negative ions during 
discharge: The exponential term in Y~ is re- 
duced to e~ in (vQnhye1)— second. 

For the recovery process the conditions to be 
imposed on Eq. (8) are different. Here m is no 
longer constant, but 


n+ Y-=N=constant, 


and 
Y+ Y-= M=constant. 


* See, for example, the values given by H. S. W. Massey, 
—— Ions ( bridge University Press, New York, 
1938), for 


| 
= 
| 2 
| d 
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im- 
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Hence Eq. (8) becomes 


—dn/dt =0Q{ (heap 
Jn}. (10) 


For the low electron velocities prevailing during 
recovery we may put /rei=0. The term pro- 
portional to m* on the right of (10) is interesting 
only in the initial stages of the process, during 
the first few microseconds, where it adds to the 
confusion arising from the relaxation of electron 
energies. Since our attention will be confined 
primarily to the terminal features of the experi- 
mental curves its neglect here is permissible. 
Equation (10) may then be written in the form 


dn/dt = —vQhcap( Yo— mo)n. 


Capture will take place only when Yo>mpo. In 
those instances from which numerical conclusions 
can be drawn, Yom as will be seen, and since 
only a small faction of captor molecules is ionized, 
Y,~M. For many purposes the equation regu- 
lating capture may, therefore, be cast in the 
intuitively obvious form 


dn/dt = —vQhespMn. (11) 


When accurate data on recovery at small times 
are available, Eq. (10) should be used in their 
reduction. One effect which will be of concern 
to us is that according to Eq. (10) m goes down 
to N—M, not to zero as Eq. (11) predicts. This 
will be observed in some of the curves. 

Figures 4 to 9 present graphs of “loss in 
decibels” vs. time. For the purpose of interpreta- 
tion these must first be translated into graphs of 
n vs. t. To do this it is necessary to know the 
attenuation of microwaves caused by a region 
containing m electrons per cc. In a previous 
paper® the complex conductivity =0,—io, has 
been derived as a function of frequency, gas 
pressure, and electron concentration. The results 
will here be applied. We first investigate, how- 
ever, how the attenuation depends on ¢. 

Perhaps the simplest way of calculating the 
power loss of a signal: passing through the TR 
tube in the present experimental arrangement is 
to regard the ionized sheet as being placed across 
a wave guide, after the manner of Fig. 10. One 
may then show that the amplitude attenuation 


*H. Margenau, Phys. Rev. 69, 508 (1946). 


for waves going from region 1 to region 2 is 


k 
=| cos sin wa] » (12) 
k’ 


where 
c w a? 


€o being the ordinary dielectric constant of the 
medium (here 1) and a the larger cross-sectional 
dimension of the wave guide. For ¢ the foregoing 
expression must be introduced. As an example 
we give the numerical data for some of the 
experiments (wave-length 10.7 cm, pressure of 
gas~5 mm Hg) ' 


o,=1.68X10-*n, o;=1.45X10-n, 
w=1.75X10", a=7.3 cm. 


Very little is known about the magnitude of d, 
nor is it certain that this guantity is constant 
over the entire window. Under these circum- 
stances it seems wise—and saves labor—to 
assume d to be very small compared to a wave- 


length and to evaluate (12) under this simplifying. 


condition. More specifically, we let d—0 while 
od and hence nd remain finite. We then obtain 


w 
ck . 
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Fic. 11. Conversion of observed loss to election density ; 
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The reduction in power is |7|*. This provides a 
formula for the desired conversion : 
“loss in db” = 10 logo | T |. 

As an illustration of this procedure we show in 
Fig. 11 the result of translating’® Fig. 6 (2 mm 
H,O) into a graph of m vs. t. The quantity u 
plotted there as ordinate is 10-"nd. If extrapola- 
tion to =0 were permitted, mo would be 10" to 
10’ cm-*; this estimate is not likely to be far 
wrong. It is also interesting to note that the 
curve has a fairly constant terminal slope on a 
log u scale, which means that it satisfies Eq. (11) 
beyond 10 ysec. The larger early slope is in 
qualitative agreement with the preceding con- 
clusions. These features are rather typical of 
most ‘‘translated’’ graphs. 

We shall not burden this report with a repro- 
duction of all vs. t-curves which were analyzed. 
To guide the reader we merely state that, while 
the m-curves have a greater initial slope, their 
terminal logarithmic slopes are on the whole 
equal to the logarithmic slopes of the db-curves. 
In particular, the m-curves also simulate and 
often exaggerate the curvature of the db-curves 
when curvature is present. 

INTERPRETATION OF SPECIFIC RESULTS 

It might seem that Fig. 5, obtained with very 
pure argon and showing unusually long recovery 
time, represents evidence for diffusion. To test 
this, Eq. (7) may be used. To be sure, the 
quantity of importance in this connection is not 
n but (nd), the number of electrons at any 
time within a prism of 1 cm? base across the 
entire sheet of ions. This quantity is found by 
integration of (7) from x=0 to x= & ; it is 


X(1—exp [—d?/4D?#}) 


If put 
it js easily seen that | 

InN 1 1—exp (—$?) 
dt 


1 
exp (—$*)) 


14 The experimental points for the same ¢ have been 
avefagec 
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Regardless of the value of {, the right-hand side 
can never be greater than 4. But in the experi- 
mental curve, —fd In N/dt is about 3. Clearly, 
then, even in the purest filling of argon used 
here, diffusion is not the primary cause of electron 
disposal. Whether a very efficient captor sub- 
stance is present in small quantities, or whether 
formation of unknown ions such as A:~ (perhaps 
one A atom being excited) occurs, is difficult to 
say on the basis of the data. If the recovery in 
this case were caused by a substance as effective 
in capturing as H,O, it would have to be present 
at a pressure of 0.18 mm Hg, which is, of course, 
out of question. 

In all other.curves selected for consideration 
here, capture of electrons by molecules is the 
process responsible for recovery. The capture 
probability can be computed from (11), which 
for that purpose may be written 


heap = —vQMd/dt(In n). (14) 


Figure 4 shows three lines of nearly equal 
d/dt(In m), indicating a unique capture proba- 
bility for the gas (of uncertain composition) 
causing capture. The displacement of the lines 
relative to one another shows that mo has different 
values for different line powers, being larger for 
the greater power. This is quite in accord with 
expectation. If extrapolation is permitted, mo is 
found to be nearly proportional to line power. 

Equation (14) further shows that, for a given 
captor gas, the logarithmic slopes should vary 
with M, hence with the pressure of the captor 
gas. This is illustrated in Fig. 6, showing the 
performance of water at 3 different pressures. 
In evaluating these we have taken Q to be 
cm?, and v corresponding to 300°K as 
(3kt/m)'=1.2107 cm/sec. One thus obtains 
for heap 


1.0 10-4 from the 2 mm curve, 
0.93 X 10-4 from the 3 mm curve, 
0.94 10-4 from the 5 mm curve. 


It should be remembered that these are capture 
probabilities for electrons at thermal velocities, 
which have not been obtained by any other 
means. They agree in order of magnitude with 
the measurements of Bradbury and Tatel," who 


uN, E. ond Tatel, J. Chem. Phys. 2, 835 
(1934). See also Massey, reference 4. 
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list values running as high as 4X10~‘ at some- 
what greater energies. They, as well as Massey, 
believe capture at low energies to be an effect 
of molecular association. The constancy of h 
here found for different pressures seems rather 
to indicate the action of single molecules, though 
why an H,O-molecule should capture slow elec- 
trons requires further elucidation. 

Figure 7 is interesting because it shows the 
passage from conditions in which there are 
enough captors to eliminate all initial electrons 
to conditions where the number of captors is 
insufficient to effect complete removal. The 


curves corresponding to 1 mm and 0.1 mm- 


pressure have straight terminal slopes, those for 
0.01 and 0.001 mm show definite curvature, 
more marked on the m than on the db-graphs. 
Evidently, the last named curves are beginning 
to swing over into nearly. horizontal slopes 
characteristic of diffusion. 

The transition from sufficiency to insufficiency 
of captors seems to occur between the pressures 
of 0.1 mm and 0.01 mm. This means that the 
initial concentration of electrons lies between 
3.5X10' and 3.5X10'* cm-*, and this 


entirely confirms the estimate derived from 


extrapolation of logarithmic slopes. 

If the capture possibility is computed by 
means of (14) from the 1-mm curve, it comes out 
to be Acap = 1.4X10-*. But it is doubtful whether 
this value is to be ascribed to pentene; for this 
substance may dissociate during the discharge 
and its fragments may be the-captors. 

The transition just mentioned occurs again in 
Fig. 8 for H:S. The data lead to the same esti- 
mate of mo. From the 5-mm curve one computes 
heap = 5X 10-5. Again it is uncertain whether this 
value refers to hydrogen sulfide. 

The data on oxygen (Fig. 9) are anomalous 
inasmuch as the slopes are not proportional to 


the pressures. But with respect to oxygen we 
know that (1) the discharge causes the molecule 
to dissociate into atoms and (2) both atoms and 
molecules have electron affinities. Which has the 
larger capture cross section for thermal-energy 
electrons is not known. From the present data 
we suggest that it is the atom. For let us suppose 
that at the end of the discharge most of the gas 
is in atomic form. The atom can recombine into 
O; only by a three-particle mechanism such as 


0+0+0=0,+0, 


which leads to a recombination rate proportional 
to the square of the pressure.” Hence, O lasts 
longer at low pressures. At pressures above 5 mm, 
O, is the more active capturing agent, below it, 
presumably O. The several slopes with pressure 
at about 5 mm marks the condition in which 
atoms compete with molecules in capturing 
electrons. The 2-mm curve, on this interpretation, 
represents capture by 4 mm of atomic oxygen; 
it is about as effective as 10 mm of molecular 
oxygen. Numerically, we conclude that for O, 
Neap *3.2X10-*, for if the 
present interpretation holds. We are not pre- 
pared to suggest by what physical mechanism 
the attachment of electrons to O may occur. 

In conclusion, one may be permitted to express 
the hope that methods for measuring attenuation 
of microwaves in gases will prove a useful tool 
in the study of molecular processes. Of this 
usefulness the present imperfect account gives 
only a meager indication. 

We wish to express our gratitude to Mr. L. D. 
Smullin for his stimulating interest in these 
problems and to Dr. J. F. Carlson for specific 
help. 


12 Very little is known about the rate constant &, for 
this reaction. Calculation shows that if it is about 
10'*(cc/mole)*/sec., the recombination times at pressures 
of millimeters is of the order of microseconds. 
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| 
REVIEW 


i is demonstrated that calculation of the ionization cur- 
rent in a gaseous discharge by means of the classical 
| Townsend equation i=ie/™ is likely to lead to large 
{ errors when the field distribution is not uniform. For a field 
{ approximately inversely proportional to distance from the 
cathode, the error was greater than 25 percent when the 
| field intensity changed by more than 2.5 percent per mean 
| free path of electrons just able to ionize. For fields of the 
it type found at the cathode end of a glow discharge, there- 
fore, the Townsend equation is seldom if ever applicable. A 
differential-difference equation for the electron current as 
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a function *of the electron energy and distance from the 
cathode was derived, and, by the use of semi-empirical 
functions where adequate data are not available, the 
ionization currents were calculated by step-by-step nu- 


' merical methods for a restricted range of pressure and 


applied voltage. The results agree with measured currents 
within the range where the assumed functions apply. The 
method is much more laborious than integration of the 
Townsend equation, but it yields more information since 


-the actual electron-energy distribution at each point of the 


discharge is found. 


INTRODUCTION 


INCE its formulation by J. S. Townsend in 
1900, the Townsend equation for the 
current in a gaseous discharge has been used 
almost exclusively for the calculation of such 
currents. When the electric field in the discharge 
is not uniform the equation is written in the form 
i=igeJ@4 in which x is the distance measured 
from the cathode in the field direction, and for 
each small increment of distance the value of the 
| “Townsend coefficient”, a corresponding to the 
| field strength in that increment is taken from 
experimental data such as that of Kruithoff and 
Penning,’ for neon and argon, of Bowls? for 
nitrogen, and of Hale* for hydrogen. The calcu- 
lated currents have been and are being used for 
7 many purposes, notably in attempts to prove or 
disprove various theories of the mechanism re- 
sponsible for sparkover, in attempts to calculate 
sparking potentials, in attempts to calculate the 
voltages at which corona onset occurs at points 
and around wires, and in attempts to calculate 
the field distribution and the current density in 

glow discharges.‘ 


1A. A. Kruithoff and F. M. Penning, Physica 3, 515 
(1936); 4, 430 (1937). 

2 W. E. Bowls, Phys. Rev. 53, 293 (1938). 

3D. H. Hale, Phys. Rev. 54, 241 (1938); 56, 815 (1939). 

4L. B. Loeb and J. M. Meek, The Mechanism of the 
Electric Spark (Stanford University Press, California, 1941), 
includes an extensive bibliography ; W. Rogowski, Zeits. f. 
Physik 100, 1 (1936); W. Rogowski, Zeits. f. Physik 82, 473 
(1933); A. von Engel and M. Steenbeck, Elektrische Gas- 
entladungen Springer, Berlin, 
1934); and M. J. Druyvesteyn and F. M. Penning, Rev. 
Mod. Phys. 12, 87 (1940). 
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In most discharges, including some cases of all 
the types of discharges just mentioned, the field 
intensity is likely to be far from uniform. Even 
when the electrodes are parallel planes the field is 
usually badly distorted by space charge. Since 
the probability of ionization by collision depends 
rather upon the energy of the colliding electrons 
than upon the field intensity where the collision 
takes place, the use of the Townsend equation is 
justified only when the distribution of energies of 
the electrons, in each part of the discharge, is the 
same as would exist in a uniform field of the same 
intensity. 

The investigation which is reported here was 
undertaken, first, to determine the magnitude of 
the error incurred by using a Townsend coeffi- 
cient measured in a uniform field to calculate the 
ionization in a field which is not uniform ; second, 
to establish a limit to the variation of the field per 
electron mean free path, above which limit the 
Townsend equation i=ice/** cannot be ex- 
pected to give even approximately correct re- 
sults; and, third, to outline a method for calcu- 
lating the current in more variable fields which is 
correct in principle and which can be applied to 
certain cases with results verified by experiment. 


APPARATUS 


In order to test experimentally the calculation 
of ionization currents with Townsend’s equation, 
it was necessary to construct an ionization 
chamber in which the field intensity was not 
uniform but was calculable, and in which the 


1946 


imary current emitted from the cathode could 
be found. The field between concentric cylinders 
‘meets the first requirement, and, if the smaller 
cylinder is made the cathode, the field distri- 
bution somewhat resembles that known to exist 
in a glow discharge between plane electrodes. A 
cold cathode illuminated with ultraviolet light 
was chosen as a source of primary current to 
avoid density gradients which might occur 
around a hot filament and also to make the pri- 
mary current very small and yet controllable. 
Small currents were necessary to avoid distortion 
of the field by space charge ; the primary currents 


used were about ampere. 


The apparatus used is shown in Fig. 1. The 
anode of the ionization chamber was of copper, 
3}” inside diameter and 8” long, with an elon- 
gated opening on one side for the illumination of 
the cathode. The opening was covered with fine 
copper gauze and was placed opposite two quartz 
windows sealed to the glass envelope with graded 
seals. Two cathodes were used, the one in the 
lower half of the tube having a diameter of }’’ and 
the upper one ;%”’. Both were of nickel, insulated 


’ from each other and from the anode with quartz. 


In order to reduce field distortion near the ends 
of the chamber, two guard rings of 1$” diameter 
were mounted at the ends. 

The two cathodes, the guard rings, and the 
anode were connected to points on a voltage, 
divider so constructed that each metal part of 
the tube was supplied with the potential appro- 
priate to its position in the field. Thus the field 


-between the larger cathode and the anode was 


exactly the same as would have existed in the 
same space if the larger cathode had been re- 
moved, leaving the smaller one extending 
throughout the tube. By this means electrons 
could be released at two different points in the 
non-uniform field and the resulting ionization 
compared. Use of the larger cathode meant a 
decrease in the maximum field intensity of 71.4 
percent, a decrease in the total voltage acting on 
the discharge of 37.6 percent, but a decrease in 
length of the ionizing region of only 8.95 percent, 
compared with the smaller cathode values. 

The ionization currents were measured with a 
quadrant electrometer connected to indicate the 
voltage drop across a J. G. White ceramic re- 
sistor, and the currents were occasionally checked 


IONIZATION CURRENTS 


359 


by measuring the rate-of-charge of a standard 
capacitor. No difficulty was experienced in these 
experiments which could be ascribed to polariza- 
tion of the high resistors used. 

The gas used was hydrogen, purified by passing 
slowly over copper shot and powdered copper at 
450°C to a Pyrex reservoir. It was admitted to 
the ionization chamber through a very fine 
capillary and a long spiral immersed in liquid air. 
Mercury contamination was avoided by placing 
this liquid-air trap between the chamber and the 
McLeod gages used for measuring pressure, and 
an additional liquid-air trap ahead of the mercury 
diffusion pump. 

Each time air was admitted to the chamber the 
tube was baked at 450°C for 16 hours while the 
pressure was kept below 10-* mm by constant 
pumping. The tube was then filled with about 
half an atmosphere of clean hydrogen and baked 
for 8 hours more, pumped out and refilled with 
about 10 cm of clean hydrogen and subjected to a 
glow discharge for at least an hour. Although the 
size of the metal parts precluded outgassing by 
induction heating, most of the gases near the 
surfaces probably were removed or replaced by 
hydrogen. The chamber was pumped out each 
night and each time a glow discharge occurred. 


EXPERIMENTAL PROCEDURE 


With the ionization chamber filled with clean 
hydrogen at a known pressure and with one of 
the cathodes illuminated with a steady ultra- 
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Fic. 1. Apparatus and electric circuit. 
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Fic. 2. Typical current-voltage graph. 


violet; light, the current to the anode was meas- 
ured for a range of voltages from zero to the value 
for which secondary processes at the cathode 
began: to cause additional emission. A curve 
typical of the results obtained is shown in Fig. 2. 

It will be noted that considerable current is 
obtained with no voltage applied, because of the 
initial velocity of the emitted electrons. The free 
anode was found to charge up to approximately 
0.4 volt negative, indicating a maximum electron 
energy of about this value. The 2536-angstrom 
line of the mercury arc corresponds to 4.87 volts, 
which would indicate that the work function of 
the nickel cathode in hydrogen was about 4.5, 
compared to the value of 5.03 quoted for 
outgassed nickel. At pressures below 0.01 mm it 
was found that the emission changed erratically 
with time and possibly with applied voltage, 
probably because of ion bombardment. At the 
lowest obtainable pressure the emission was only 
a few percent of its value between 0.01 and 10 
millimeters. Such behavior of a nickel-hydrogen 
surface was observed previously by Hale.® 

Since ionization by collision does not occur in 


* D. H. Hale, Phys. Rev. 56, 1199 (1939). 
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hydrogen for electron energies of less than 15,4 
volts, it would at first appear simple to collect 
and measure the total emitted current at any 
voltage less than this. The problem is compli- 
cated, however, by back diffusion, especially at 
the higher pressures. In fact, back diffusion sets 
a rather low limit upon the pressure which can be 
used ; it was found impossible to ascertain surely 
the primary current for pressures higher than 
about 4 mm for the large cathode and about 10 
mm for the smaller one. At 4-mm pressure the 
mean free path of 15-volt electrons is about 0.4 
mm and, apparently, sufficient collisions occur 
near the cathode to reflect an appreciable pro- 
portion of the electrons back into it. Diffusion out 
through the ends of the cylinder also is possible, 
but less troublesome because of the greater 
distance. More than 92 percent of the solid angle 
seen from the illuminated part of the cathode is 
covered by the anode cylinder ; obviously most of 
the current which gets away from the cathode 
region will be collected, even in weak fields. 
From curves like Fig. 2 the primary current 
was obtained throughout the range of pressures 
for which it could be identified, and the ratio of 
total current to primary current was computed. 
At each pressure at least two curves were taken 
for each cathode, with illumination intensities 
differing by a factor of two or more. Agreement 
of the computed ratios was taken to mean that 
space-charge distortion of the field was negligible. 
A rough check on the primary current could be 
obtained by comparing results for the two 
cathodes, but differences between the two quartz 


‘windows and possibly also differences in the two 


cathode surfaces made it impossible always to get 
the same emission after moving the arc. 

The upper curve of Fig. 2 is a graph of the 
logarithm of the current plotted against voltage, 
and it shows two interesting features. The sharp 
break at the upper end comes at a voltage only 
slightly lower than that necessary to start a glow 
discharge, and is attributed to the beginning of 
secondary emission at the cathode due to positive 
ion bombardment. The voltage at which the rise 
occurs is independent of the magnitude of the 
current and also is approximately the same no 
matter which cathode is illuminated. The latter 
fact is ascribed to diffusion of positive ions to the 
small cathode, causing the additional emission 
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from it even when the original illumination was 


directed at the large cathode. A positive ion 


accidentally deflected to the small cathode would 
strike it with a great deal more energy than. it 
would have had at the large one; it would there- 
fore be more likely to cause secondary emission. 
lonization in the gas by positive ions would cause 
a bend of the type shown in Fig. 2, but ionization 
by positive hydrogen ions of the energies possible 
here has never been observed and is therefore 
unlikely. 

Secondary emission due to photoelectric action 
at the cathode by photons arising in the discharge 
is possible, and if present could account for the 
bend in Fig. 2. However, in this chamber few 
photons from the discharge would strike the 
cathode unless they were radiated after collisions 
very close to the cathode surface. If such photons 
were responsible for the bend there would be no 
reason for expecting it to occur at the same 
voltage for both cathodes, since the electron 
energy in the first free path, and therefore 
presumably the most probable character of the 
first collision, is greatly different. 


240 


160 
TOTAL VOLTAGE 


Fic. 3. Ionization ratio—lower pressures. 


The linearity of the middle part of the logi 
curve is not easy to explain; apparently it is a 
fortuitous result of the particular geometry of the 
tube. At lower pressures the curve bends down- 
ward, and at higher pressures upward. If 
Townsend's equation applied accurately, the log ¢ 
curve of Fig. 2 would be straight if and only if the 
Townsend coefficient a were directly proportional 
to the field intensity. Actually it increases more 
rapidly at low and more slowly at high intensities, 
but since both low and high field regions occur 
in this chamber a compensation effect might be 
proposed. It will be shown, however, that 
Townsend’s equation is not applicable under the 
conditions of Fig. 2, and the theoretical explana- 
tion of the strikingly linear curve obtained near 
this particular pressure would require a knowledge 
of how the electron energy distribution in the 
chamber changes with voltage. 


EXPERIMENTAL RESULTS 
Figures 3 and 4 are typical of the results ob- 


_tained. On the graphs the ratio of total current to 


primary current is plotted against the total 
voltage from the smaller cathode to the anode; 
the curves for the large cathode therefore show 
the ionization resulting when electrons are re- 


160 
TOTAL VOLTAGE 


Fic. 4. Ionization ratio—hi pressures. Solid lines repre- 
sent large cathode; lines represent small cathode. 
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Fic. 5. Measured ionization compared with ionization 
—— from Townsend equation. Applied voltage 
= v. 


leased at a point in the field outside of the region 
where the highest field exists. Ionization ‘by 
collision occurs only when the electrons have 15.4 
volts of energy; when electrons start from the 
large cathode the total voltage must be about 25 
volts before ionization begins. For this reason the 
curves for the smaller cathode always rise first. 

Figure 3 shows that at the lower pressures and 
higher voltages practically as much ionization 
occurs when the electrons start outside of the 
high field region as when they fall through it. 
This is because the electrons, in either case, gain 
enough energy within a short distance from the 
cathode to reach their maximum ionizing effi- 
ciency, and the total ionization then depends 
mainly upon the number of collisions the elec- 
trons make before reaching the anode. Since the 
distance is less than 10 percent greater for the 
small cathode, the extra ionization should not 
exceed this amount. In fact, for the higher 
voltages, electrons coming from the small cathode 
may actually produce less ionization, because the 
ionizing efficiency falls for very high electron 
energies. 

In Fig. 3 it will be noted that the plots have 
a downward curvature. From this it is inferred 
that the ionization is caused principally by 
primary electrons, cumulative ionization being 
prevented by the fact that secondary electrons 
are formed so far out in the weak-field region that 
they seldom gain enough energy and make 
enough collisions to ionize before they reach the 
anode. Harnwell* has shown that when high 
energy electrons ionize, one of the resulting pair 


*G. P. Harnwell, Phys. Rev. 34, 661 (1929). See also 
J. T. Tate and R. R. Palmer, Phys. Rev. 40, 731 (1932). 


Fic. 6. Measured ionization compared with ionization 
—— from Townsend equation. Applied voltage 
=> Vv. 


’ Fic. 7. Measured ionization compared with ionization 
es ag from Townsend equation. Applied voltage 
= Vv. 


of electrons usually has most of the excess energy, 
the other starting with very little. Therefore the 
secondary electrons must gain energy from the 
field before they are able to ionize. At higher 


pressures, as shown in Fig. 4, cumulative ioniza- 


tion occurs and the curves of current against 
voltage bend.upward. At these pressures ioniza- 
tion occurs nearer to the cathode and the 
secondary electrons resulting have a much larger 
probability of forming new ion pairs. 

From Fig. 4 it will also be noted that at the 
higher pressures electrons coming from the small 
cathode are responsible for much more ionization 
than those starting farther out in the field. This 
does not mean that the additional ionization 
occurs in the small region adjacent to the small 
cathode, but rather that the electrons starting 
from the small cathode have more energy and, 
provided they make enough collisions to expend 
their energy, they can form more new ion pairs. 
In Fig. 4 it will be noted that at very high pres- 
sures the ionization falls markedly. This is be- 
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cause at these pressures so many collisions occur 
that much of the electron energy is lost in 
excitation before ionizing begins. The result is 
that the total ionization is much less than at 
lower pressures. 

Figures 5-7 are cross plots from the experi- 
mental data, and show the ratio of total current 
to primary current as a function of pressure for 
certain constant voltages. On these graphs are 
also shown the results of calculating the ioniza- 
tion by the use of Townsend’s i=ige/*4*, These 
calculations were made by a process of numerical 
integration, dividing the field into a number of 
thin cylindrical slabs, taking the Townsend 
coefficient for each slab from the work of Hale, 
and applying Simpson’s rule to find the integral. 
By taking very thin slabs in the part of the field 
which varies rapidly, the accuracy of the compu- 
tation is made equal to the accuracy of the data 
when about ten slabs are used. 

Comparison of the calculated and measured 
ratios on the graphs will show that the agreement 
is not very good for any of the pressures in the 
range of this experiment, and becomes very poor 


- for pressures below 1 mm. Calculations were 


limited by the range of Hale’s data on the 
Townsend coefficient to pressures above about 
0.08 mm for the large cathode and about 0.4 mm 
for the smaller. It will be noted that at the lowest 
pressure for which the calculation can be made, 
on Figs. 6 and 7, the calculated and measured 
curves for the large cathode again approach 
agreement. It should be emphasized that this 
agreement is entirely coincidental ; it occurs when 
the measured curve falls because of the few 
collisions made by the fast electrons before reach- 
ing the anode, whereas the calculated curve 
levels off when Townsend’s coefficient reaches its 
maximum value as a function of X/p. Here it 
must be remembered that Townsend’s coefficient 
can be measured only if the field is uniform and 
long enough to permit the electrons to reach a 
terminal distribution of energies characteristic of 
the field intensity used. Hence the approximate 
agreement shown by the curves for the large 
cathode at about 0.05- or 0.10-mm pressure on 
Figs. 5-7 is entirely fortuitous. 

At the higher pressures, approaching 10 mm in 
this ionization chamber, the number of collisions 
is so great that the distribution of electron 
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energies at any point in the field begins to ap- 


proximate that which would be found in the 


corresponding uniform field. Therefore agreement 
with the calculations should steadily improve as 
the results are carried to higher pressures. Limi- 
tations of this experiment prevented reaching 
pressures high enough to get good agreement, but 
it can be’ stated definitely that good agreement: 
with Townsend-equation results should not be 
expected for conditions which resemble those 
existing in this chamber for pressures less than 
about 10 millimeters of mercury. At this pressure 
16-volt electrons in hydrogen make about 250 
collisions per centimeter path, while the field 
intensity in this chamber changes at a maximum 
rate of about 630 percent per centimeter or about 
2.5 percent per mean free path of electrons just 
able to ionize. Hence this can be used as a rough 
upper limit to the field-intensity variation per- 
missible when Townsend's equation is to be used. 
For this chamber, at this limit, the ratio of total 
current to primary current was about 25 percent 
higher than Townsend's equation would indicate. 
The conclusion is therefore inescapable that 
when the field intensity decreases rapidly rela- 
tively to the length of electronic mean free paths 
all calculations using e/ed= are in error, the 
ionization being much greater than calculated. 
Thus the theories of the glow discharge presented 
by von Engel and Steenbeck’ and by Rogowski® 
among others, in which the field distribution, 
current variation with voltage, length of the dark 
space, and ionization in the dark space, are 
computed in this way are in principle entirely 
wrong. This explains the fact that Druyvesteyn’s 
experiments® failed to show the types of varia- 
tions expected, except for limited regions in 
certain gases. It also explains the apparent failure 
of Meek’s criterion in sparkover theory observed 
by Weissler and confirmed by Fisher.'’® This 
criterion predicates the formation of a pre-spark 
streamer upon a certain density of ionization at a 
particular point in the discharge path. Attempts 
to test the criterion experimentally by calculating 
the ionization and measuring the sparking po- 
Pe. von Engel and M. Steenbeck, Elekirische Gasentla- 


Julius Springer, Berlin, 
34), Vol. II, 1, pp. 68-80. 
Bea Zeits. f. Physik 82, 473 (1933). 
teyn, Physica 5, 875 (1938). 
ys. Rev. 66, 95 


and G. . Weissler, 
(1944). 
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tential in known non-uniform fields will fail if the 
methods used for calculating the ionization are 
faulty. 


DIRECT CALCULATION OF IONIZATION 


The experimental work which has been pre- 
sented shows that the calculation of ionization by 


‘ the use of Townsend’s equation cannot be relied 


upon when the field intensity varies rapidly. The 
reason is that the Townsend coefficient a depends 
upon the distribution of velocities characteristic 
of the field intensity in the uniform field where a 
is measured, and is inapplicable whenever the 
electrons do not have that distribution of veloci- 
ties. Therefore the calculation of the ionization 
in a rapidly-varying field must be directed pri- 
marily at discovering what velocity distribution 
the electrons do have; when this is known the 
resulting ionization can be computed. The prob- 
lem can be attacked as follows: 

Consider a discharge path of the type used in 
this work, consisting of the field between con- 
centric cylinders. Let w be the electron energy, X 
the field intensity, r the distance from the center, 
and i(w,r) the net number of electrons, having 
energies between w and w+dw, which pass a 
hypothetical cylinder of radius r per second. Call 
class A the class of all electrons in a cylindrical 
slab between r and r+dr which have energies 
between w and w+dw and which may therefore 
enter into the current i(w, r+dr). 

Electrons enter class A in four ways: (1) By 


' coming from smaller r. The number of these per 


second is i(w, 7)dw. (2) By acceleration in the 
slab from lower w. The number of these is 
i(w, r)eXdr. (3) By ionizing, where the original 
energy was between w+w; and w+w;+dw. Here 
it is assumed that only the ionizing energy a; is 
lost by the striking electron, and that the new 
electron starts with zero energy. (4) By exciting 
gas molecules, where the original energy was 
between w+w, and w+w,.+dw. If more than one 
kind of excitation is involved, w, will have several 
distinct values. 

Electrons also leave class A in four ways: 
(1) By migration to larger r. The net number of 
these is i(w, r+dr)dw. (2) By acceleration in the 
slab to higher energy. The number accelerated 
out of class A is i(w+dw, r)eXdr. (3) By ionizing, 
falling to the energy w—w;. When ionization 
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occurs, a new electron appears, assumed to have 
energy zero. (4) By exciting, falling to the 
energy w—We. 

In a steady discharge the gain to class A per 
second must equal the loss, making the net loss 
equal to zero. The net loss to migration is 


Li, r+dr) —i(w, 7) = (04/dr)dwdr. 
The net loss to acceleration is 
eX [i(w+dw, r) —i(w, r) dr =eX 


To calculate the net losses due to ionization and 
to excitation, let P; be the probability of ionizing; 
that is, the number of ion pairs formed per unit 
path length per electron. P; will be a function 
only of the energy of the electron. Similarly let P, 
be the probability of excitation ; if more than one 
type of excitation must be considered there will 
be several distinct values of P,. Let g(w, r) be the 
average value of the cosine of the angle between 
the direction of each electron path and the field 
direction ; that is, g(w, r) is the average ratio of 
the component of the path in the field direction to 


the total path, for electrons of class A. Then the . 


average distance traveled by electrons in the slab 
is approximately dr/g, and the number of class A 
electrons which ionize is (P,/g)idwdr, so that the 
net loss to class A by ionization is 


P(w) Pi(wt+wi) | 
g(w) g(w+w,) 
where only the functional variation with w is 
written explicitly, but the functions with the 


exception of P may also vary with r. Similarly 
excitation causes a net loss to class A of 


P e(w) P we) 
- 
g(w) g(w+w.) 
Finally, by equating the net loss from all 
causes to zero, the steady-state equation is found: 


Pw Pio 
g(w) 


P.(w+we) =0. ( 4) 


g(w) 


This equation is subject to the following bound- 
ary conditions: (1) The number of electrons re- 
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Fic. 8. Results of numerical integration of 
the difference equation. 


leased from the cathode per second is io. These 
have a distribution of low energies which in most 
cases can be neglected. (2) In any cylindrical slab 
a number of new electrons, equal to the total 
number of ionizing collisions, start with zero 


velocity. 


Equation (4) is not open to exact solution for 
several reasons. In the first place, it is a combi- 
nation differential-difference equation, and equa- 
tions of this type have only recently been suc- 
cessfully studied" chiefly by the method of 
Laplacian transformation which becomes com- 
plicated when the coefficients are not constant. 
Secondly, not much information is available on 
the physical functions which appear as coeffi- 
cients. The probability of ionization P; can be 
taken from the curves of Compton and Van 
Voorhis” or of Tate and’ Smith ;" the two sets 
agree for low energy electrons. The probability of 
excitation has been measured in a few cases for 
certain gases; for hydrogen it is almost wholly 
unknown. As Brode"“ has pointed out, the proba- 
bility of excitation of a particular state is not 
always the same as the probability that a 
corresponding radiation will be emitted, and data 
from optical experiments are not, therefore, 
applicable even if they were available. The func- 
tion g, representing the average ratio of path in 
the field direction to total path, is very difficult to 
calculate even in uniform fields; it depends upon 


the angles through which colliding electrons are 


"J. Neufeld, Proc. Camb. Phil. Soc. 30, 389 (1934). 
See also A. E. Heins, Am. J. Math. 63, 435 (1941). 
and C. C. Van Voorhis, Phys. Rev. 27, 
ak T. Tate and P. T. Smith, Phys. Rev. 39, 270 
“R, B. Brode, Rev. Mod, Phys. 5, 257 (1933). 


scattered and especially upon how much the 
electron paths after scattering are bent by the 
field. For this reason it is a function of field 
distribution as well as electron energy. For low 
pressures and high fields the ratio is high, par- 
ticularly for high energy electrons which are 
preferentially scattered through angles near zero 
and 180°. For low fields the ratio will approach 
zero, since under pure diffusion conditions as 
many electrons move backward as forward. 
Within the limitations of knowledge of the 
coefficients, however, Eq. (4) can be handled by 
a step-by-step method, in which the range of each 
of the independent variables is divided into small 
intervals and the density of electrons in the 
intervals calculated successively. Under the con- 
ditions of high field intensity and low electron 
density electrons do not gain energy from colli- 
sions; furthermore, in a divergent field most of 
the electrons found at any instant in a given part 
of the field will have come from points nearer the 
cathode rather than from collisions nearer the 
anode followed by backward scattering. There- 
fore if the electron density is calculated in steps 
ranging from the cathode outward and from the 
highest energy downward, the calculations for 
any interval will be affected only by the results 
of calculations which have already been made. 
Calculations of the ratio of total current to 
primary current were made by a step-by-step 
solution of the difference equation for an applied 
voltage of 100 volts and a range of pressures from 
0.01 to 1.28 mm. In these calculations the 
following assumptions were made: (1) The proba- 
bility of ionization was taken from the curves 
Tate and Smith.” (2) For-high energy electrons, 
one-half the energy losses were assumed to be 
caused by ionization ; for energies below 30 volts 
the ratio was changed to one-fourth. The re- 
maining losses were ascribed to excitation and 
subsequent radiation. This assumption is based 
upon the observation that high energy electron 
beams form approximately one new ion pair 
(requiring about 16 electron volts) for each 30 to 
35 volts of energy lost by the beam. Since 
excitation begins at lower energies than does 
ionization, low energy electrons will lose pro- 
portionally more energy to excitation. (3) The 
function g, representing the average value of the 
cosine of the angle between an electron path and 
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' Fic. 9. Location of the ionization, as 
indicated by calculation. 


the field direction, was assumed to be equal to 
cos $4(1—w/w,) in which w is the actual energy of 
the electrons and «a, is the energy they would have 
acquired in falling freely from the cathode. This 
expression is empirical and admittedly open to 
question; it gives the right kind of variation in 
that it does not differ much from unity for high 
energy electrons which have made few collisions, 
but it is not very satisfactory at low energies and 
this may introduce large errors at high pressures. 

In choosing the size of the intervals for a step- 
by-step calculation a compromise must be made 
to avoid excessive labor. In this work the energy 
intervals were taken equal to the ionizing energy 
and the distance intervals equal to the distance 
through which an electron must fall to gain the 
ionizing energy. The actual length of the distance 
intervals is therefore smaller in the high field 
region. 

Figure 8 shows the results obtained by this 
numerical procedure. At high pressures the indi- 
cated currents are too high, in contrast to the 
currents computed from Townsend’s equation 
which, for fields diverging from the cathode, 
gives results which are too low. At low pressures 
the agreement with experiment is as good 
as can be expected from the crude assumptions 
necessary. 

In Fig. 9 is shown the location of the ionization, 
as indicated by the two types of calculation. It 
will be observed that the difference equation 
ascribes most of the ionization to the low field 
region near the anode (corresponding to the 
region of the negative glow in a glow discharge) 
while the Townsend equation places the ioniza- 
tion chiefly in the high field region near the 
cathode (corresponding to the cathode dark space 
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in the glow discharge). Thus even if the total 
ionization were found to be the same by the two 
methods, there is an essential difference in the 
result. The existance of the negative glow in a 
low pressure discharge is itself a strong indication 
of the correctness of the difference-equation 
result, although not absolutely conclusive be- 
cause electrons able to cause radiation of visible 
light need not have enough energy to ionize. A 
conclusive test should be possible by the use of 
auxiliary anodes which could be moved in to 
intercept the electrons at different distances from 
the cathode, the potentials of the various anodes 
being so fixed that the field is not disturbed. 

In Fig. 10 are plotted the energy distributions 
of the electrons for several different pressures, as 
determined from the difference equation. Infor- 
mation on the energy distribution cannot be 
obtained from the Townsend equation, since the 
Townsend coefficient, which expresses the inte- 
grated effect of all the electron energies present, 
cannot be unscrambled. This additional informa- 
tion partly offsets the greatly increased labor 
required to calculate the current from the 
difference equation. It also opens the results of 
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Fic. 10. me distribution of electrons reaching the 
anode, calculated by means of the difference equation. 


the calculations to experimental test by another 
method, since at the low pressures and high fields 
used here it should be possiblé to measure directly 
the energy distribution by retarding-potential 
methods. 

The author owes his thanks to Captain Leonard 
B. Loeb for giving much time to discussion of 
this work while he was on leave from his Uni- 
versity service for active duty in the United 
States Navy. 
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In this paper an equation for the energy distribution of 
electrons in a gas subject to a spatially constant high 
frequency field is obtained. The domain of applicability of 
the equation is limited (a) to situations in which the 


densities of electrons, ions, and excited molecules are very. 


small compared to the density of normal molecules, (b) to 
electron energies such that the elastic collision cross section 
for electron-molecule collisions is large compared to the 
inelastic cross section, (c) to linear dimensions of the 
discharge region large compared to the mean free path for 
elastic collision, and (d) to frequencies of the impressed 
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electric field larger than a certain lower limit determined by 
the pressure, type of gas, and linear dimensions of the 
discharge region. Methods for the solution of the distri- 
bution equation are presented in Section 5; simplified 
examples illustrating these methods are given in Section 7. 
The distribution equation for the d.c. case is also derived 
(Section 6); it agrees with those obtained by other authors. 
A comparison of the high frequency and d.c. distribution 
equations suggests a useful correlation between the two 
cases. 


1. INTRODUCTION 


N the theoretical treatment of high frequency 

gas discharges the problem of determining the 
energy distribution of electrons in a high fre- 
quency field as a function of the field amplitude, 
geometry of the discharge region, and the type 
and pressure of gas, is of fundamental impor- 
tance. The knowledge of the distribution function 
permits us to determine a number of important 
parameters, such as rate of ionization by electron 
collision, electron mobility, rate of diffusion, 
mean electron energy, etc. The purpose of the 


‘present paper is the development of methods for 


calculating the energy distribution of electrons in 
a gas of low ion density under the influence of a 
high frequency a.c. field. Methods of treating the 
d.c. case have been formulated by a number of 
authors.' With the exception of Druyvesteyn and 
Smit, these authors have neglected the effect of in- 
elastic collisions. The derivations of Druyvesteyn 
and Smit are based on a special approach due to 
G. Hertz.? The more standard approach afforded 
by the Boltzmann transport equation was first 
applied to the d.c. problem by Morse, Allis, and 
Lamar, who, however, neglected the effect of 
inelastic collisions. In this paper, we shall employ 
the Boltzmann method both to obtain an equa- 
tion for the high frequency distribution function 


1M. J. Druyvesteyn, Physica 10, 69 (1930); Morse, 
Allis, and Lamar, Phys. Rev. 48, 412 (1935); B B. Davydov, 
Sowjetunion 8, '59 (1935); M. J. Druy- 
ica 3, 65 (1936); J. A. Smit, Physica 3, 543 
(936); Allen, Phys. Rev. $2; 707 (i937) 
G. Hertz, Zeits. f . Physik 32, 298 (1925). 


and to rederive the d.c. equation of Druyvesteyn 
and Smit. 


2. DERIVATION OF THE FUNDAMENTAL 
EQUATION FOR THE DISTRIBUTION 
FUNCTION 


Following the procedure used in the kinetic 
theory of gases and in the statistics of electrons in 
metals, we introduce the function f(vz, vy, v2, 
x, y, 2, t) where f(vz, vy, U2, x, 2, 
denotes the number of electrons contained in a 
six-dimensional volume element around the point 
Vz, Vy, Vs, X, Y, Z in six-dimensional velocity-posi- 
tion space. For the sake of simplicity we take 
our gas-discharge region to be located between 
two infinite plane-parallel electrodes. The direc- 
tion of the electric field is assumed to be per- 
pendicular to the electrodes. For this case 
S(v2, Vy, V2, X, Y, 2, t) is independent of y and z; the 
Boltzmann transport equation then takes the 
form :* 


af/at = — —(aaf/av.) (@f/at)eon- (1) 


In the above equation, a= — Ee/m, where E is, 
in general, a known function of the time—in our 
case E= Ey cos wt—and (0f/dt).on is the rate of 
change of f due to the collisions of electrons with 
electrons, ions, and neutral molecules. Now, for 
sufficiently low ion densities, the density of ex- 
cited molecules will also be small. Hence, we may 


+E. H. Kennard, Kinetic Theory of Gases (McGraw-Hill, 

Book Company, ine. 2 York, 1938), p- 89; A. H. 

ba Theory the Cambridge University Press, 
York, 1936), 
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neglect the collisions of electrons with electrons, 
ions, and excited molecules; the collision processes 
which we shall investigate are thus limited to the 
_ elastic, excitation, and ionization collisions of 
individual electrons with normal gas molecules. 
We now consider the contributions of each of 
these types of collisions to (0f/0t) cou. 


(A) Elastic Collisions 


In this treatment we take into account the 
energy loss of the electrons in elastic collisions 
arising from the finite mass of the gas molecules. 
In the calculation of this energy loss we assume 
the gas molecules to be initially at rest ; the actual 
thermal energy of the molecules is negligible com- 
pared to the mean energy of the electrons, which 
is of the order of volts. With this assumption we 
readily obtain the result* 


AW/W=2(m/M)(1—cos y), (2) 


where AW is the energy loss of an electron of 
energy W,m,and M are the masses of the electron 
and molecule, and y is the angle of deflection of 
the electron. 

Now AW/W=2Av/v' =2(v'—v)/v’, where v’ 
and » are the initial and final velocities of the 


electron. Hence 
v/v’ =1—(m/M)(1—cos (3) 


The expression for (Af/8t)e1 con will now be ob- 
tained. We first calculate the number of elec- 
trons leaving the element dyd V = dv,dv,dv,dxdydz 
located at vz, vy, Uz, X, y, 3 in time dt. This num- 
ber is equal to the number of electrons in 
dydV, f(vz, Vy, Vz, x, t)dVdy, multiplied by the 
probability of an electron leaving the element. 

The probability of an electron in dydV being 
deflected through an angle y into a solid angle dw 
in velocity space, in time dt is 

T(v, dt, dw) = Nogei(v, V)dwdt. (4) 


Here N is the density of gas molecules, 
v=(v,?+0,?+1,*)!, is the velocity of the electron 
before collision, and gei(v, ¥) is the differential 
cross section for elastic scattering. The number of 
electrons in dydV making transitions to dw’ in 
time dt is then equal to fdydVT(v, ¥, dw’, dt) 
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= Nvgei(, v)fdydw'dt. Hence, the total exodus of 


electrons from dyd V in time dt is 
Nofdyd Vat f v)du’. (5) 


In order to obtain the number of electrons 
entering dydV in time dt from other elements 
dy'dV, we proceed to calculate the probability 
that an electron in dy’dV is scattered into dydV 
in time dt. We suppose that the solid angle 
subtended by dy at the origin of our velocity 
coordinate system is dw. The probability that an 
electron in dy’ will be scattered into the solid 
angle dw, in time dt, is given by 


T(v’, y, dt, dw) )dwdt, 


where v’ is the magnitude of the velocity vector 
from the origin to the center of dy’. Whether this 
electron will possess a speed between v and v+dp, 
appropriate to the element dy depends upon the 
location of dy’, since the conservation law (3) 
must be satisfied. Conservation restrictions can 
be incorporated rather conveniently into the 
transition probabilities by introduction of the 
Dirac delta-function, 5(x). This function has the 
following properties: 


5(x)=0 for (6a) 


+b 
f for and } positive. . (Gl 


From this definition we see that the function 
possesses an integrable infinity at x=0. As a 
consequence of the definition we have, if f(x) is 
any continuous, well-behaved function : 


f or zero, (6c) 


depending on whether or not the domain of 
integration includes x». 

The general type of conservation restriction 
which we shall consider may be written as 
v=g(v',¥); (3) is a particular example of this 
form. The probability that an electron in dy’ with 
velocity v’ makes a transition in time dt to the 
element dy, defined by a definite speed range 
between v and v+dy, as well as by the solid angle 
dw, is, then, 


T(v’, v, dt, dv, dw) = Nv’ gei(v’, y))dv, (7) 
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HIGH FREQUENCY GAS DISCHARGES 


We employ (7) to obtain the population of dydV in time dt due to transitions from all the other 
elements dy'dV. This result is easily seen to be 


7 


With the aid of relations dy =v?/dwdv, dy’ =v'*/dw'dv’ (where dw and dw’ are the solid angles subtended 
by dy and dy’ at the origin of the coordinate system in velocity space) and (6c), this expression may 
be transformed into 


dtdydV f flve!, vy’, =, t)(0! (8) 


where v’ is now determined from v and y by the relation v=g(v’, y). 
In the case which we are treating, v=v'(1—(m/M)(1—cos and dg/dv' =dv/dv' = v/v’, so that the 
population term may be written as 


didydV f flvz', vy’, x, (9) 


- The law of particle conservation now gives (Of/8t)e1 co1dyd Vdt = the difference between (9) and (5), or 


(Of/dt) ei con = No 


Che’, ¢’, v’, x, t) (v'/v) *gal¥, v’) U, x, t)gal¥, v) |dw’. (10) 


In the above expression, we have introduced polar coordinates, 6’, ¢’, v’, 6, y, v, in place of the 
cartesian coordinates, v,, Vy, Uz, Vz’, Vy’, Vs’, With the polar axis parallel to the v axis; i.e., parallel to the 
field direction. 

The v’ which appears in (10) is actually quite close to v (cf. Eq. (3)). We may therefore approximate 
functions of v’ by a Taylor expansion around », keeping only first-order terms. Thus 


+(m/M)(1 — COs v, x, v) J+ 


Hence, (10) may be approximated by 


et con = Nv 


Che’, v, t) —f (8, v, x, t) Jaal¥, v) dw’ 


(B) Inelastic Scattering 


The derivation of (8/82) ia co proceeds along similar lines ; the essential difference.is in the conserva- 
tion law. For this case 


(12) 


where » is the threshold velocity for excitation of the particular excitation level under consideration. 
The quantity g/dv which occurs in (8) is now given by dh/dv=00/dv' =v'/v, so that 


(8f/8t) in con = No 


C(O’, x, 0”) —F(8, 9, v, x, 0) (13) 


In this expression ga(¥, v) is the differential cross section for the excitation of the level h, 5°, denotes 
a summation over all the excitation levels, and for each term v’ is determined by (12). Because of the 


370 T. HOLSTEIN 


generally large difference between v’ and v for excitation levels, the Taylor expansion by which we 
obtained (11) from (10) is inapplicable to this case. 


(C) Ionization Collisions 


The expression for (Af/8t) ion cou will not be given here; in a later section we will obtain it by a 
suitable generalization of the inelastic collision term. 
Inserting the expressions (11) and (13) for (2f/ con and com into the general Boltzmann 


Eq. (1), we have 


af/at= —(v.df/ax) 


Che’, ¢’, x) x, t) v)dw’ 


+(No/v*)(m/M)(d/dv) f (1—cos v)v*f(0’, 9’, v, x, t)dw’ 


+X Nov 


3. SIMPLIFICATION OF THE FUNDAMENTAL 
EQUATION 


Equation (14) is an integro-differential equa- 
tion in the independent variables #, x, v, 0, and ¢. 
This equation is very difficult to handle; in fact, 
we do not at present know of any method which 


_ will give exact solutions. However, it is possible, 


under certain conditions, to eliminate the angle 
variables and thereby obtain an equation which, 
though approximate, is-much easier to handle. 
This method, which we shall employ, was first 
introduced by Lorentz in connection with the 
electron theory of metallic conduction.‘ It has 


| been applied to the study of electrons in gases by 


Morse, Allis, and Lamar, and Davydov.'! The 


_ basis of it is that, for sufficiently small applied 
_ electric field, E, and diffusion gradient, af/dx, the 
_ distribution function, f, is almost spherically 
_ symmetrical in velocity space. Therefore, the 


rigorous expansion of f(v, 6, yg, x) in spherical 


_ harmonics may be replaced by the first few 


terms of this expansion. Since (14) exhibits 


_ symmetry about the x axis (direction of field and 


diffusion gradient), f may be assumed independent 
of yg. The exact expansion of f in spherical har- 


_ monics then takes the form 


F(x, 0, 6, fa(x, v, t)Pn(cos 0). (15) 


n=0 


The Lorentz approximation neglects all terms 


4H. A. Lorentz, Theory of Electrons (B. G. Teubner, 
Leipzig, 1916), p. 372. a 


Ch(@’, v’, x, t) v’) — Y, X, v) + (8 f/8t) ion coll- (14) 


except the first two, i.e., 
f(x, v, 0, t) =fo(x, v, t)+cos Of: (x, v, t). (16) 


The applicability of this approximation to our 
problem cannot be decided a priori. However, in 
the cases which have been treated, i.e., steady- 
state distributions in d.c. and a.c. fields, we have 
been able to use a method of @ posteriori justifi- 
cation. The method consists of comparing the 


.results obtained by use of the next higher ap- 


proximation, f(x, v, 0, t) ~fo(x, v, t)+-cos Of1(x, t) 
+(1/2)(3 cos? @—1)f2(x, v, t) with those obtained 
from (16). It has been found, for a number of 
specific cases, that the higher-order corrections to 
(16) have negligible effect except in a small, 
generally unimportant region in the neighborhood 
of the origin in v space, provided that 


(a) f (1—cos 
> f v)dw, (17a) 


> f (17b) 


(c) Distance between timudetinne free path 
(as given below by (20a) and (30’)), where 
ion(, ¥) is the differential cross section for ioniza- 
tion. The integrals on the right-hand sides of 


ch we 


bya 


(17a) 


HIGH FREQUENCY GAS DISCHARGES 371 


(17a) and (17b) are the total cross sections for 
excitation and ionization, respectively. The 
integral on the left-hand side of both se 
has been called the “diffusion cross section,” 
contrasted with the total elastic collision cross 
section Sugei(y, v)dw. As will be seen later, it is 
the diffusion cross section which represents the 
contribution of elastic scattering to the diffusion 
of electrons in position and velocity space. 
Equations (17a) and (17b) thus restrict the 
treatment to cases where the diffusion cross 
section is much larger than the total inelastic 
cross section. 

We now consider the result of inserting (16) 
into (14). The most characteristic feature is that 
the third term, representing that partof (0f/8t)e1 cou 
which neglects the energy loss due to the recoil of 
the molecule, is proportional to f,; i.e., the terms 
proportional to fo just cancel each other. This 
feature has a simple physical interpretation: a 
scattering process which does not change the 


kinetic energy of the electrons will not affect a 
spherically symmetrical distribution. Its effect on 
an asymmetrical distribution is to decrease the 
asymmetry; hence the proportionality to fi, 
which is a measure of the asymmetry. 

In writing down the other collision terms we 
shall neglect the f; terms. This is permissible, in 
view of (17a) and (17b). We are not allowed to 
discard the inelastic-collision and recoil terms 
entirely, since without them we would be neg- 
lecting the important effect of collision energy 
loss. We may regard the elastic collision term as 
being responsible for the major change in the 
average drift velocity (which, as is easily seen, is 
proportional to f:); the other terms have a 
relatively small effect on the drift velocity but 
represent the total effect of energy loss in 
collisions. 

In view of these remarks, we may write the 
result of inserting (16) into (14) as: 


(8/at)(fot+cos = —v2(9/dx)(fotfi cos 6) fi cos 8) 


[cos 6 —cos 2) filo, x)dw’ 


+X No 


Equations for dfo/dt and df;/dt are obtained by 
multiplication of (18) with }a and 3 cos 6/4x, and 
integration over the total solid angle. The 
evaluation of all but the collision terms is 


‘straightforward. In the evaluation of the collision 


terms, we find it useful to express the solid angle 
dw’ in terms of polar coordinates referred to an 
axis parallel to the velocity vector v, whose 
coordinates are v, 6, gy. In this system, the 
scattering angle y becomes the polar angle. We 
also introduce an azimuthal angle, v, referred to 
an axis perpendicular to v but otherwise arbi- 
trary. Then 

dw’ = sin ydydr. (19a) 


Figure 1 illustrates the geometry of the various 
angles introduced. The vector v, inclined at an 
angle @ to the field direction, which we denote by 


Cfo(v’, —folv, v) Jdw’+(Af/dt)ion con. (18) 


a unit vector k, forms one of a triple set of 
mutually perpendicular vectors; the other two 
are vXk, and vX(kXv), with magnitudes » sin @ 
and v? sin 6, respectively. The zero of » is taken 
parallel to vX (k Xv). We introduce the vector v’ 
whose polar coordinates with respect to k are 
v, 0’, g’. Resolving this vector along the directions 
of v, (vXk), and vX(kXv), we have 


v’ =v cos ¥+(v sin y sin v)(vXk/v sin @) 
+(v sin cos v)(vX (kXv)/v? sin 6). 
Hence: 


cos «= = cos ¢ 
+sin @sinycos». (19b) 
With the aid of (19a) and (19b) the integrals 


involving the collision terms are readily obtained. 
Introducing the elastic and excitation ‘‘collision 
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Of,/dt = — (vdfo/Ax) — (22) 


In (21) we recall that v’ is different for each 
excitation level; for the h’th level v’ is given by 
(12); i.e., v’ =(v?+,”)!. 

We now assume that 


(1/fo) (23) 


This assumption is certainly true for the steady- 
state distribution in a d.c. field. For steady-state 
distributions in a.c. fields, order of magnitude 
estimates of df/dt, obtained from (25), immedi. 
ately below, indicate that (23) holds good 
whenever the Lorentz approximation, (16), is 
valid ; i.e., when (17a), (17b), and (17c) prevail. 


Fic. 1. Vector diagram for elastic collisions. (17a) and (17b) are equivalent to 1/7.>1/n; 
1/7 >1/Tion- 
times” defined by Assumption (23) permits us to consider fy time- 
. independent in the integration of (22). Taking 
(7.)-1=24Nv J (1—cosy) sin ¥galy,v)dy, (20a) cognizance of the sinusoidal time dependence of 
0 a, we obtain 

| sin v)dy, (20b) fi= wt-++wr, sin wt) 
0 o/ dv) / (1 +w?r,*) (24) 
we obtain the two equations as the steady-state solution. The most general 


solution contains an additional term of the form 
const. exp (—¢/r.), where the constant is de- 


Ofo/dt = — (v/3)(Afr/dx) — (v*fi) 


+v~*(m/M)(d/dv) (v* fo/ te) termined by the initial value of f; at t=0; since 
the term decays exponentially in a time of the 
order of we need not consider it further. 


—(fo(v)/ra(v)) ]+(Afo/At)ion- (21) Inserting (24) into (21), we find 


Ofo/dt = (v/3)(0/dx) [v7.8 fo/Ax+ao7.(cos wt+wr, sin wt) (A fo/dv)/(1+w*r.?) ] 
+ (do cos wt /3v*) (8/0) {v*[ (07.8 fo/Ax) +ao7-(cos wt-+wr, sin wt) 
(v* fo/ te) + — (25) 
This equation can be simplified provided that 
(1/fo) ; (26) 


as in the case of (23), the magnitude of df)/dt may be estimated from (25) ; for steady-state distri- 
butions, such estimates indicate that (26) is valid provided that 


(a) (27a) 
(b) w>1/rion, (27b) 
(c) w>>v/electrode spacing. (27c) 


The applicability of (27a), (27b), and (27c) characterizes the high frequency gas discharge. 
To effect the simplification of (25) we integrate this equation over a cycle. Since (26) permits us to 
‘consider fo time-independent in this interval, the time variation of the various terms in (25) can be 
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considered as known. Performing the integration, we obtain - 
folt-+2x/w) — fo(t) = { (0? fo/dx*) + (ao?/6v*) (8/dv) (Ofo/ a0) 
+0-*(m/M) (8/80) (v* + Xin (folv’)/ra(v’)) — fo(v)/ra(v) J+ ion}, (28) 


where fo in the bracketed expression is the value of fo at ¢. 

Since, by (26), the time variation of fo within a cycle is small, we shall be interested only in varia- 
tions which take place over a number of cycles. Such variations are adequately described by (28) ; in 
fact, this equation determines f at all times ¢, =¢+(2xn/w) in terms of f(x, v, t). Hence, (28), may be 


used instead of (25). 
Furthermore, from the standpoint of determining the variation of fo over a number of cycles, we 


may replace (28) by the following more tractable equation : 
Afo/dt = fo/Ax*) + (ao*/6v*) (9/dv)[ (A fo/dv) 

+0-*(m/M)(8/dv) (v*fo/ te) + Ln — foo) ]) + ion. (29) 
Subject to (26), this equation is equivalent to (28), since the latter may be obtained from it by 
integration over a cycle. We shall therefore replace (28), and hence (25), by (29). 


We shall find it convenient to transform to the variable u=v*. We observe that, apart from the 
constant factor of m/2, the variable u is essentially the electron energy. In terms of u, (29) reads: 


utd = (2/3)a0*(d/du)[ (ure) (1+ 
+n) un) ]—uf(u)/da(u) } ion + (30) 


where u, =? =(2/m) (excitation energy), 
(30’) 


and the subscript has been dropped from f. In what follows, we shall use the term “energy”’ for the 
variable, u. 

At this point we employ a simple kinematic approach to derive the expression for u4(Af/dt) ion. We 
introduce the quantity du’/r,(u, u’) =utdu'/d,(u, u’) to denote the probability per unit time of an 
electron with energy u making an ionizing collision such that an electron (scattered or ejected) is 
thrown into the energy range between wu’ and u’+du’. If u; denotes the energy of ionization of the 
molecule, the law of conservation of energy tells us that an electron in the range between u—u;—w’ 
and u—u,;—u’—du’ will appear simultaneously. In terms of the definition of the probability, we have 


utdu’/d,(u, u’) u—u;—u’). (31) 
The probability per unit time that the electron of energy u will suffer an ionizing collision of any type 
is given by 
(u—ui)/2 
0 


We note that the integration region covers only half of the permissible range ; since, for every electron 
emitted in the range of integration, another electron is emitted in the range between (u—wu,)/2 and 
u—4u;, extension of the integration limit to 1—u,; would merely count the same event twice. 

The rate of ionizing collisions per unit volume causing electrons to leave the range between u and 


u+du is 
(whf(u)du) =m f du’ /d4(u, 
0 


The rate of ionizing collisions per unit volume whereby electrons of energy between u’ and u’+du 
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enter ne the range between u and u+du is equal to 
duu’) u)) = u'f(u’)dudu’ /d<(u’, u) ; 


since all electrons of energies greater than u+-u; contribute to the population of the range between y 
and u+du, we have for the rate of increase per unit volume of electrons in this range the expression: 


du [u’ f(u’)/ds(u’, u) Jdu’. 


utui 


Combining this term with the depopulation term gives us ,the total per unit volume. Thus* 
(u—ui)/2 
u*(0f/dt) ion = f [u’ f(u’)/di(u’, u) —uf(u) f Ag u’)du’. (32) 
Sutui 0 


Inserting (32) into (30), we obtain 
utaf/at=L(f), (33) 


where L(f) denotes the linear operation 
L(f) = (2a0?/3)(8/du)[ (1 


utus 
/2 
0 


4. STEADY-STATE SOLUTIONS OF (33) 


Under the condition that do is time independent, the distribution function f(u, x, t) may be written 
as a product, g(u, x)e*‘, where g and 8 satisfy the equation 


= L(g) (34) 

with 6 a constant to be determined by the boundary conditions. These conditions are: 
(a) gis finite at and for u- (35a) 
(b) g=0 at the electrode surfaces. (35b) 


The first condition is obvious. The second is one conventionally employed in diffusion theory to 
describe the effect of an absorbing surface; it constitutes a good approximation provided that the 
mean free path, \., is small compared to the spacing of the electrodes. 

Now, on physical grounds, we expect that the energy loss associated with excitation and ionization 
will prevent the average electron from gaining energy indefinitely; this means that 


g-0 as u-~. (35) 


If L were a differential operator in u and x, the eigenvalues of (34) would constitute a discrete, 
denumerably infinite sequence. We shall assume that this is so for the actual L. 

With regard to the magnitude of the 6’s, the physical features of the problem bring us to the 
conclusion that the eigenvalues have an upper limit, 8o; if this were not so, the rate of multiplication 


* This is true provided that ionizing electron collision is the sole agency of ionization. It is known that in gas mixtures 
such as neon-argon, collisions of metastable neon atoms with normal argon atoms may result in ionization of the latter 
Kruithoff and Druyvesteyn, reference 9). In addition, Arnot and McEwen (Proc. Roy. Soc. 166, 543 (1938); 171, 106 
1939)) have observed ionization in helium & arising from the collision of a metastable with a normal atom to form the 
helium molecular ion. (The work of Arnot and McEwen was pointed out to me most kindly by Professor Henry Margenau in 
a private communication.) In the present paper, these processes will not be taken into account; the treatment is thus 
limited to pure gases which do not form ionic complexes. 
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of electrons would be infinitely large. We may therefore arrange the §’s in a series of decreasing 
algebraic magnitude: 8o>8:>8:>--->8,. With each eigenvalue is associated one or more eigen- 
functions g,,(u, x). (Since there is no essential degeneracy of the L operator, we assume that accidental 
degeneracy is not present ; then, to each eigenvalue there will correspond only one eigenfunction.) The 
most general solution of (33) may then be written: 


f(u, x, t) => n(u, x) exp (B.t), (36) 


where C, are constants. The special importance of the eigenvalue 8» and the associated function, go, 
is that, regardless of the initial distribution, the distribution after a sufficiently long time is repre- 


sented by: 
f=const. go(u, x) exp (Bol). (37) 


An important corollary of (37) is that go(u, x) is positive definite ; otherwise, as ‘> ~, f, itself, would 
not be positive definite and, hence, could not represent a distribution function. The property of 
positive definiteness does not necessarily hold for the solutions associated with eigenvalues other 
than Bo. 

In what follows we shall be interested only in go(u, x), which from the above, is the equilibrium 
distribution. Substituting a product solution of the form go(u, x) =f(u) cos ux, we find that boundary 
condition (35b) is satisfied if 4=(2n+1)x/d, where d is the electrode spacing and where the origin 
x=0, is midway between the electrodes. The requirement of positive definiteness excludes. all n’s 


except »=0, as well as solutions of the form f(u) sin ux. We thus have go(u, x) =f(u) cos rx/d, where 


f(u) satisfies the equation 
udBof = (2/3) (ac?A/du)[ (1 f/du ]+ inelastic collision terms—(ud.,/ 3)(a/d)? 'f. (38) 


The last term represents the loss of electrons due to diffusion to the electrode plates. A known 
feature of this type of loss is proportionality to d~*. In general, the distribution function in energy 
space, f(u), will be a function of the electrode spacing through the last term of (38) ; we shall, however, 
for most applications be interested in the case that d is large enough so that this term is a negligible 
perturbation of (38). The distribution function will then be independent of the electrode spacing. 
The equation for f, with neglect of the diffusion term, reads: 


f = (2ao*/3)(8/du)[ (1 f/du 


(u—ui)/2 
+ f u’ u)du’ —uf(u) f u’)du’, (39) 
utui 0 
where the subscript of 8 has been dropped. 

We shall now show that the rate of ionization in the steady state is given by 8. This may be seen 
most simply by observing the time dependence of the distribution function f(u, x, t) =cos (rx/d)f(u)e**. 
This dependence indicates that, whereas the distribution of electrons in the u, x space is constant, 
the actual number of electrons increases uniformly at a rate df/dt=8f. The only physical source of 
this uniform increase is ionization ; hence, 8 is the rate of ionization in the steady state. 

We may demonstrate this property of the eigenvalue most directly by obtaining an explicit ex- 
pression for 8 in terms of the distribution function and the fundamental collision parameter of the 
ionization process, \;(u, u’). To do this we integrate both sides of (39) with respect to u over the whole 
range from zero to infinity. On the left-hand side we obtain . 


B f ud f(u)du. (40) 
0 
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The. corresponding integrals obtained from the right-hand side of (39) can be reduced, by means of 
‘standard procedures involving changes of integration variables and of orders of integration of double 
integrals, to the single term 
(41) 
ui 
Hence, 


p= / J (42) 


Now the number of electrons per unit volume in the energy range between u and u+du, n(u)du, is 
given by n(u)du=e* cos (xx/d)u'f(u). (42) may thus be written as 


p= f Nion*(u)du / J n(u)du = f Tion*(u)du / J n(u)du, (43) 


where Tion™!(u%) = u!Xion~'(u) is the probability per unit time that an electron of energy u makes an 
ionizing collision. The integral in the numerator thus represents the number of ionizing collisions per 
unit volume per unit time; since the integral in the denominator is equal to the total number of 
electrons per unit volume, 8 gives the average rate of ionization per unit electron. 


5. APPROXIMATION FOR LOW FIELD 


In general, expression (42) is not particularly useful for the calculation of 8, since f(u) is the solution 
of a linear operator equation involving the unknown £ itself. In the special case of a low field we may 
expect, on physical grounds, that the energy loss associated with excitation collisions prevents the 
vast majority of electrons from penetrating very far into the ionizing region of u space; in the im- 
mediate neighborhood of u;, Nion(u)<K 2/4 Ax*(u). Under these conditions the ionization terms of (39) 
may be neglected. Also, uf, to a first approximation, is negligible. We thus have approximately, 


0 = f/du 
[(u+un) —uf(u)a(u)] (44) 


and 8, as given by (42), is calculable, once f(u) has been obtained by solution of (44). 

The gases to which the theory of this paper will be applied (in later papers) are the three light 
noble gases—He, Ne, and A. These substances all have the characteristic that the energy difference 
between the ionization potential, u;, and the first excitation potential, :, is much smaller than the 
magnitude of the latter relative to the ground state. This feature is demonstrated in Table I.5 
Since for low fields f(u) is already small enough to permit neglect of ionization, f(2u;) is a fortiori 
negligible. This means that, in solving (44) in the region u>u,, we may neglect the terms 
Thus, in the region of (44) assumes the form: 


O = (ured f/Ou) + (45) 
where \¢x~?(u) =, n~(u) is the number of excitation collisions which an electron makes in 1 cm 


a B. Loeb, Fundamental Processes of Electrical Discharge in Gases (John Wiley and Sons, Inc., New York, 1939), 
p. 
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TABLE I. 
Gas 1st exc. potential Ion. potential . : 
He 19.75 ev 24.48 
Ne 16.60 21.47 
A 11.57 15.69 
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of motion; it has been determined for He, Ne, and A by Maier-Leibnitz.* The elastic mean free 
th, d., for these gases may be taken from measurements of Ramsauer and Kollath.’ The determina- 
tion of f(u) in the region «>, is thus reduced to the solution of a second-order homogeneous differ- 


ential equation. 
In the region “<1, Aex~*(u) =0; hence, (44) reduces to 


0 = 

(46) 
In this equation f(u+u,) is obtained from (45) and may hence be considered as a known function 
of (u). A first integration gives: 

+ (2m/M)(u*f/r.) = — ou), (47) 


where 
o(u) = f (uta) flat (48) 
0 


In (48) the constant of integration has been chosen so that at u=0 the regularity condition (35a) 


is obeyed. 
The integration of (47) may be achieved by the introduction of the solution, fo(u), of the associ- 


ated homogeneous equation, 
fo/du) =0. 


By standard methods one obtains, for u<u; 


fla) = (lo) + f haw’) |, (49) 


where f(u:) is the value of f(u) at wu; as determined by solution of (47). The constant of integration, 
f(ux)/fo(u1), has been chosen so that f(u) is continuous at u;. The first derivative, 0f/du, is actually 
discontinuous at 4. It can easily be shown that this discontinuity arises from the neglect of the 
population term of (44) ; hence the error involved in the inclusion of this discontinuity is of the same 
order as that involved in going from (44) to (45). 

We now consider the evaluation of (49). This evaluation is contingent upon the knowledge of g(x), 
which, as given by (48), is a function of the individual excitation cross sections. In the experimental 
data which are available to us on absolute excitation cross sections,* only \ex~!(u) = >, Ax" (u) may 
be considered as being determined to any degree of precision. The accurate determination of ¢(u) 
must therefore await further experimentation or utilization of the data on relative excitation cross 
sections as obtained by optical methods.® 

In our calculations, we have found it feasible to evaluate g(u) in terms of \.x(«) for the two limiting 
hypothetical cases: (a) Electrons making excitation collisions lose all of their energy. (b) Electrons 
making excitation collisions lose an amount of energy u:—the excitation energy of the first level. 
The actual case, wherein electrons making excitation collisions lose energy varying from 1; to u is 
obviously contained within these two limits. Hence, if g(u), f(u), and 8 are calculated for these two 
limiting cases, we shall obtain a measure of the uncertainty in these quantities arising from a lack 
of knowledge of the excitation cross sections of the individual levels. Illustrations of this procedure 


are presented in Section 7. 


*H. Maier-Leibnitz, Zeits. f. Ph 95, 499 (1935). 
7C. Ramsauer and R. Kollath, Ann. d. Physik 12, 529 (1932). 
°C. F. W. Hanle, Zeits. f. Physik 56, 94 (1929); 0. Thieme, Zeits. f. ts a se (1932). 


ns of | 
ouble 
(41) q 
(42) | 
an 
per 
r of 
tion 
nay | 
the 
im- 
39) 
44) 
ght 
nce | 
the 7 
1.5 
ms 
t5) 
re 
9), 
— > 


T. HOLSTEIN 


6. RELATIONSHIP BETWEEN ENERGY DISTRIBUTIONS IN ac. AND d.c. FIELDS 


Because of the circumstance that there are, at present, no experimental data on energy dis- 
tributions in a.c. fields, as compared to rather extensive information on distributions in d.c. fields, 
it is highly desirable to establish a theoretical connection between the two cases. The experiments 
on d.c. fields measure, among other quantities, electron mobility and Townsend’s first coefficient, a; 
the latter is defined by the equation 


di/dx = at, (50) 


where # is the electron drift current, and the x axis, as before, is parallel to the field direction. i is 
given by 
t=(v.)p (S1) 

where (v,) and p are the drift velocity and positional density, respectively. In order for a and (vz) to be 
independent of x, the distribution in energy space must likewise be independent of x. We observe, 
in passing, that the x dependence of i and p is 1=1ie**, p= poe™*, respectively. 

To establish the connection between a and the time rate of ionization per electron, which as before, 
we denote by the symbol 8, we proceed as follows. vom the emaratan law of particles we have 
di/dx =8p, which, from (51), gives di/dx =Bi/{v.), or 


a=B/(v2). (52) 


Thus, a calculation of 8 and the drift velocity (v-) determines a. Now, both 8 and (v,) can be obtained 
if the energy distribution function is known. Calculations of d.c. distribution functions have been 


carried out by a number of authors; the only treatments which take into account the effect of — 


inelastic collisions are those of Druyvesteyn and Smit.! The equation which they both obtain, by an 
analysis which is rather different from ours, is nevertheless quite similar. Because of the desirability 
of establishing as close a parallel as possible between the d.c. and the a.c. cases, we shall rederive the 
d.c. equation of Druyvesteyn and Smit using the method of this paper. 

Going back to Eqs. (21) and (22), which were derived without any assumption as to the time 
dependence of a, we find for the stationary state distribution function in a d.c. field: 


0= —(v/3) (of 1/ 8x) — (a/3v*) (8/dv) M) (8/dv) (v* fo/ 7.) 
(v/v) — (folv)/ra(v)) J+ (Afo/At)ion, (21’) 
0 = —v0fo/dx —adfo/dv—fi/Te. (22’) 


Inserting the value of f; in terms of fo, as determind by (22’), into (21’), mn transforming to the 
energy variable, u=v", we obtain ‘ 


0 = (ud./3) (d*fo/dx*) + (2/3) (ad/dx)[ (urd fo/du) + 
+ fo/du) + (2m/M)(A/du) (u*fo/r.) 


In this equation “(0 f/dt) ion is given by (32). 
We now look for solutions which give energy distributions independent of x; i.e., fo(u, x) = f(u)n(x); : 
taking (x) =moe**, we obtain the following equation for f(u) and the constant, a 


0 = (ud./3)(a*f) + (0/du)(uref) ]+ (4a*/3)(3/du) f/du) 
+ Lal (u+ un) f(u on) — Uf (54) 


It is instructive to rederive (52) directly from (54). To do this we merely integrate (54) over the 
total u range. As in the. derivation of (42), the recoil and excitation terms, as well as some of the 


| 
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- terms, drop out and we obtain 
f (ud./3)f(u)du+ (aa) f (2ud./3)(Of/du)du+ f (55) 
0 0 


The first two integrals may be expressed in terms of (vz). We observe that. 


=| f f (0.1/0 fd doe /f j f / f 


If we transform from v to u in (22’), we obtain | 
fi=—(ded fo/dx) — (20.8 fo/ Au). 


Since, for the case at hand, Ofo/dx =afo, we have, omitting e** from numerator and denominator, 


Introducing (56) and (42) into (55), we obtain (52). 
In the case of low d.c. fields, an important simplification of (54) may be achieved. Namely, 
u*(Af/dt) ion and a will be small, so that this equation may be approximated by 


0= + 


Referring to Eq. (44) for the a.c. distribution function, we notice that for w*A,?/u,&1 this reduces to 
a form similar to that of (54’); in fact, the two equations are identical if we replace a* by a,*/2. 
Thus, the distribution function associated with an a.c. field of amplitude Ep is, in the limit w*A?/u:<1, 
identical with the distribution function associated with a d.c. field E=E,/v2. 

D.c. distribution functions obtained by solution of (54’) may be used to calculate two experi- 
mentally observable quantities; the drift velocity (v.), and Townsend’s a. Comparison of the results 
with experiment should provide a check of the theory.* On the other hand, once the theory has been 
verified, we may use existing data on (vz) and a to obtain 8 by means of (52), at least for the case 


wr2/u,<K1. 


7. ILLUSTRATIVE EXAMPLES 


features of the distribution function, we shall 
solve (44) for a specially simple model. We 
assume 


The solution of (44) for actual gases does not 
possess a simple universal form due to the cir- 
cumstance that the energy dependence of colli- (4) The elastic collision cross section is inde- 
sion cross sections varies considerably from gas pendent of the energy: A.(u) =A. 
to gas. In order to gain an insight into the general (2) The total excitation cross section is zero for 
u<u; and constant for u>w: Nex 


* The only such comparison for a pure was that of 
Physica, = (K/A)S(u—u), where 


Druyvesteyn for the case of neon, 3, 65 (1936). 
The calculation does not extend to values of E/p lower 
than 5; furthermore, both the energy dependence and 
numerical value of the elastic collision mean free path are 


incorrect (cf. reference 7). A comparison of theory and ex- 
eet for neon contaminated by small amounts of argon 

been carried out by Kruithoff and Druyvesteyn, Physica 
4, 450 (1937). In this case the important mechanism of 
ionization is the collision of metastable neon atoms with 
normal argon atoms resulting in the ionization of the latter. 


S(u) = f 


is the well-known step-function. In accordance 
with the last paragraph of Section 5, we con- 
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sider two limiting cases of energy loss in inelastic 

collisions. 

(a) Electrons lose all of their energy in inelastic 
collisions. 

(b) Electrons lose energy equal to the excitation 
energy of the first level, ~;, in inelastic 
collisions. 

In the first case, we must replace the term 

Lia (u-turn) futur)" (ut+ur) by 


in the second case by (u-+11) 
Introducing the above expressions for the cross 
sections into (44), and employing the following 
notations: 


(doA/u1)(2/3K)4(1+ 


we obtain the two limiting equations: 


1+ (w*A?/u;) 
+ (w?A?/u 2) 
+(2my?/MK) (0/02) (2*f) 


+r] 50) f (57a) 


+7*[(2+1) f(2+1) —S(z—1)zf(z)]. (57b) 


We shall now treat these equations for a number 
of special cases: 

(1) The frequency of the applied field is small 
compared to the mean rate of elasticcollision, 
and the recoil energy loss in elastic collisions is neg- 
ligible. Mathematically, this means w*A?/u:<1 
and 2my*?/MK<1 so that (57a) and (57b) re- 
duce to 


0 = 
1 
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0 = (9/d2) (20 f/d2) 
(S8b) 


_ In line with the approximations of Section § 
(small fields), we discard the population term 
in both (58a) and (58b) in the region z>1. Thus, 
for z>1, we have 


0 = (0/02) (2d f/dz) —y’2f(z) (59) 
of which the solution is: 
f=Ko(y2)/Ko(y), (60) 


where Ko(x) is the second modified Bessel Func- 
tion of zeroth order; in (60) the normalization 
constant is chosen so that f=1 at z=1. For 
small fields, y>1, and the Bessel function may 


be replaced by its asymptotic form: 
(61) 


For the region z<1, we first treat (58b). We 
have, by a first integration : 


0 
z+1 
f sf(s)ds, 


1 


Now, integration of (59) yields 
(s-+1) f sf(e)ds. 


Hence, for z=1, 
20f/d2= (62) 


which, by (61) may be replaced by the approxi- 
mate relation 


20 f/d2= — (y+ (1/2)) 
[1 —(s+1)e (63b) 


This result may also be obtained by differentia- 
tion of (60) and substitution of the asymptotic 
expressions for Ko(x) and K,(x). 

To obtain f, we perform a straightforward 
integration, determining the constant of integra- 
tion by requiring continuity of f at z=1. The 
result is 


f=1+(y+(1/2)) [log (1/2) 
+ Ei(—(y+27)2) —Ei(—(y+27))] 
+exp [—(y+2—) ]—exp [—(y+27)s]. (64b) 


co 


f(z)ds. 


\dz. 


(62) 


proxi- 


(63b) 
entia- 
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The integration of (58a) is achieved by the 
same approach. A first integration gives 


1 


integration of (59) gives 


= —df/d2)1, 
1 


so that 
20f/ds= —(y+2-) (63a) 
and 


f=14+(y+2-) log (1/2). (64a) 


(64a), as contrasted with (64b), becomes loga- 
rithmically infinite at the origin; this infinity is 
associated with the existence of a point source of 
electrons at the origin arising from the assump- 
tion that electrons lose all of their energy in 
inelastic collisions. We are thus unable to fulfill 
the condition of regularity of f at the origin; 
this defect is not serious, however, since in the 
calculation of the important parameters of a 
gas discharge, such as ionization, electron mo- 
bility, diffusion constant, etc., the infinity at 
the origin is integrable. 

The number of electrons between z and z+dz is 
proportional to fz'; this function for both (64a) 
and (64b) is plotted in Fig. 2 for y=10, 20, 
and 40. The scale is chosen so that all the func- 
tions have the same value at z=1. For each 
value of + the upper curve is (64a). The region 
between (64a) and (64b) has been shaded in 
order to suggest that, in an actual case, wherein 
electrons lose energies between u,a and u, the 
true distribution curve lies somewhere within 
the shaded region. 


We now calculate the rates of ionization, 8, 
and #, corresponding to the two distribution 
functions. For z>1, both of the latter are repre- 
sented by (60) or (61); for z<1, they are given 
by (64a) and (64b). To obtain 8, we must sub- 
stitute the expressions for the distribution func- 
tion and the ionization cross section into (42). 
We assume that the ionization cross section is 
represented by a linear law, i.e., Aion? =(K;/A) 
X((u—u;/u:)] where u; is the ionization poten- 
tial and K; is a constant. In terms of the vari- 
able 2, Aion is given by the expression 


ion? = (65) 
where 2;=,;/u;. Transforming (42) to the z-vari- 
able and introducing (64a) and (60), we obtain 


B= ff / 


f (6) 


Now, an asymptotic expression for 2K o(yz) /Ko(7) 
is = exp [—y(s—1) 
exp [—(2:—1) Jexp [—(y—(1/22,)) ] 
so that 


(67) 
where 


N= J f(z)dz (68) 


is the normalization factor. 

From (67) we see that the difference between 
8, and & arises solely from the difference be- 
tween the two values of N, N., and N,. The 
evaluation of the latter two quantities gives: 


Na=(4/9)(y+2) +7", (69a) 
No= (69b) 


In the evaluation of (69b), the approximation 
is used. 

The expressions for N, and Ns, when substi- 
tuted into (67), give the desired results for f, 
and #». (In the numerical work, 2; was taken to 
be 5/4, a value close to the z,’s for He, Ne, 
and A.) 8. and # are plotted in Fig. 3. From 
this graph, we can see that only for y<10 will 
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there be an appreciable difference between f, 
and fy. 

(2) The frequency of the applied field is small 
compared to the mean rate of elastic collision, 
and the field is such that 2m7*/MK is com- 
parable with unity, but 2my/MK<1. From the 
analysis of the previous case we may use Eq. 
(57a) with the assurance that the results will 
not be appreciably different from those obtained 
by use of (57b). Since (wA)?/u:<1, we have 


0 = (8/82) (2d f/dz) 
+r] 6) f 2’ f(2’)d2z’ — S(z— (70) 
1 


For z>1, we have 


(8/d2)(20f/dz) +(2my*/MK)(8/d2)(z*f) 
—Yzf(z)=0, (71) 
which may be written as | 


0= 0 f/d2 + 
—¥(1—4m/MK)f. (72) 
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Because of the fact that, for y>1, | df/d2| >| f/s|, 
| d?f/d2*|>>|2~0f/dz|, the term proportional to 
df/dz is relatively small; hence (72) may be 
replaced by the relation 


—¥(1—4m/MK)f (73) 


the solution of which is approximately : 

f(z) =exp (74) 
For z<1, (70) reads . 

0 = (0/02) (2d f/dz) + (2my*/ MK) (0/dz)(2*f) 


f (75) 
1 


A first integration yields: 
(saf/az) +(2my?/MK)(s*f) = f 


1 


Integration of (71) yields 


= 


1 


hence, 


20 f/d2+ (2my*/MK)(2*f) 
= 


the solution of which is 
f(z) =exp [(my?/MK)(1—2*) ] 


—exp [—(my!/MK)2"] f 


] 
Xexp [+(my?/MK)z’* 
The value of (df/dz); is obtained by differentia- 
tion of (74); thus 
= 


hence, 


f(z) =exp [— (1-2) 
Xexp —Ei(v*x*)], (76) 


where v=7(m/MK)}! and 


Ei(x) = f (e/x)de. 
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Before discussing (74) and (76), we derive the 
distribution function in the case that inelastic 
collisions are neglected. The equation for this 
caseis 

0 = (0/02) (20 f/dz) 
of which the solution regular at z=0 is 
f(z) =exp (—¥*2*). (77) 


This solution has been called the ““Druyvesteyn 
distribution,” since it was first formulated by 
this author.” 

Comparing (77) with (74), we see that the 
exponentials are comparable only in the case that 
2my/MK~1. Since, according to the assump- 
tions of (2), 2my/MK«<1, the actual distribution 
drops much faster than does the Druyvesteyn 
distribution in the region z>1. 

In the region z<1, f(z) becomes logarithmically 


_ infinite at the origin; as in (1), the infinity offers 


no actual difficulties. For the purposes of graphi- 
cal representation, we shall consider the density 


function n(z) =2'f(z). 


We now find it instructive to neglect the first 
term of (76); this procedure, which results in an 
abrupt cut-off of f(z), and hence of n(z), is 


- justified, since for large y, the actual value of 


n(1) is small compared to the maximum or to 
the integral of m(z). We then obtain 


n(z) ~const. z! exp (— 
X [(E1)(»*) — (Ei)(v**) J. 


This function, divided by the normalization 


factor, 
f n(z)dz, 
0 


is plotted in Fig. 4 for »=0, 1 and 2. The dis- 
tribution for »v=0 is actually const. 2! log (1/z) 
which may be obtained from (71a) by neglect of 


‘the first term, as has been done immediately 


above. For comparison purposes, the normalized 
Druyvesteyn distribution, 


zi exp / z' exp (—v’z*)dz, 
0 


for y=2 is also presented. Figure 4 thus depicts 
© M., J. Druyvesteyn, Physica 10, 69 (1930). 


the transition from the Druyvesteyn distribution, 
where the elastic recoil term is alone important, 
«to the other extreme, where it is negligible as 
compared to the inelastic collision term. 

(3) The recoil term is negligible, and the 
frequency is large compared to the mean rate of 
elastic collisions, i.e., w*A?/u;«1. Equations (57a) 
and (57b) then reduce to the common equation 


0 = (0/dz)(2*0f/dz) —y*zf(z), (78) 
in the region z>1, and to 


0 = +7"8(2) f (79a) 
1 


0 = f(z+1), (79b) 


respectively, in the region <1. 
The solution of (78) for z>1 is 


f(z) = 24K, (224) /Ki(27), 
which may be approximated by 
ztexp —y(s—1) —(y+(3/4))(z—1). (80) 


In the region z<1, integration of (78), (79a), 
and (79b) gives 


(81a) 
and 


(81b) 


respectively. Substituting in these equations the 
value of df/dz obtained by differentiating (80), 
we obtain, upon integration, 
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fle) = —y+(1/4) 
(y+ (3/4)) (1 (5/4) 
—[Ei(—[y—(5/4)s)]. (82b) 


The last formula is approximate in that the 
terms e~~-“/)) and Ei(—y+(5/4)) are neg- 
lected. Also, .in evaluating (82b), (z+1)* was 
replaced by 

We first of all observe that the energy density, 
n(z) =z'f(z), will be infinite for the f of (82a). 
However, the normalization integral /n(z)dz, is 
finite, so that a calculation of 8 can still be 
performed. The expression for 8 analogous to 
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(66) is 


|, (83) 
where 
J 2! f(z) 
Now 


exp 


introducing this approximation into (83), we 

obtain 

B= exp [—y(2:—1) ] 
(84) 

Corresponding to the two distribution functions 

(82a) and (82b), we obtain 


Na=(4/3)(y+(S/4)) + (85a) 


8. and ® are both plotted as functions of y 
in Fig. 5. We observe that the percentage 
difference between 8, and & is larger than for 
the low frequency case (Fig. 3). 

At this point it should be remarked that the 
infinity which appears at the origin in the case 
that all electrons lose energy 4; in an elastic 
collision is spurious, since, unless there is a 
point source of electrons at the origin, f must be 
finite. It is the opinion of the author that this 
spurious infinity is due to the breakdown of 
assumptions (16), (23), and (26) in the immediate 
region of z=0. Since the corresponding d.c. 
distribution, (64b), is finite at z=0, the trouble 
is probably caused, not so much by the failure of 
(16), but rather by the failure of (23) and (26). 
Thus, in the a.c. case, the time oscillation of 
fo(v, x, 4) about its mean value is probably not 
negligible for values of v in the immediate vicinity 
of the origin. 
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Motion of a Particle in a Temperature Gradient; Thermal Repulsion as a 
Radiometer Phenomenon* 


PHILIP RoseNBLATT AND Victor K. LAMER 
Department of Chemistry, Columbia University, New York, New York 
(Received December 13, 1945) 


The dependence of the velocity of thermal repulsion of tricresyl phosphate droplets sus- 
pended in air on temperature gradient, pressure, and particle radius, a, was measured and 
compared with the velocities calculated from radiometer theory. Thermal repulsion is shown to 
be a radiometer effect. The velocity of thermal repulsion is directly proportional to the temper- 

* ature gradient. The velocity of thermal repulsion at constant pressure increases with decreasing 
particle radius to a maximum when the mean free path, L, is about 1.5 times the radius, and then 
decreases. The velocity of thermal repulsion is approximately proportional to 1/P when 
L/a<0.5. The dependence of the force of thermal repulsion on temperature gradient, pressure, 
and particle radius are in agreement with the requirements of radiometer theory at high 
pressures. The resistance of air to the motion of tricresyl phosphate droplets is accurately given 
by Millikan’s equation. The coefficient of slip on these droplets is 8.2510-* cm at 76-cm 
pressure and 30°C. The measured velocities of thermal repulsion have been compared with the 


“ theoretical values calculated from the resistance of the medium and the radiometer forces as 
given by Albert Einstein and by Paul S. Epstein. The numerical agreement is satisfactory in 
“i view of the approximations in the theoretical derivations and the uncertainty in the heat 


conductivity of the tricresyl phosphate. Thermal repulsion can be used to determine the radius 
of particles too small to be measured by sedimentation velocity. 


INTRODUCTION the gas, the excess in temperature of the hot body 
over the surrounding air, the shape of the body, 
and the convective heat loss. 

No quantitative explanation of the phenom- 
enon exists. An approximate, but incorrect, 
calculation of the velocity with which particles 
recede from a hot body to reform the dark space 
after the dark space is destroyed by an air blast 
was made by Cawood.’ Measurement of the 
velocity was possible only to order of magnitude, 
because of the uncertainties in the temperature 
gradient involved, and to the presence of con- 
vection currents. Paranjpe* has shown that the 
thermal repulsion. rate of settling of the top of a cloud of tobacco 


The width of the dark space has been studied S™0ke was proportional to the temperature 
by Aitken,’ and by Lodge and Clark.‘ Miyake’ 8t@dient in the gas. 
and Watson® have found empirical formulas for The dark space results from a steady state in 
the dependence of the width on the pressure of Which the force of thermal repulsion is balanced 
aiaeaienicen: against Brownian motion and the effect of 

* Publication assisted by the Ernest Kempton Adams convection currents, both of which tend _to 


destroy the dark space. For a theoretical solution, 
? J. Tyndall, Proc. Roy. Inst. 6, 3 (1870). it would be necessary to evaluate the force of 
*J. Aitken, Trans. R.S.E. 32, 293 (1884); Nature 28, and then to calculate the flow of air using the 


te T het and J. W. Clark, Phil. Mag. 17, 214 hydrodynamic laws of motion of a viscous fluid 

1884). 

' oS. Miyake, Aero. Res. Inst. (Tokyo) 10, 85 (1935). 7™W. Cawood, Trans. Faraday Soc. 32, 1068 (1936). 
*H. H. Watson, Trans. Faraday Soc. 32, 1037 (1936). *M. K. Paranjpe, Proc. Ind. Acad. Sci. 4a, 423 (1936). 
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HE dust-free region or dark space which 
extends above a hot body in a suitably 
illuminated dust-filled chamber was observed by 
Tyndall! and Rayleigh.? Particles were carried 
around the chamber by convection currents, but 
they did not penetrate into the dark space. The 
dust-free region was shown to extend completely 
around the hot body by Aitken,’ who attributed 
the repulsion of the dust particles to a greater 
molecular bombardment from the direction of 
higher temperature. The movement of the par- 
ticles away from the hot body has been termed 
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and Fourier’s laws of heat conduction. The 


- mathematical difficulties in the calculation of 


convective flow have been too great to allow a 
complete solution. Boussinesq* and Russel'® have 
applied these laws to the calculation of convective 
heat transfer in the idealized case of the laminar 
flow of a non-viscous fluid. Their results do’not 
agree with experiment. 

The objectives of this investigation are the 
measurement of thermal repulsion of small par- 
ticles in the absence of convection, and its 
identification and quantitative comparison with 
the theory of radiometer action. 


1, RADIOMETER THEORY 


A radiometer force is a force, other than that 
caused by convection, which acts on a body 
suspended in a gas which is not in thermal 
equilibrium. In the usual form of radiometer, the 
suspended body is a vane, and temperature differ- 
ences are produced by radiation falling on the 
vane, or by conduction of heat through the gas 
from unequally heated boundaries. 

The effect of radiation on a body suspended in 
a gas was first observed by Fresnel."' Crookes” 
showed that the force on a vane radiometer was a 
function of gas pressure and Reynolds," that 
there was an optimum value of the pressure, de- 
pending on the apparatus, for which the force 
was a maximum. 

The pressure of the gas is defined as high or 
low, according as the mean free path of the gas 
molecules is small or large compared with the 
radius of the particle experiencing the radiometer 
force. 

The mechanism by which radiometric forces 
are produced is different at high and at low pres- 


sures, and the theoretical treatment is simplified 


by considering each region separately. 
Knudsen™!* has shown theoretically and ex- 

perimentally that the relations for a vane radiome- 

ter at low pressures are particularly simple. The 


* Boussinesq, Comptes rendus 132, 1383 (1901). 

1° A. Russel, Phil. Mag. 20, 591 (1914). 

u A, Fresnel, Ann. Chim. Phys. 29, 57, 107 (1825). 

1% W. Crookes, Phil. Trans. 164, 501 (1874); 166, 340 
(1876); 170, 132 (1880). 

OQ. Reynolds, Phil. Trans. 166, 727 (1880). 
a a a Knudsen, Ann. d. Physik 32, (1910); 34, 82 

11). 

18M. v. Smoluchowski, Ann. d. Physik 34, 182 (1911); 

35, 983 (1911). 


force is directly proportional to the pressure, and 
is independent of the nature of the gas and of the 
size or shape of the radiometer vane. 

The high pressure phenomenon, with which we 
shall be concerned, is more complicated. Early 
theories'*’* led to equations which were in some 
cases not even in qualitative agreement with the 
experimental data. A result for vane radiometers, 
correct in order of magnitude, was first obtained 
by A. Einstein”® on the basis of a simplified de- 
velopment in which the force resulted from a flow 
of heat. 

He regarded the force as exerted at the edge of 
the vane and found the force per unit length of 
edge, F’, on a disk at right angles to a tempera- 
ture gradient, d7/dx, in the gas to be 


F’ = —}(PL*/T)(dT/dx); (1) 


L is the mean free path, P the pressure of the 
gas, and 7, the absolute temperature. The equa- 
tion predicts the experimentally found depend- 
ence of the force on the temperature gradient and 
the pressure, and indicates that the size or 
shape”—* of the vane influences the force. The 
negative sign is used because the force is in the 
direction of decreasing gradient; i.e., away from. 
the hotter regions. 

More rigorous derivations**~** have been based 
on Maxwell’s calculation'’ of the stresses set up 
in an unequally heated stationary mass of gas. 
The calculations made for Maxwell's special type 
of molecule, where the force of repulsion varies 
inversely as the fifth power of the distance, have 
now been extended?’-*° to any type of molecule. 
Maxwell found that no stresses which depend 
upon the first power of the temperature gradient 
were set up in the body of the gas. At an unequally 


16 OQ, Reynolds, Phil. Trans. 170, 727 (1880). 

17C, Maxwell, Phil. Trans. 170, 231 (1880). 

18 G, Laski and F. Zerner, Zeits. f. Physik 3, 224 (1920); 
6, 411 (1921). 

19 E, Einstein, Ann. d. Physik 69, 241 (1922). 

2 A. Einstein, Zeits. f. Physik 27, 1 (1924). 
(sis J. Stoney, Sci. Trans. Roy. Soc. Dublin 1 (2), 39 

2 Fj Id, Phil. Mag. 7, 15 (1879). 

3H, E Marsh, J. Opt. Soc. Am. 12, 135 (1926). 

™ P. S. Epstein, Zeits. f. Physik 54, 537 (1929). 

*% G. Hettner and Czerny, Zeits. f. Physik 30, 258 (1924) ; 
G. Hettner, Zeits. f. Physik 37, 179 (1926). 

%¢ T. Sexl, Zeits. f. Physik 52, 261 (1928). 

7D. Zeits. 12, 58 (1911). 

%8 Pidduck, . Math. Soc. London 15, 279 (1916). 
(1918) Chapman, Phil. Trans. 216, 279 (1916); 217, 115 

% J. E. Jones, Phil. Trans. 223, 1 (1922). 
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heated boundary, however, there resulted a 
steady creep of the gas from colder to hotter 
regions, The velocity of thermal creep, U,, over a 
body with a tangential temperature gradient, 
8T/dS, was given by 


U.=-——, (2) 


where p is the density of the gas and 7 its vis- 
cosity. The existence of such flow streams in the 
gas has been experimentally demonstrated by 
Gerlach and Schutz." The thermal creep of the 
gas builds up an excess pressure over the hotter 
regions of the body, which pressure produces the 
radiometric force. 

Epstein,™ in order to calculate the force, first 
determined the temperature distribution resulting 
from the flow of heat and the boundary condi- 
tions. The hydrodynamic problem of the stream- 
ing of a gas with the creep velocity as a boundary 
condition was then solved for the shearing stress 
over the surface, and the total force found by 
integration. The equation found for the force, F, 
on a sphere of radius, a, in a gas in which a 
homogeneous temperature gradient exists at a 
large distance from the sphere was . 


1° dT 
2H.+H; pT dx’ 


where H, and H; are the heat conductivities of 
the gas and the material, respectively. This 
equation for a sphere was derived as a prelimi- 
nary to what Epstein regarded as the experi- 
mentally important case of a flat disk, which he 
approximated by a thin ellipsoid of revolution. 
By means of the relations® »=0.499piL* and 
pi = (8/x)P, Eq. (3) can be brought to the form: 


(3) 


— (4) 


The derivation of the equation indicates that the 
force is distributed over the surface and is not an 
edge effect. 


%W. Gerlach and W. Schutz, Zeits. f. Physik 78, 43, 
418 (1932) ;79, 700 (1932). 

#H. S. Taylor, Treatise on Physical Chemistry (D. Van 
New York, 1931), second edition, 
pp. 157, 102. 

*Values of L in this paper were calculated from 
n=0.499p0L. 0 is the average molecular velocity. 


Epstein points out that Eq. (1) contains the 
implicit assumption that H;=0 for the vane. The 
equations can be compared if H; is set =0 in (4) 
and the length of vane edge to 27a in (1). 

F 8 E i (5) 
— aa, tein ; 


L? dT 
F=—3.14aP——, Einstein. (6) 
T dx 


The numerical coefficient for H;=0 in Epstein’s 
approximation for a disk becomes 8.48. 

For a given gas, the product PL is independent 
of P. The radiometer force is, therefore, in- 
versely proportional to P where L/a is small but 
directly proportional to the pressure when L/a is 


large.* Where L and a are approximately the’ 


same magnitude, the force rises to amaximum. 


Hettner®® has investigated the region of inter- 


mediate pressure and shown that the force is 
given by the empirical equation (1/F) =(a/P) 
+(P/b), where a and 6 are constants depending 
on the nature of the gas, the temperature, and 
the design of the radiometer. The first term is 
important at low pressures and the second at high 
pressures. Measurements on vane radiometers™ ™ 
are in qualitative agreement with Hettner’s 
equation. 

Photophoresis is a phenomenon analogous to 
thermal repulsion. It was first observed by 
Ehrenhaft.** Particles of the order 10-* to 10~ 
cm. in diameter floating in air were set into 


motion by an intense beam of light toward 


(negative photophoresis) or away from (positive 
photophoresis) the light source. Photophoresis 
was shown to be a radiometer phenomenon, and 
the theory for photophoresis at low pressures was 
developed by Rubinowicz,** Zerner,'* and others. 
At high pressures, Sexl** and Hettner*® derived 
equations which can be written 


F=—const (PL*/T)AT, (7) 


where AT is the difference in temperature at the 
poles of the sphere. The values of the constant 
differ, that of Sexl including a factor which 


Bruche and W. Littwin, Zeits. f. Physik 52, 318, 
% P. Schmudde, Zeits. f. Physik 53, 331 (1929). 
% F. Ehrenhaft, Ann. d. Physik 56, 81 (1918). 
%¢ A. Rubinowicz, Ann. d. Physik 62, 691 (1920); Zeits. 
f. Physik 6, 405 (1921). 
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depends on the complexity of the gas molecules. 
The temperature difference AT is calculated from 


’ the measurements of the force. 


2. RESISTANCE OF THE MEDIUM 


A particle in a viscous medium moving under 
the influence of a constant force attains a steady 


Fic. 1. Apparatus for studying velocity of aerosol particles 


velocity which is a measure of the force. We can 
write 
v=ZF. (8) 


The mobility,” Z, of the particle depends on 
the material and shape of the particle, and on the 
medium. For a sphere in a homogeneous medium, 
under certain limiting conditions,** Z=1/6xna 
and (8) is Stokes’ law.*® As the inhomogeneity of 


371, Mattauch, Zeits. f. Physik 32, 439 (1925); Physik. 
Zeits. 25, 620 (1924); Ann. d. Physik 85, 967 (1928). 
*R, A. Millikan, —) (University of 
Press, Chicago » P. 
%°G. Stokes, Camb. Phil. Soc. Trans. 9, 5 (1856). 


the medium becomes comparable in size with the 
particle, 
Z=(1+AL/a)/6xna, (9) 


where A is a constant related to the coefficient of 
slip.*““ When L/a is large, Epstein® has shown 
that 

Z=(A+B)L/6xna* (10) 


and the force is proportional to a*. The values of 
the constants (A+B) depend on the law of 
reflection for the gas molecules from the surface 
of the sphere. The difficult intermediate region is 
here again handled by an empirical formula. 
Thus Knudsen and Weber* found from the rate 
of damping of vibrations of glass spheres in air 
that 


A similar equation was found by Millikan“ to 
hold for oil drops falling through air for values of 
L/a from 0.1 to 134. The constants in Millikan’s 
equation, corrected in terms of the modern value 
of the mean free path,“ are A =1.23, B=0.41, 
C=0.88. The equation reduces to (10) for large 
values of L/a and to (9) for small L/a. 

From Eas. (4) and (11), the velocity which is a 
measure of the radiometer force F becomes 


(11) 


1 L? dT 
v=—-17 
2+Hi/H. T dx 
1+L/a(A+Be-olt 
x fot ) (12) 
6xn 


Equation (12) should accordingly give the ve- 
locity of thermal repulsion at high pressures. 


3. OUTLINE OF METHOD 


Previous investigations of thermal repulsion'~® 
dealt with clouds of particles. In this research, 
measurements were made upon individual liquid 
droplets. 


Cunningham, Proc. Roy. Soc. 83A, 357 1910). 
(as2n) A. Mi Phys. Rev. 32, 382 (1911); 21, 217 
P. S. Epstein, Phys. Rev. 23, 710 
asi: Knudsen "and S. Weber, Ann. d. Physik 36, 981 
“D. Enskog, “Kinetische Theorie in 
Massig Verdonnten Gasen. Dissertation,” “Beale C9). 
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The dependence of the velocity of thermal 
repulsion upon thermal gradient, gas pressure, 
and droplet radius was determined by measuring 
the velocity with which a droplet fell under the 
influence of gravity in the presence and absence 
of a thermal gradient for a range of pressures of 
the surrounding gas. 

In a typical experiment, droplets were pro- 
duced by spraying tricresyl phosphate through 
an atomizer. Air containing a number of droplets 
was drawn into the previously evacuated obser- 
vation cell. The droplets were electrically charged, 
and by proper manipulation of the sign and 
magnitude of an electrostatic potential which 
could be established between the end plates of 
the cell, the motion of a particular droplet as it 
settled could be slowed, stopped, or reversed. 

The velocity of the droplet was calculated 
from 10 to 20 measurements of the time of 
transit of the droplet between cross hairs in the 
observing microscope. The droplet was returned 
to the starting position above the top cross hair 
by the electrostatic field between each measure- 
ment of the time of transit. 

Observations were made first of the velocity of 
fall of the particle under the influence of gravity 
alone (sedimentation velocity, v9), and of the 
velocity of fall, v,, with several different temper- 
ature gradients established in the surrounding 
air at atmospheric pressure. The pressure in the 
observation cell was then reduced by pumping 
the air out slowly through a fine capillary, and 
the measurements repeated at a series of 


pressures. 


From the force (mass Xacceleration) of gravity 
and vo, the mobility Z of the droplet can be 
evaluated at each pressure (Eq. (8)). Since Z isa 
function of the droplet radius, a, the applicability 
of (11) was confirmed from the constancy of the a 
values calculated from Z at each pressure (see 
Table I). 

At each pressure, the dependence of the excess 
velocity Vr caused by the temperature gradient, 
dT/dx, on the magnitude of the gradient was 


investigated. From the velocity at a standard. 


temperature gradient at each pressure, the de- 
pendence of the velocity on pressure was de- 
termined. Finally, from a similar series of meas- 
urements on droplets of different radii, the effect 


of particle radius on the velocity of thermal 
repulsion was found. 


4. EXPERIMENTAL 


The observation cell consisted of two horizontal 
metal plates spaced 0.2351 cm apart, between 
which electrical and thermal gradients could be 
established. A beam of light illuminated the 
particle, the motion of which was observed with a 
microscope. 

The cell is shown in detail in Fig. 1. The brass 
pole pieces, B and B’, inserted in the Bakelite 
cylinder A, are 12 mm in diameter. The particles 
entered between the plates through F, the open- 
ing, H, and the annular space, 1 mm wide, 
between B and A. Water was circulated through 
the chambers C and C’ through the tubes D and 
D’. The temperatures of the surfaces of the plates 
were measured* “* by the Cu-constantin thermo- 
couples passing through E and soldered flush 
with the surfaces. _ 

In the bottom plate, L is a brass rod 2.5 mm in 
diameter electrically insulated from B’ bya sleeve 


TaBLe I. Calculation of particle radius from 


sedimentation velocity. 
Pres- 
sure 
cm Hg 10°90 L/a A’ 4 
Particle 45 
76.2 35.79 0.0408 1.050 1.610 —0.008 
38.8 37.59 0.0801 1.098 1.608 —0.010 
16.7 43.02 0.1851 1.228 1.625 +0.007 
10.3 48.93 0.303 1.378 1.635 +0.017 
7.01 54.94 0.456 1.588 1.622 +0.004 
75.9 35.55 0.0408 1.050 1.607 —0.011 
Average = 1.618 +0.009 
Particle 43 
76.3 16.08 0.0625 1.076 1.061 . +0,.002 
52.0 16.69 0.0922 1.133 1.066 +0.007 
23.2 18.47 0.207 1.255 1.058 —0.001 
8.18 26.04 0.588 1.776 1.056 —0.003 
445 36.91 1.080 2.523 1.054 —0.005 
Average = 1.059 +0.004 
Particle 37 
76.2 4.217. 0.127 1.156 0.5257 
39.8 4.661 0.243 1.301 0.5208 
16.0 6.616 0.603 1.796 0.5291 +0,.0024 
9.50 8.979 1.02 2.421 0.5312 +0.0045 
Average =0.5267 +0.0035 


“ A. P. Kratz and E. L. Lenten Piping and 


Air Conditioning (1932), 
“W. F. Roeser and E Mueller, Nat. Bur. Stand. 


J. Research 5, 793 aad F. 
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Tor View 


Fic. 2. Schematic view of optical components of apparatus. 


of Bakelite of 0.5-mm wall thickness. This 
arrangement due to Fletcher’ creates an inhomo- 
geneous electrostatic field by means of which the 
particle could be centered over L whenever it 
drifted out of the field of view. 

The light beam passed through the diamet- 
rically opposite windows, K, K’. A third window 
(not shown) through which the particle was 
observed was placed at an angle of 35° with the 
direction of propagation of the beam. The gum 
rubber washers, O, compressed in the cups, R, by 
screwing the latter down on the rings, P, were 
extruded into an annular opening Q between B 
and A to make a vacuum-tight seal. 

The average separation of the plates, 0.2351 
cm, was measured with a micrometer microscope 
through each of the three windows of the cell 
with the glass removed. The variation in separa- 
tion-on reassembly after cleaning the cell did not 
exceed 0.0005 cm. 

A schematic view of the rest of the apparatus 
is shown in Figs. 2 and 3. The light source was a 
50-cp automobile headlight bulb operated on an 
8-volt transformer. An image of the filament was 
focused on the horizontal slit S by the condensing 


lens C and C’, and the parallel beam formed by 


the lens L directed through the cell. A 55-cm long 
column of 1 percent CuCl: was used to filter out 
the longer wave-lengths. 

The microscope lenses were apochromatic ob- 
jective of 25-mm focal length and a 10X compen- 
sated eyepiece. There were three parallel hori- 
zontal crosshairs in the focal plane of the 


«H. Fletcher, Phys. Rev. 4, 442 (1914). 
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Fic. 3. Electrical components of apparatus. 


eyepiece. The apparent separation of the outer 
pair at the focus of the microscope was found 
with a Leitz 1/100-mm stage micrometer to be 
0.1390+0.0005 cm. Cell and microscope were 
rigidly clamped together and fastened to an 
optical bench. 

The temperature of the plates was controlled 
by circulating water independently through each 
from a large reservoir at room temperature or 
from any one of three thermostat-controlled 
baths. To avoid-convection currents, the upper 
plate was always made the warmer one when a 
temperature gradient was established.* Ramdas 
and Paranjpe** showed by an interferometric 
method that the gradient in such an arrangement 
is linear. 

The reference junctions of the thermocouples 
were kept at 0°C. The thermocouple e.m.f.’s, V, 
were measured on a L & N type K2 potentiome- 
ter to 2X10~’ volt, which corresponded to 
0.005°C. The pole pieces were immersed in a 
water bath and the thermocouples calibrated at 
approximately one-degree intervals against a 
Bureau of Standards calibrated Beckman ther- 
mometer. The differences, AT, between each 
calibration temperature and the temperature T7- 
calculated from the equation T. = 2.6 X 10* V were 
plotted against V and used as a correction curve. 
Measured voltages were converted to tempera- 
tures by the use of the same equation and the 
curve. Temperature differences were precise to 
+0.01° and the temperature to +0.1°C. 

The sign and magnitude of the potential differ- 


*®L. A. Ramdas and M. K. Paranjpe, Current Sci. 4, 
642 (1936). 
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ence applied to the plates from the B-batteries, 
B, were controlled by the reversing switch R and 
the 1 megohm potentiometer P. The motion of 
the particle in the electric field*’ was controlled 
by the action of the switches F and G. The table 
below shows the electrical fields used for a 
negative particle ; for a positive particle the signs 


of all potentials were reversed by R. 
Switch position Sign of charge on 
Field F G B B’ L 
(a) 1 1 0 0 0 
(b) 1 2 + - - 
(c) 2 2 - - + 
(d) 2 1 0 0 0 


The fall of a droplet was tifned with the plates 
shorted (field (a)). The droplet was raised verti- 
cally against gravity by the application of 
field (b). Alternate application of field (c), which 
moved the particle down and sidewise toward L, 
and field (b) moved the particle in zigzag fashion 
from any point between the plates to center it 
over L. 

The time of transit of a particle between the 
crosshairs was measured to the nearest 1/100 
second with a Meylan Model E electric stop- 
timer. 

Droplets were produced by spraying tricresyl 
phosphate from atomizer Z into bulb E with dry 
air filtered through glass wool, and drawn into 
the partially evacuated cell through H’. A 
droplet of the proper size was selected and an 
electrostatic field which just balanced it against 
gravity applied. This cleared the field of view of 
all but a few particles with the proper ratio of 
charge to mass for balance. The stopcocks be- 
tween the manometer, M, and the cell were 
adjusted so that M and the cell remained con- 
nected throughout an experiment. 

The time of transit of the particle selected was 
measured from 10 to 20 times under the action of 
gravity and of one or more temperature gradi- 
ents. Pressure and temperature measurements 
were made before and after each set of time 
readings. The pressure in the system was reduced 
by evacuating the air slowly through the capil- 
lary leak W until the desired pressure was 
reached. During this time, it was necessary to 
apply fields (b) and (c) alternately with a period 
of approximately three seconds to prevent the 
particle from being swept out with the air. 
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An experiment on a single droplet required 
about six hours of continuous observation. All 
data and supplementary measurements were 
recorded by an assistant. 

Each reduction of pressure took approximately 
20 minutes. A steady state of the system, which 
was indicated by the behavior of the particle, was 
reached in an additional 10 minutes. 

Sidewise motion of the particle when suspended 
with the aid of the proper electric field served to 
indicate when pressure equilibrium had not been 
attained. The same method was used to detect 


. convection currents or leaks. 


The tricresyl phosphate was a Monsanto 
product; dy=1.1162, mg=1.5538 at 25°C. The 
vapor pressure of tricresyl phosphate is less than 
0.1 micron at 100°C.“ This was the principal 
reason for its selection. 


5. RESULTS AND DISCUSSION 


Increasing Brownian motion of the small 
particles and high velocities of the large particles 
limited observations to the particle radius range 
0.4X10~ to 1.6X10~ cm. Measurements were 
made over the pressure range 760 to 45 mm Hg, 
corresponding to values of L/a from 0.04 to 1.5. 
The precision of the time measurements can be 
estimated from the data of Table II for the times 
of fall of a particle of 0.82-u radius under the 
influence of gravity at various pressures. 


Taste II. Time of fall under gravity at various pressures. 
Particle No. 48, radine 0.8 0X cm. 


Pressure 76.0 49.8 29.6 16.5 
(cm Hg) 

Time (sec.) 14.01 13.66 12.68 10.60 
05 55 46 
35 92 27 66 
14 .70 63 67 
.25 .56 .63 45 
.09 .89 A2 87 
.25 40 44 40 
13 .74 .53 57 
.53 .65 36 75 
39 53 ® 36 
.28 91 .05 69 
46 62 45 46 
18 44 13 64 
15 71 13 67 

Average 14.23 13.66 12.38 10.59 

a.d 0.13 0.13 0.18 0.12 

A.D. % 0.24 0.25 0.39 0.30 


“ F. H. Verhoek and A. L. Marshall, J. Am. Chem. Soc. 
61, 2737 (1930). 
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The dependence of 2, the velocity of fall in a 
gravitational field, upon the pressure provides a 
test of the applicability of Eq. (11). If we substi- 
tute for the force, F, 


(13) 
Eq. (11) can be written 
a? = 9vn/2(p’ —p)gA’, (14) 


where 

A’=1+(L/a)(A+Be-/£), (15) 
Here m and p’ are the mass and density of the 
particle, and g is the acceleration of gravity. 


TaBLe III. 
300 dT 
2/A’ = 
Pressure T dx cm/sec. lynes 
cm Hg L/a A’ °C/cem x<108 X10 
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Particle 37, radius 0.527 


76.2 0.126 1.156 13.5 1.12 2.04 
39.8 0.243 1.301 12.4 2.48 4.53 
16.0 0.603 1.796 14.7 5.97 10.9 
9.50 1.015 2.421 12.2 8.68 15.9 
P Particle 43, radius 1.059 » 
76.3 0.0621 1.076 12.3 1.12 4.14 
52.0 0.0922 1.113 12.6 1.68 6.22 
23.2 0.207 1.255 10.0 3.98 14.7 
8.18 0.588 1.776 9.74 12.8 47.4 
445 1.08 2.523 9.62 18.5 68.5 
Particle 45, radius 1.620 u 
76.2 0.0408 1.050 1.16 6.55 
38.8 0.0801 1.098 8.14 2.18 12.3 
16.7 0.185 1.228 10.9 5.72 32.3 
10.3 0.303 1.378 9.11 10.2 57.6 
- 7.01 0.456 1.588 9.45 16.0 90.5 
Particle 48, radius 0.819 uv 
76.0 0.0821 1.101 8.61 1.14 3.26 
49.8 0.126 1.154 9.74 1.71 4.88 
29.6 0.211 1.260 9.56 2.94 8.39 
16.5 0.378 1.480 6.40 6.89 19.6 
7.73 0.807 2.105 8.61 11.8 33.7 
Particle 49, radius 0.408 z 
76.3 0.162 1.199 13.3 1.15 1.64 
19.4 1.15 1.64 
15.3 0.817 2.119 12.0 5.94 8.45 
18.4 6.07 8.65 
8.18 1.53 3.232 15.2 8.32 11.9 
; Particle 50, radius 1.306 u 
76.3 0.0515 1.063 9.49 1.15 5.21 
15.0 1.13 5.12 
33.3 0.118 1.145 9.03 2.41 10.9 
17.4 2.42 11.0 
20.1 0.196 1.241 8.56 4.18 18.9 
16.4 4.27 19.3 
12.7 0.311 1.389 8.65 7.92 35.8 
18.1 8.38 37.8 
8.21 0.481 1.611 7.08 13.0 58.8 
15.4 13.4 60.7 


The velocities vo1, ¥o2 at the different pressures 
were plotted against the mean free path, L, and 
the velocity v9 at L=0 found by a short and 
almost linear extrapolation. To obtain a pre. 
liminary value of the radius, a:, A’ was set equal 
to unity and v=v9 in Eq. (14). This value of a, 
was then used in A’ and a better value, ay, 
calculated at v=v9; and substituted in turn in A’, 
The process was repeated until a constant value 
of the radius was obtained. The magnitude of the 
difference between a; and the final value of the 
radius can be estimated from the values of A’ at 


atmospheric pressure (Table III). In general, no 


more than two repetitions were required. Typical 
results of this calculation for the same particle at 
various pressures are shown in Table I. 

The calculated radii were constant within the 
limits of precision of the time measurements 
(see Tables I, II). Equation (11) with the con- 
stants of Millikan“ is, therefore, considered to 
apply to these measurements. It follows from the 
equality of A values that the coefficient of slip on 
tricresyl phosphate is the same as for Millikan’s 
oil drops. The coefficient of slip, £, is given by 
¢=AL and equals 8.25 X 10-* cm at atmospheric 
pressure at 30°C. 

Particle No. 45 was one of those for which % 
was remeasured at atmospheric pressure and 
room temperature as a check on evaporation. 
After six hours of observation, the radius re- 
mained unchanged within the experimental error. 


Velocity in a Temperature Gradient 


Most measurements were made with tempera- 
ture gradients of 8° to 20° per cm; a few were as 
high as 50° per cm. The absolute temperature of 
the system, 7, was taken as the average tempera- 
ture between the plates. 

The gravitational and thermal forces acted in 
the same direction. The velocity, vz, which 
measures the effect of the thermal gradient is the 
difference between the measured velocity, vm, and 
v. The velocity of thermal repulsion, vr, was 
found to be proportional to (1/7)(dT/dx) for a 
given particle at constant pressure. 


=Um—V9= (K/T)(dT/dx). (16) 
The slope, K, was found to be a function of 


particle size (Fig. 4) and pressure (Fig. 5). The 
figures are a plot of vr against dT /dx corrected to 
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Fic. 4. Dependence of thermal velocity upon temperature 
gradient and particle size. me 


a standard temperature of 300°K. The depend- 
ence of v7 on T at constant d7/dx was not in- 
vestigated over large variations in 7. Over a 
range of 10° (25°-35°C) the change in v7 was in 
the direction demanded by (1) and (3). If the 
velocity, Um, of a droplet is measured in two 
different temperature gradients, the velocity, v, 
can be calculated from (16). The calculated v» can 
be compared with the measured sedimentation 
velocity of droplets large enough to settle with a 
measurable rate of fall. This has been done for 
particle No. 50 (0.84) shown in Fig. 5. 


vo cm/sec. X 10° 
Pressure 
cm Hg calculated observed 
76.3 23.55 23.53 
33.3 25.55 25.59 
20.1 27.64 27.64 
12.7 30.28 31.33 
8.21 36.16 36.58 


Brownian motion obscures the sedimentation 
of droplets of density ~1 when the radius is 0.3 


or less, and the droplets apparently do not settle. 


It was found, however, that a value of 9 could be 
calculated from measured velocities under differ- 
ent temperature gradients from (16), even when 
the droplets were less than 0.3y in radius. In one 
case, the droplet radius calculated by using such a 
value of vo in (14) was 0.05. 

An important application of (16), therefore, is 
the determination of radii of droplets too small to 
be measured by sedimentation velocity. 

The lower limit of size and the precision of the 
suggested method have not been investigated. 
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~ 
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Fic. 5. Dependence of thermal velocity for a fixed size 
upon pressure and thermal gradient. 


Since v is calculated from a small difference be- 
tween two large measured velocities, its precision 
decreases rapidly with decreasing droplet radius. 

The pressure range in which this application is 
valid will be discussed below. 


Dependence of Velocity on Pressure 


At constant radius and constant d7/dx, the 
velocity with which a particle moves in a temper- 
ature gradient is a function of the pressure, 
increasing with decreasing pressure in the range 


of these measurements. We define a velocity v, by 


the equation 
1/300 


in order to compare velocities under conditions of 
constant gradient. The velocity », is then equiva- 
lent to the velocity with which a particle moves 
in a temperature gradient of 1° per cm at a 
temperature of 300°K. 

In Fig. 6, v,/A’ is plotted against 1/P from the 
data in Table III. The values of »,/A’ for all the 
particles at 1/P=0.013 (atmospheric pressure) 
are represented by a single circle on the diagram. 

The lines I and II are slopes calculated from 
Eqs. (4) and (6). The thermal conductivities 
used in (5) were H,=0.000059 for air,® and 
H;=0.00048 cal./cm?/sec. for a temperature 
gradient of 1°C per cm for the particle. H; was 
calculated from the empirical equation obtained 


® E, O. Hercus and D. M. Sutherland, Proc. Roy. Soc. 
145, 599 (1934). 
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Fic. 6. Dependence of thermal velocity function 
Vs/A’ upon reciprocal of total pressure. 


by Smith." The accuracy of the value is probably 
not better than +20 percent; it introduces an 
uncertainty in the slope of J of approximately the 
same magnitude. In addition, the applicability 
of a bulk value of H; to small droplets is 
questionable. 

Epstein,” in the derivation of (10), examines 
the possible types of reflection of gas molecules 
from a small sphere. He finds that the value of 
(A+B) depends on the heat conductivity of the 
sphere and concludes that oil drops act like 
perfect non-conductors when L/a<1/35 and like 
perfect thermal conductors when L/a>1/35. 
The constants found by Millikan for (11) are in 
agreement with this conclusion. 

The experimental slope, and therefore the 
force, differs from I (Epstein) by a factor of 
about 2. Differences of the same magnitude were 
found by Gerlach and Schutz." Their experi- 


mentally measured forces on a vane radiometer — 


are about half as large as the theoretical forces 


calculated from Epstein’s equation. The agree- . 


ment with II (Einstein) should be regarded as 
fortuitous, since the derivation of the equation 
results from a highly simplified model. 

The experimental points do not fall on a 
straight line as required by (4) and (6), but 
exhibit a slight upward curvature. Curves similar 
to III for a vane radiometer in a temperature 
gradient have been found by Bruch and Littwin® 
and and by F Fredlund.® 


aktin D. Smith, Ind. Eng. Chem. 22, 1246 Gee. 
FE. Bruch and W. Littwin, Zeits. f. Physik 67, 333 


Fredlund, Phil. Mag. 26, 987 (1938). 


In view of the uncertainty in H; and the 
assumptions and approximations made in the 
derivation of (1) and (3), the agreement between 
these equations of radiometer theory and the 


_ Present experiments on thermal repulsion js 


satisfactory. 

The curves for small particles deviate from I] 
at higher pressures than do the curves for large 
particles. The nature of the deviations can be 
more clearly seen from Fig. 7 where »,/A’ is 


. plotted against L/a for the same particles. The 


slopes of the curves in Fig. 7 begin to decrease 
rapidly at values of L/a-~0.5. 

The transition from the high pressure to the 
low pressure type of radiometer force occurs in 
this region, and the velocity of thermal repulsion 
approaches a maximum. The velocities of the 
particles used in these experiments became too 
high to measure in this apparatus before the 
maximum was.reached. 

It should be noted that vr is proportional to 
dT/dx in the intermediate as well as in the high 
and low pressure regions, so that the change in 
slope with pressure shown in Fig. 6 constitutes no 
limitation on the applicability of (16) to the 
measurement of particle size at any particular 
pressure. 


Dependence of v, on Particle Radius a 


Case I. L/a<0.5: Equation (5) shows that the 
radiometer force, F, is proportional to the par- 
ticle radius. The mobility, Z, contains the factor a 
in the denominator. The velocity, which is given 
by v=ZPF, is, therefore, independent of a, except 


O25 050 t/a 100 


Fic. 7. Dependence of thermal ve ay S function Vs/A’ 
upon L/a the ratio of the mean free path of gas molecule 
to radius of aerosol particle. 
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insofar as a enters in the A’ factor of Z. At'a given 

(12) can be written v,=c,A’, where the 
value of c; changes with pressure but is inde- 
pendent of a. This is the range in which (9) is 
valid, and A’=1+AL/a. Then 


(18) 


and v, should be a linear function of 1/a. This is 
confirmed experimentally by the constancy of 
y,/A’ at atmospheric pressure (Table III). 
Under the same conditions of pressure and 
temperature gradient, the velocity of thermal 
repulsion is greater for smaller particles. A’ and, 
therefore, v,, increased 15 percent as the radius 
decreased from 1.6 » to 0.4 » at atmospheric 


pressure. 

Case II. L/a>0O.5: For particles less than 
1.3 « in radius at atmospheric pressure, or for 
larger particles at reduced pressures, L/a be- 
comes greater than 0.5. In this range c; is no 
longer independent of a. It can be seen from 
Fig. 6 that, at pressures where 1/P>0.06 (P <15 
cm), the values of v,/A’ at a given pressure are 
greater for large particles than for small ones, 
ie., ¢, decreases with decreasing particle size. 
The velocity of thermal repulsion now depends 
on the relative rates at which c; and A’ change 
with pressure for each particle size. 

The effect of reducing the pressure to values 
where L/a>0.5 is shown in Fig. 8. Curves II to V 
were calculated from v,/A’ values taken from 
Fig. 6. The circles in Fig. 8 are measured points; 
the triangles are interpolated and the crosses are 
extrapolated points on the curves of Fig. 6. From 
Fig. 8, the maximum velocity of thermal repul- 
sion is attained at any given pressure when the 
radius of the particle is approximately one and 
one-half times the mean free path of the im- 
pinging gas molecules at that pressure (L/a=~1.5). 
By the same token, the pressure which yields the 
maximum repulsive velocity for a given particle 
radius is that pressure for which the mean free 
path is one and one-half times the particle radius. 
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Fic. 8. Dependence of thermal velocity of aerosol 
upon the reciprocal of the radius of the particle for different 
total pressure or mean free paths of gas molecules. 


6. APPLICATIONS OF THERMAL REPULSION 


Aitken* produced a dust-free atmosphere by 
drawing air slowly through a channel across 
which a temperature gradient existed. Watson‘® 
placed microscope cover slips on the sides of a 
narrow channel, and deposited dust particles for 
microscopic and chemical analysis upon them by 
thermal repulsion. 

An arrangement in which air was drawn 
through the annular space between two con- 
centric pipes, the inner one of which was heated 
by steam, was employed by Bancroft.** He found 
that the air was effectively cleared of suspended 
particles, but at rates of flow too small for his 
purpose. Blacktin®® has invented an apparatus 
permitting larger rates of air flow. 

The determination of the size of small particles 
from the velocity of thermal repulsion has beerr 
suggested above. 


“W. D. Bancroft, J. Phys. Chem. 24, 421 (1920). 
%S. C. Blacktin, J. Soc. Chem. Ind. 58, 334 (1940); 
59, 153 (1940). 
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It is well known that the line element corresponding to the homogeneous universe can be 
derived from the physical assumptions that the material with which we are dealing is radially 
symmetric and spatially isotropic. In order to obtain a more general cosmology the following 
physical assumptions are made: 1. The matter in the body is radially symmetric. 2. The 
matter comprises a perfect fluid at rest. And 3. The matter obeys an equation of state of the 
form p= (p) where p is the pressure p is the density. It is shown that the above assumptions 
lead to three possible cosmologies. One of these is of course the hontegenstus univeres und the 


other two are new. 


INTRODUCTION 


HEN considering possible models for the 

universe one of the most important, 
hitherto discovered, is the homogeneous universe. 
This model can be derived from the physical 
assumptions! that the material with which we 
are dealing is radially symmetric and spatially 
isotopic. On the basis of these assumptions it 
can be shown that the line element? for this 
model is given by 


eat) 


where g(t) is an arbitrary function of t. Further 
the pressure* p and density p are given by 


eo) d*g 

= —-—— ig +A, 2 

Q) 

+ig—aA, (3) 
R? 


where the dot denotes differentiation with re- 
spect to ¢ and A is the cosmological constant. 
Since both p and p are functions of ¢ alone, it is 
obvious that an equation of state of the form 
always exists for the homogeneous 
universe. 

In attempting to obtain a more general model 
than the homogeneous universe Professor R. C. 


*R. C. Tolman, Relativity, Thermodynamics and Cos- 
(Oxford University "Penn, Cambridge, England, 
1934 p. 362-370. 
laa 1, p. 369. 
3 1, p. 377. 


Tolman suggested to me, some time ago, the 
following method of attack. The line element is 
taken to have the form‘ 


—e*(dr?-+r° sin? (4) 


where p=y(r,t), v=v(r,t), and the material 
body with which we are dealing is assumed to 
have the following physical properties. 

1. The matter in the body is radially symmetric. 

2. The matter comprises a perfect fluid at rest in the 
coordinate system of (4). . 

3. The matter obeys an equation of state of the form 
P= 

It is quite obvious that the homogeneous 
universe satisfies these assumptions. We shall 
show that there are two additional models which 
will satisfy all of the above assumptions. 


2. GENERAL FORM OF THE GRAVITATIONAL 
POTENTIALS 


If 7; denotes the components of the energy- 
momentum tensor our assumption 
implies’ = T,? = Ti=—p, T. “=p and 7;‘=0, 
ij. Using the expressions for T;* as given by 
Tolman® we find 


8rp=e* + + 
4 2 r 


a 


‘The same form of line element was recently used by 
Einstein and Strauss in discussing the influence of the 
expansion of space on the gravitation fields surrounding 
stars. Mod. Phys. 17, 20-124 (1945).) 

5 Reference 1, p. 243. 

* Reference 1, p. 252. 
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+ 
“4 2r 


ay 
+A, (2.2) 


8rp= — + (2.3) 
r 


— jv’ =0. (2.4) 


In the above expressions the prime notation 
indicates partial differentiation with respect to 
“s" and the dot notation indicates partial 
differentiation with respect to “‘t.”’ 

Before proceeding it might be pointed out 
that many writers on relativistic cosmology 
prefer to take the value of the cosmological 
constant A to be zero. We retain this constant 
in our equations since its value does not affect 
the simplicity or complexity of our calculations 
in any way. 

When 4=0 it is not difficult to show that a 
pressure-density relationship can exist only if the 
line element can be transformed to a static form 
in which both yx, »v are both independent of ¢. If 
the gravitational potentials yz, » depend only on 
r a pressure-density relationship always exists 
and the problem ‘is usually carried forward by 
investigating special pressure-density relation- 
ships of physical interest. Since this case has 
already been discussed to some extent in other 
papers we shall not treat it further here and 
shall assume throughout that 40. 

With the above restriction Eq. (2.4) can be 
integrated to give 


v=2 log (2.5) 


where ¢ is an arbitrary function of “‘t."” Making 
use of (2.5) Eqs. (2.1)—(2.4) take the form 


2 r 

A | -B| (2.7) 


where 


The equality of (2.6) and (2.7) immediately. 
yields an equation which can be integrated with 
respect to ¢. This leads to the equation 


’ 
yl “) =y(r), 


where ¥(r) is an arbitrary function of r. 

Since the divergence T7;;;' of the energy- 
momentum tensor must vanish we can obtain 
the following two relations, 


V/s, (2.10) 
26= —3(pt+p)é. (2.11) 

Eliminating 4 gives us the single relation 
(2.12) 


By inspection we can see that 6=0 or p’ =0 are 
two solutions of (2.12). If 6=0 then (2.11) implies 
p+p=0 since we have assumed 40. The posi- 
tive character of the pressure and density means 
that +p=0 cannot be satisfied unless p=p=0. 
This could hold, however, only in empty space 
and an equation of state for this case would be 
meaningless. The other possibility p’=0 implies 
p’=0 since we have assumed an equation of 
state of the form p= (p). For this case Eq. 
(2.10) gives us p+p=0 or 4’=0. We discard 
p+p=0 as before and deal with ~’=0. When 
this is so (2.4) would require »’=0. Further 
investigation shows that this case leads to the 
homogeneous universe. In order then to obtain 
a more general model than the homogeneous 
universe we now know that neither pressure nor 
the density can be independent of ¢ or r. 

In order to carry through the integration of 
(2.12) let us define the function g(p) by means of 


dq/dp=1/(p+p). (2.13) 


This is legitimate because p= p(p). Then (2.12) 
takes the form 


= 2.14) 
og p ( 


Thus 
log 6=q(p)+arbitrary function of t. (2.15) 


Equation (2.15) can be integrated by a similar 
device used to integrate (2.12) and we find that 
p must have the form 


p=p(v), (2.16) 
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where v=h(t)+k(r) and h, & are arbitrary func- 
tions of their arguments. Moreover a change of 
time scale i=h(?) leaves the form of the line 
element invariant so there is no loss in generality 
in taking h(t) =¢. Thus 


v=t+k(r). (2.17) 
From (2.11) we have 3 
2 dq 
b= (2.18) 
3dp 
This implies 
u= (2.19) 
where f(r) is an arbitrary function of r. Thus, 
because of (2.16), we have that u must have the 


form 
u=F(v)+f(r). (2.20) 


Moreover the form of the second gravitational 
potential » is given by (2.5) to be 


v=2log (dF/dv)+¢(t). (2.21) 


We have by the above analysis obtained the 
general functional form which the gravitational 
potentials 4, » must haye. In order to find 
explicit expressions for u, » we must still find 
explicit expressions for F(v), k(r), f(r), and ¢(?). 
These will be obtained in the next section. 


3. DETERMINATION OF THE GRAVITA- 
TIONAL POTENTIALS 


From the preceding section we have seen that 
the gravitational potential » must satisfy an 
equation of the type 


2 


and further must ‘have the form 
u=F(v)+f(r). (3.2) 


When y(r)=0, the solution of (3.1) is easily 
obtained to be »= —2 log (Ar’+B) where A, B 
are arbitrary functions of “‘t.” For this case the 
density is given by (2.8) to be 8%p=12AB 
+4e-e —A. Thus the density is a function of ¢ 
alone. By a result obtained in the previous sec- 
tion we see that this can only be so, under the 
assumptions we have made, when the solution 


-can be reduced to the solution corresponding to 


the homogeneous universe. 


Returning to Eq. (3.1) we shall make a 
of variable by means of x«=r?/2. The equation 
then becomes 


1 
on ) (3.3) 


Since y is still an unknown function we have 
replaced ¥[(2x)#]/2x by h(x). Similarly the form 
of u is given by 

u= F(v)+2(x), (3.4) 
where 
t+y(x) (3.5) 
and 2(x) =f[(2x)*], and y(x) =k[(2x)!]. In order 
to simplify our notation we shall, from now on, 
denote total differentiation by a letter subscript. 
Thus F,=dF/dv, yz=dy/dx and so on. Substi- 
tuting (3.4) into (3.3) we obtain 


(3.6) 


Since x and v are independent variables, we can. 


satisfy (3.6) only if 


Ver — = ays", (3.7) 
222 — = (3.8) 
Fyy—4F,2+aF, +b) =c, (3.9) 
h(x) =ce#!y,2, (3.10) 


where a, b, c are constants. From (3.7) 
22 = (3.11) 
Substituting (3.11) into (3.9) we have 


2y — = (2b+0*) yz". (3.12) 


This last equation can be integrated to give 
= (2b+0*) (3.13) 


where ¢; is a constant of integration. 

For the remainder of the discussion it is best 
to divide up the analysis into several cases 
according as ¢, a, b, 2b+a? do or do not vanish. 
We shall illustrate the analysis by two cases, 
one of which leads to a new solution, and the 
other is used to show that for certain values of 
¢1, a, 6 no solution exists which will admit an 
equation of state. 
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Case 1 


¢:=b=a=0. Thus =0 and y where 
¢, ¢3 are constants of integration. Since v=t+y 
the constant of integration c; can be taken to be 
zero as it can be absorbed into the time scale. 
From (3.11) 2,=0. We can take z=0 as a little 
consideration will show that the constant of 
integration that arises in this case can be ab- 
sorbed into the r scale. Thus u»=F(v) where 
y=t+cer?/2. Under the restrictions imposed in 
this case Eq. (3.9) becomes 


eF 3F,*) =c. (3.14) 


The substitution F=log (—c/12w)* reduces this 


equation to 
= 6u*, (3.15) 


which can be integrated to give 

w,? =4w* (3.16) 
The solution of (3.16) is w=g(v) where ¢(v) is 
the Weierstrass elliptic function with invariants 
0, cs. Thus F=log (—c/12¢(v))*?. From the ex- 


pressions we have derived we find our gravita- 
tional potentials are given by 


n=log 
v=log (49."/9") + o(), (3.17) 
v=t+cor?/2. (3.18) 


In our gravitational potentials only one un- 
known function ¢(¢) remains. This can be deter- 
mined by the condition that the density p must 
reduce to a function of v alone. From (2.8), 
(3.16), (3.17), and (3.18) the density is given by 
the equation 
(3.19) 


where a=(12/c)?. Since v and ¢ are independent 
variables, p can be a function of v alone only if 


e~* =8 (acest +8), (3.20) 


where 8=(A+X)/6 and K is a constant. When 
this is so the pressure and density are given by 


8rp = +K, (3.21) 
8xp = (3.22) 


We thus see that an equation of state of the 


form p= p(p) exists for this case and that (3.21), 
(3.22) provide a parametric representation of 
that relationship. 

Case 2 


Returning to Eq. (3.13) we take 6=0, a=1, 
c,=2. The equation then becomes 


Vex" = +2y,'. (3.23) 
This can be integrated to give 
y2=2/[(x+a)?— 1], (3.24) 


where a is constant of integration. From (3.24) 
we find 


y=log | (x+a—1)/(x+a+1)| 
+constant of integration. (3.25) 


Since we are using this case only for purposes of 
illustration we shall take both a and the constant 
of integration to be zero. Thus 


y =log |(x—1)/(x+1)|. (3.26) 
Similarly z can be determined by (3.11) to be 
log |x—1|. (3.27) 


In the expression for z we have again dropped a 
constant of integration. For this case then 


v=t+log | (x—1)/(x+1)|, (3.28) 
u=F(v)—2 log |x—1|. (3.29) 


Returning to Eq. (2.8) we note that the 
transformation x =r?/2 puts this in the form 


x 
(3.30) 

Substituting (3.29), Eq. (3.30) becomes 


8rp= 


(x+1)? 
(3.31) 
Expressing x in terms of v and ¢ by means of 


(3.28) we find that (3.31) can be put into the 
form 


(3.32) 


| 
tion 
der 
sti- 
9) | 

1) 
st 
S, j 
le 
n 


where 
A(v) = +6), (3.33) 
Biv) (3.34) 
= — A. (3.35) 


Since v, ¢ are independent variables (3.32) implies 
that p is a function of v alone only if 


B(v)=constant=2k, y(t) = —2ke~**+-constant. 


Using (3.34) we see that F(v) must satisfy the 
differential equation 


F2+ F, (3.36) 


We already know however that F must satisfy 
(3.9). Putting a=1, b=0 this equation can be 


written 
Fy — 2+ F, (3.37) 


Subtracting (3.37) from (3.36) we find 
2 = — ce-(F 2), (3.38) 


Differentiating (3.38) with respect to v and 
substituting for F,, from (3.37) we find 


—2)+-4ce-4  F,, (3.39) 


Eliminating F,? by (3.38) Eq. (3.39) takes the 
form 
3 = (3.40) 


From (3.38) and (3.40) we see that c=0. How- 
ever (3.10) implies A(x)=0, and in turn (3.3) 
gives us ¥(r)=0. This case has already been 
dealt with and we have seen that ¥(r) =0 lends 
us to a solution which corresponds to the homo- 
geneous universe. Thus the second case which 
we have discussed does not lead to a new 
solution. 

It was pointed out that in order to obtain a 
complete analysis of the problem under con- 
sideration it was necessary to investigate several 
special cases according as ¢1, a, 6, 2b+-a’, do or 
do not vanish. The author has carried through a 
complete investigation of every case possible and 
only two new solutions for the gravitational 
potentials exist, one already obtained and the 
other will be given in the conclusion of this paper. 


MAX WYMAN 


CONCLUSION 
Starting from a line element of the form 


ds*=e'd? 6d¢*), 
we have been able to show that the physical 


assumptions given in the introduction implies . 


that the gravitational potentials can be reduced 
to one of the following three forms. 


1. e=1, /(1+r°/4R?)? 
(homogeneous universe). 


2. e& =c?/1449*%(v) 
where v =t+cor?/2. 


where v 


The line element corresponding to the third 
solution can easily be obtained from that of the 
second by the transformation *#=1/r. It is not 
difficult to show that the second and third solu- 
tions lead to the same equation of state. As a 
cosmological model the third solution is not 
likely to be of interest because of the singularity 
at r=0. In- order to determine whether the 
second is of interest one should investigate the 
physical properties, such as behavior of particles, 
light rays, etc., of a model whose gravitational 
potentials are those given by (2). The author 
hopes to carry this investigation out at a later 
time. 

Even if these solutions do not provide an 
interesting cosmology they are at least two new 
solutions of the field equation that are valid 
inside matter. As such they may be of interest 
in problems of the type recently discussed by 
Einstein and Strauss.‘ More than this the 
analysis which we have carried through points 
the way to determine several more new solutions 
of this type. By solving Eqs. (3.7), (3.8), (3.9) 
we are lead to several more solutions of the 
field equations which will be valid inside matter. 
We know however that these new solutions will 
not admit an equation of state of the form 
p= p(p). 

The author would like to thank Professor 
Tolman for suggesting this problem, and to say 
that Eq. (2.9) of the present paper was obtained 
from him in a private conversation. 
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Initiation of Discharge in Arcs of the Thyratron Type 


Cuartes J. MULLIN 
University of Notre Dame, Notre Dame, Indiana 


(Received May 15, 1946) 


When a grid overvoltage is applied to a thyratron, the 
resulting electron current produces positive ions which 
move back toward the cathode of the tube. Some of these 
ions are “trapped” in the potential well formed near the 
cathode by the electron space charge. The “trapped” 
positive ions diminish the depth of the potential well and 
thus permit a larger current to be emitted from the cath- 
ode. When the number of positive ions “trapped” in the 
potential well becomes sufficient to decrease the depth of 
the well to zero, the saturation value of the cathode current 
is emitted, and the initiation of the discharge is completed. 


I. INTRODUCTION 


LTHOUGH a rather detailed study has 
been made of the processes involved in the 
deionization of thyratrons, relatively little work 
yielding information about the physical phe- 
nomena involved in the initiation of the dis- 
charge in thyratrons has been done. The ionizing 
time is of the order of microseconds; hence, until 
recently it was usually safe to assume that the 
thyratron discharge initiated instantaneously 
after the application of the triggering voltage to 
the grid. However, with the advent of “‘micro- 
second techniques,” circuits containing thyra- 
trons are called upon to generate or analyze 
pulses whose durations are comparable to the 
ionizing time of the thyratrons. Thus in many 
applications the ionization time places a greater 
limitation on the use of the thyratron than does 
the ‘‘dead”’ (deionization) time. For this reason a 
more detailed study of the mechanism involved 
in the initiation of the thyratron discharge has 
been made in this paper. 


Il. SUMMARY OF EXPERIMENTAL DATA 
ON IONIZATION TIME 


Experimental studies of the initiation of the 
thyratron discharge have been made by several 
workers. Wheatcroft and co-workers' have 
studied the “‘pre-striking”’ characteristics ; Harri- 


'E. T, Wheatcroft, R. B. Smith, and J. Metcalfe, Phil. 
Mag. 25, 649 (1938). E. T. Wheatcroft and T. G. Hammer- 
ton, Phil. Mag. 26, 684 (1938). 
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From this model of the initiation of the discharge, an equa- 
tion for the anode current as a function of time during the 
initiation of the discharge has been derived. This equation 
yields current versus time curves which are in good agree- 
ment with experiment. From this equation, estimates of 
the ionization time can be made. The calculations give 
ionization. times of the correct order of magnitude. The 
calculated ionization times show the experimentally ob- 
served dependence upon the grid overvoltage, gas pres- 
sure, and anode voltage. 


son? and Snoddy* have used high speed oscillo- 
scopes to observe the current build-up. Very 
recently Germeshausen‘ has made a study of the 
initiation of discharge in hydrogen-filled thyra- 
trons. The results obtained by these experi- 
menters may be summarized 4s follows: 

1. The current (or voltage) versus time curves 
for the initiation of the discharge are of the type 
shown in Fig. 1.5 After application of the grid 
overvoltage (at ‘=0) there is little increase in 
current for a time t;, which may be called the 


total ionizotion time ————~! 


| 

\ 


t— 


Fic. 1. Typical curve for voltage drop across thyratron 
as a function of time after application of grid overvoltage 
(at t=0). E is the power supply voltage. 


_ *A. E. Harrison, Trans. A.1.E.E. 59, 747 (1940). 

+L. B. Snoddy, Physics 4, 366 (1933). 

*K. J. Germeshausen, private communication. The re- 
ports on the hem thyratron results are available in 
the combined Radiation Laboratory Reports. 

‘If the power supply voltage is Z, and a series resistor 
R, is used in the plate circuit of the thyratron, then it is 
evident that the voltage drop, V:, across the thyratron is 
related to the anode current, ¢, of the thyratron by the 
equation: V,= E,—éR,. 
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Fic, 2. Model of thyentees assumed for derivation of the 
equation describing the initiation of discharge. The anode, 
grid, and cathode are assumed to be parallel plane 


elec 


time lag or waiting time. Then between /; and ?2 
the current builds up very rapidly. The time 
tg—t; is called the breakdown time.* For small 
and moderate grid overvoltages, the time lag 
(t:) is usually much greater than the breakdown 
time (t2—?;). For large grid-overvoltages the 
time lag becomes approximately equal to, or 
even less than, the breakdown time. 

2. Ionization times varying from a few hun- 
dredths of a microsecond up to several hundred 
microseconds have been observed. 

3. The time lag (¢; in Fig. 1) is inversely pro- 
portional to the grid overvoltage. 

4. The breakdown time (t2—f:) is decreased 
by increasing the anode voltage. Since for small 
and moderate grid overvoltage the time lag 
(which is not a function of anode voltage) makes 
up most of the total ionization time, the total 
ionization time is not greatly dependent upon 
the anode voltage except when large grid over- 
voltages are used. 

5. The ionization time is decreased as the gas 
pressure is increased. The pressure was varied 
within rather narrow limits, and no quantitative 
study of ionization time as a function of gas 
pressure has been made. 

6. The ionization time seems to be decreased 
by decreasing the dimensions of the tube. 


Il. MECHANISM OF THE INITIATION 
OF THE DISCHARGE 


It will be assumed that the electrodes of the 
thyratron may be treated as parallel planes as 
shown in Fig. 2. If the thyratron is of the positive 
grid type, it will be assumed that the anode po- 
tential produces very little grid-cathode field. 
This assumption is valid because of the good 


shielding in these tubes. If the thyratron is of 


© Excellent otographs of the decay of vol across 
thyratrons by Harrison, 2. 
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the negative grid type (requiring a negative grid 
bias to prevent firing when the anode potentia] 
is applied), it will be assumed that the grid. 
cathode field, plotted along a line passing from 
cathode to anode through a grid hole, caused by 
the application of the anode potential and the 
negative grid bias potential, is zero when the 
grid bias is adjusted to the cut-off value (the 
cut-off grid voltage is the minimum bias voltage 
which prevents firing for a given anode voltage), 
-With these assumptions the potential 
tribution (plotted along a line joining cathode 
and anode and passing through a grid hole) 
across the tube at the instant a grid overvoltage 
V, is applied is of the form shown in Fig. 3. The 
potential minimum, V,,, which occurs at a dis- 
tance X,, from the cathode, is due to electron 
space charge.’ 

The applied grid overvoltage, V,, causes an 
initial electron current to to flow across the tube. 
This current is practically the same as that 
which would be set up in a vacuum tube under 
the same conditions. The electrons ionize the 
gas atoms in the grid-anode region. The resulting 
positive ions move back toward the cathode 
region. A certain fraction of these ions will suffer 
collisions with gas.atoms in or near the potential 
well centered at X,,. These ions are “trapped” 
in the potential well and neutralize some of the 
electron space charge ; this reduces the height of 


T 
| 
| 
| 
| 


potentio! relative to 
that of cathode 
| 
| 
| 
! 
N 


distance from cathode 


Fic. 3. Potential distribution (along a line joining cath- 
ode and anode and passing through a grid hole) across 
tube immediately after the application of a grid over- 
voltage, V,. X, and X, are the distances of grid and anode 
from the cathode, respectively; V. is the anode voltage. 
The potential minimum, — V», occurring at Xm, is caused 
by electron space charge. 


7Cf., for example, K. K. Darrow, Electrical Phenomena 
in Gases (Williams and Wilkins, Baltimore, 1932), p. 323. 
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the potential barrier surrounding the cathode 
and thereby permits a greater electron current 
to flow from the cathode. The time required for 
the initiation of the discharge is the time re- 
quired for the positive ions to accumulate in the 
“well” in sufficient numbers to completely re- 
nove the potential barrier. Klemperer® has cal- 
culated the ionization time on the assumption 
that the entire ionization process takes place in 
a single cycle, i.e., that the initial electron space 
charge cloud which is pulled into the grid-anode 
region when the grid over-voltage is applied 
produces sufficient positive ions to annihilate the 


_ potential barrier. The resulting ionization times 


agree with those observed experimentally when 
very large grid overvoltages are used. Thus it 
would seem that the initiation of the discharge 
may be completed in a single ion-cycle if very 
large grid overvoltages are used. However, for 
moderate and small grid overvoltages, many 
cycles are required for the discharge to develop. 
Engel and Steenbeck® have given a discussion 
of the initiation of the discharge when more than 
one cycle is required; however, these workers 
do not give results showing the rate at which 
current builds up or the dependence of ionization 
time on grid overvoltage. 


IV. DERIVATION OF THE EQUATION DESCRIB- 
ING THE INIATION OF THE DISCHARGE 


Suppose that at time ¢ the positive ions have 
reduced the depth of the potential well from its 
original depth V,, by an amount V,. Then the 
electron current density is given by 


i=i, exp (1) 


where i, is the saturation current density. (k 
= Boltzmann constant.) 

The dependence of V, upon the number of 
trapped positive ions may be determined as 
follows: the positive ions are trapped at a dis- 
tance X,, from the cathode and may be assumed 
to be distributed over an area approximately 
equal to the area, A, of the grid hole through 


a 3 Klemperer, Archiv f. Electrotechnik, 27, 322 
*A. V. Engel and M. Steenbeck, Elektrische Gasent- 
Julius Springer, Berlin, 


DISCHARGE IN THYRATRON ARCS 


positive lons 
cathode 

| 


A. 
Xm 
t 


Fic, 4. The layer of positive ions and the cathode form 
a small parallel plate of aren 4 end 


which they enter the grid cathode region (Fig. 
4).1° Thus a small parallel plate condenser of 
area A and thickness X,, is formed. If C is the 
capacitance of this condenser, and Q is the total 
positive ion charge trapped in the potential well, 
then 

V,.=Q/C, (2) 
and 


imi, exp (3) 


The value of X,, is slightly dependent upon V,; 
however, the dependence is rather small. For 
grid voltages in the range 0-25 volts the average 
value of X,, is about 0.5 mm." Using this value 
of X,, and taking the area of the grid holes as 
about 1 cm? 


A 
9X10" 


The value of Q may be calculated as follows: the 
electron current, i, traversing. the grid-anode 
region sets up a positive ion current flowing 
back toward the cathode. The electron mean free 
path is of the order of the tube dimensions. If 
t, is the mean time for positive ions to return to 
the cathode, then the positive ion current in the 
cathode region is 


=1.8X10-"farad. (4) 


i,(t) =ci(t—t,), (5) 


where @ is a proportionality constant which is 


1 Since the thermal velocities of the “trapped” ions are 
relatively small, they may be regarded as being at owt. 

1 Values of X» as a function of voltage have been cal- 
culated by T. C. Fry, Phys. Rev. 17, 441 (1921). A “— 
of some of the results obtained by Fry i is given by K. 
Darrow, reference 7, p. 329. 
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proportional to the fraction of electrons which 
produce positive ions which get back into the 
grid-cathode region. If a fraction, 8, of. these 
positive ions are scattered into the potential 
well centered at X,,, then 


6 
(6) 
and 
+=1, exp eT m 
or : 
7 
ifi, (7) 
Differentiating, 
1di ep 
8 
dt @) 
But from (5) 
44 =at(t—t,) =ai(t) —at,di/dt. (9) 
Therefore 
id di 
or 
RTC dis di 
eaB 1 
Integrating, 
+t In t. (11) 


For very small grid overvoltages ip « Vg!; how- 
ever, for grid overvoltages of practical interest 
to V,. Thus, i9 =a V,, where the value of a should 
be approximately equal to the value of the cdn- 
stant occurring in the law for space: charge 
limited emission ; thus 

492.5 X10-*V, amp. cm~. (12) 
Thus Eq. (11) may be re-written in the form 


1 


t=——_(—-- 


eaB \aV, 


+t, In 
to 


1-— In — 13 
(13) 


MULLIN 


Equation (13) describes the initiation of the 
discharge.” It will be assumed that the cathode 
has an emitting surface of about 1 cm*. Then in 
Eq. (13) represents the anode current. 


Inspection of Eq. (13) leads to the following - 


conclusions : 
1. The current increases very slowly with 
time until 


t= (kT'C/eaB)(1/aV,); 


thereafter, the current increases exponentially 
with a time constant ¢,. Thus Eq. (13) can be 
used to explain the observed shape (Fig. 1) of 
the current versus time curves. 

2. The time-lag (¢, of Fig. 1) is given by 


t= 


and is thus inversely proportional to the grid 
overvoltage. 

3. Since the factor a increases with increasing 
pressure, the ionization time should decrease as 
the pressure is increased. 

4. The quantity ¢, (mean time for ions to 
return to cathode) is inversely proportional to 
the square root of the anode voltage. Thus the 
breakdown time (¢2—¢; in Fig. 1) should be de- 
creased by increasing the anode voltage. 

All these conclusions are in agreement with 
experiment. 


Vv. NUMERICAL CALCULATIONS 


Equation (13) may be used to estimate the 
ionization times and the rate of current build up 
for thyratrons. The values of some of the quan- 
tities occurring in the equation have been given 
in the above sections. These are 


C=1.8X10-* farad, 
a=2.5X10-* amp. volt. 


The value of 8 (fraction of positive ions moving 
into grid-cathode region which are scattered into 
the potential well) should be given approxi- 


t-»>«, This situation arises from the fact that Eq. (13 
describes only the initiation o _ discharge and not, 
course, the equilibrium state of the discharge. Certain ad- 
ditional processes involved in the ootinden state become 
of importance as the current approaches the steady state 
value. These processes, which have not been considered 
here, prevent the current from increasing indefinitely 
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tin pose 
Fic. 5. Voltage across thyratron as a function of time 

as plo s. (16) and (17) with V,=10 volts, 

E,=300 volts, and R,= 10,000 ohms. The grid overvoltage 

is applied at ¢=0. 

mately by 

length of potential well 

grid cathode spacing 1 
and taking a= 1/100, T=800°K 


1 1 (14) 
n —, 
V, to 


with V, in volts, 7 in amperes, and ¢ in seconds. 
t, is the mean time for ions to return to the 
cathode ; hence 


0.1, 


i= 


A+1 


where \_ is the electron mean free path, / is the 
grid-cathode distance, and 6, is the average 
positive ion velocity. Thus 


1 1 

2 


(15) 


ms d 
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where 
\,=mean free path for positive ions, 
m,.=atomic weight of ion (grams), 
d=anode-grid spacing, 


taking 
Ny 10" 


where A =mass number of ion, and V.=anode 
voltage in volts. For argon, A = 40, and taking 
V.=300 volts, 


t,=0.5 X 10~* seconds. 
50x 10-* 1 
t= 1 )+0.sx10- In — seconds, 
V, \ in 
or 


50 1 
t=—{ 1-—— } + 0.5 In — microseconds. (16) 


In the experiments, the oscilloscope measure 
ments do not give the thyratron current directly, 
Rather, the decay of the voltage drop across the 
thyratron is observed. The thyratron current, i, 
and the voltage drop across the thyratron, V;, are 
related by the equation,® 


V.=E,—iR,. (17) 


The value of 7 may be obtained from Eq. (16). 
The decay of the voltage across the thyratron 
may thus be obtained from Eqs. (16) and (17). 
The voltage versus time curve obtained from 
these equations with V,=10 volts, and R, 
= 10,000 ohms, is plotted in Fig. 5. 
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On the Self-Energy of the Electron 


Grutio RAcAH 
The Hebrew University, Jerusalem, Palestine 
(Received January 12, 1946) 


Some evidence is given that the self-energy of an electron in the hole theory is finite, but 
coincides with mc? only if e*/hc satisfies a particular equation. 


INTRODUCTION AND DISCUSSION OF THE RESULTS 


NE of the very few tentative ways of explaining the finiteness of the self-energy of the electron 

without hypothesis ad hoc was made by Weisskopf,' who considered an electron in the “vacuum” 

of the hole theory and reached the conclusion that its self-energy diverges only logarithmically in 
every approximation; i.e., if the self-energy W is expanded in a series of approximations 


w= Ww, (1) 
corresponding to an expansion in powers of the parameter e’/hc, W™ does not diverge more strongly 
than 

(h/mea)]", (2) 


where a is a “‘critical length” giving the ‘“dimension”’ of the electron. 

Although Weisskopf did not obtain a finite self-energy, a great step was made, since the radius of 
the electron appears in (2) only logarithmically, and the electron mass appears for the first time as a 
coefficient in the self-energy. 

‘Weisskopf considered his result as an evidence that the critical lenght a is of the order of (h/me) 
exp(—/c/e*), but it must be pointed out that if the series (1) is an alternating one, it is possible, and 
also very probable, that W remains finite also if a is infinitely small. 

If we consider the physical meaning of the different approximations, it appears also very probable 
that the series (1) is an alternating one. Weisskopf has shown that the reduction of the order of the 
divergence in the hole theory is caused by a polarization of the ‘“‘vacuum.”’ In the first approximation 
this polarization is caused only by the repulsion between identical particles in a completely degenerate 
Fermi gas. The second approximation gives the effect of the electrostatic repulsion, and therefore 
this approximation gives a further increase of the polarization and a reduction of the self-energy, 
i.e., a negative term. Since in the second approximation the electrostatic repulsion is calculated for 
electrons which are nearer than in reality to the polarizing one, the third approximation will be 
positive, and so on. 

It is therefore possible that the series (1) converges for every value of a to a limit 


W=me*f{(h/mca), (e/he)], (3) 
and that f is finite also for vanishing a: 
limanof{ | (4) 


The requirement that the whole mass of the electron should be electromagnetic would then give 


_ acondition for the numerical value of e?/hc, which should be a root of the equation 


g(e*/hc) =1. (S) 
In order to control these conjectures we shall calculate the second approximation of the electro- 


1 V. F.Weisskopf, Zeits. f. Physik 89, 27 and 90, 817 (1934); Phys. Rev. 56, 72 (1939). : 
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static self-energy in the hole theory and shall find that it diverges according to (2) and is in effect 
tive. 

“We have not yet calculated the “second” approximation of the electrodynamic self-energy, which 
is in reality the fourth approximation of the perturbation produced by the interaction of the elec- 
trons with the transverse part of the electromagnetic field; but we have no reasons to believe that 
the result will be a different one. Anyway, the fact that the second approximation of the electro- 
static self-energy is negative is sufficient reason for not rejecting the hope that the series (1) will 
converge also for vanishing a. 

In conclusion we may say that it is possible that the divergence of the self-energy in the hole 
theory may be only apparent, and may be caused by failure of the expansion in powers of e*/hc. In 
this case the exact solution of the problem which must be obtained without expanding powers of e*/he 
will give a finite self-energy; but this solution will be consistent with the assumption of the electro- 
magnetic origin of the mass only if the numerical value of the fine-structure constant satisfies a con- 


dition of the type (5). 
THE SECOND APPROXIMATION OF THE ELECTROSTATIC SELF-ENERGY 
The electrostatic self-energy, according to Weisskopf, is given by 
2E (grst)—2 Dor De + Ler Als), (6) 
a,=a‘(q), (é=1, 2, 3, 4) | (7) 


are the well-known operators of the second quantization, and 


e*h® {u**(q)ui(r) } {u**(s)u'(t) } 
A (qrst) = A (gris*t*) =—— » (q+s=r-+t). (8) 
, - 
Since only the first term of (6) has non-diagonal elements, we obtain for the diagonal elements of 
the electrostatic self-energy in second approximation 


4Ws => (qurv)A (9) 
where (u, v, w, x) are permutations of @, r,s, t) with 
(u, v, w, x) ¥(r, t, s). (10b) 
Using the well-known relations between the a,, we obtain after some changes of the indices 
with Ws;s®=A+B (11) 
A=} Dora (gsrt)[A (sgtr) — A (sig) (Ep + (11a) 
B=} Dore (qrrs)A (sttg)(E,— (11b) 
The second approximation of the self-energy of an electron at rest is 
W® =W(Vac.+1)—W(Vac.), (12) 


and its electrostatic part may be obtained by deriving Ws with respect to Ny+ and putting after- 
wards N,+=0 and N,-=1. We obtain in this way 


cA =D A(Otstr-tt)[A — A (str-t*+0*) —R-—S-—T)“ 
—Dere A(q-str-0+)[A (stq-0tr-) —A (str-0*q-) (13) 


where 


ctron 
lum” 
ly in 

(1) 
mngly | 

(2) 
| 
asa | 
/mc) 
and | 
able 
tion 
rate | 
fore 
rey, 
| be 

(3) 
(4) | 
(S) 
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and changing the indices in the first sum we have 
cA = — Lew —A S—me)~! 

s=q-+tr. (15) 


The sum over the spin directions may be made in the usual way? 


e*h* 
X 
X 
xX 
X 
S)?—m'c*] 
the sum over g and r may be substituted by an integral: 


Si 
ince only (18) 


depends on the relative directions of q and r, we may use the transformation 


0,dqd P S2 
f dair=s fSdS, (19) 
Si (20) 


on the other hand, since we are interested only in the asymptotic behavior of A for p>mc, and f is 
finite for g and r finite, we may neglect mc with respect to g and r, and write 


where 
2R- R?—(S—Q)?]+R R- 
Q(0+2R+S)[R?—(S—Q) bs (Q+ (22) 
R(Q+R+S)* . 
2-R+R 20R+R? Q+R 
ga(Q, log for RK Q (22a) 
4 QR? 
an: 
R —2QR’+ 
ga(Q, R)=4 log for R>Q. (22b) 
R 


* W. Heitler, Quantum Theory of Radiation (Oxford University Press, New York, 1936), p. 150. 
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Owing to the fact that g4(Q, R) is a homogeneous function of degree zero, it is easy to see that for 


P>mc 
Az 0) +g4(0, R)] log? (P/me); (23) 
and then we obtain from (22a) and (22b) that 
(4/3)mc*(e2/hc)* log? (P/mc). (24) 


In the same way we have for B: 
cB (stg) /20 (q=s) 
= Lee (gt — A (gtt-t-g-) 1/20; (25) 


= Ler  Spl(1+8)(O+a- 


=me Val (26) 
(27) 


or, putting 


r=t—q, 


| 
Lol (26") 


From here we obtain 


ls 
where RT 
R)= n= f aT (29) 
has the values 
 ga(Q, R)=4R2/3Q0 for RQ (29a) 
gx(Q, R)=4/3 for R>Q; 
log? (P/mc). (30) 


Introducing the critical length a=h/p, we conclude from (11), (24), and (30) that 
W — (2/3)me*(e2/he)? log*(h/mca). 


| 7 
(31) 
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A New Approach to Kinematic Cosmology—(B) 


L. anp A. E. Scuitp* 
Department of Mathematics, University of Toronto, Toronto, Canada 
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Maxwell's equations, Lorentz’s equations of motion, and Dirac’s equations are investigated 
ona cosmological background. Maxwell's equations are conform invariant and the equations 
of motion can easily be made conform invariant. Then, without introducing any new assump- 
tions, Dirac’s equations are seen to be conform invariant. In open universes the solutions of 
Maxwell’s and Dirac’s equations are the same as in flat Minkowski space. The behavior of 
these equations is different in closed universes by reasons of topology. In closed universes both 
Maxwell's and Dirac’s equations provide new eigenvalue problems. Dirac’s equations exhibit 
a marked difference between an elliptic and a spherical closed universe. 


INTRODUCTION 


HIS investigation is the continuation of a 
paper under the same title.** As the first 
two parts of A contained much material of which 
no use is made here, we have tried to formulate 
the present paper so that its main contents can 
be understood without a detailed knowledge of A. 
In A we investigated the possible cosmological 
backgrounds. Here we shall examine the equa- 
tions of electrodynamics and Dirac’s equations 
on this background. 

In viewing the relation of atomic physics to 
cosmology, we encounter two widely differing 
schools of thought. Some investigators believe 
that the worlds of microphysics and of cosmology 
are intimately connected. This point of view 
_ was perhaps most distinctly represented by the 
late Sir Arthur Eddington. Dirac, Schrédinger, 
and Milne seem to share this general attitude. 
On the other hand, many physicists dismiss this 
view as formal, speculative, and arbitrary. 

Our analysis here seems to point toward a 
third possibility, which differs from both extreme 
views, the one claiming intimate connection, the 
other complete independence between atomic 
physics and cosmology. 

We now give a brief summary of the con- 
clusions reached in this paper. 

The possible universes are either closed or open. 


* Now at the Carnegie Institute of Technology, Pitts- 
burgh, Pennsylvania. 
al — and A. Schild, Phys. Rev. 68, 250-272 (1945); 
referred to as A. The numbering of parts, 
po aaibee, and footnotes is carried over from this 
previous work.—We wish to take this ple to 
correct a printing error in A; Eq. (A72) should read: 


5/i=p/t. 


The metric form of closed universes is 


I: ds*=R*(r){dr?—dp?* 


—sin* p(d6*+sin? @dy*)}, (0.11) 


and that of open universes is 
II: ds?=R*(r){dr*—dp?* 


—sinh? p(dé?+sin? édg*)} (0.12) 
or 


Ill: ds*= R%x){dr*—dp? 
— p?(d6?+sin? (0.13) 


In the cosmological coordinate system (c.c.s.), 
the line elements assume the form 


ds*=4(t, r)dso?, (0.2) 


where dso? is the line element of flat Minkowski 
space-time, and the functions y are listed in A, 
Table I. 

It was shown in A that Maxwell’s equations 
do not involve the function y, and have, there- 
fore, the same form in all cosmological spaces 
and, in particular, the same form as in Minkowski 
space. Under suitable assumptions, the same 
statement applies to Lorentz’s equations of 
motion and to Dirac’s equations. Thus the 
equations of electrodynamics and Dirac’s equa- 
tions are insensitive to any change of metric; 
the cosmological background does not reveal 
itself in the equations. The implication seems 
unavoidable that the study of Maxwell's, 
Lorentz’s, and Dirac’s equations does not point 
to any connection between microphysics and 
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cosmological structure. Yet a more detailed 
analysis shows that such a connection does exist. 
Anticipating our results, we may say: 

In the case of open universes, there is no dif- 
ference between Minkowski space and any other 
cosmology. 

In the case of closed universes, the situation is 
different. The reason for this lies not in the 
differential equations but in the appearance of 
boundary conditions, which are caused by the 
fact that the points (7, p), (7, p+), and 
(r+, p) must be identified with a single physical 
event. The relation of the atomic to the cos- 
mological world is determined, mot by the 
metric, but by the topology of the universe. 

We shall now outline briefly the behavior of 
the equations of electrodynamics and of Dirac’s 
equations in the transition from one cosmological 
space to another. In particular, we wish to con- 
sider under what conditions these equations are 
conform invariant, i.e., retain their form for all 
universes of one type. 

In the case of Maxwell’s equations, the con- 
form invariance is immediately demonstrated. 
No new assumptions enter the argument. The 
behavior of Lorentz’s equations of motion and of 
Dirac’s equations is not so obvious. 


The expressions 
R/r., R/r. (0.3) 


enter Lorentz’s equations of motion for an elec- 
tron and Dirac’s equations, respectively. Here 
R is a function of time defined by one of the line 
elements (0.11) to (0.13); 7, is the “radius of the 


electron” 
r.=e?/m (0.4) 


(m=mass of the electron, —e=charge of the 


electron, c=velocity of light=1); r. is the 
Compton wave-length 


re=h/m (0.5) 


(4 = Planck's constant divided by 27). 
The three ratios 


R/re, Rite (0.6) 


are dimensionless pure numbers, the last being 
the fine structure constant. We now have the 
following alternative: either r, and r, are assumed 
constant, in which case the first two of the three 
dimensionless quantities are functions of time; 
or, all three dimensionless quantities are con- 
stants, in which case the electron mass m is a 
function of time. The second of these assump- 
tions implies the conform invariance of Lorentz’s 
and Dirac’s equations. 


III. Cosmological Electrodynamics 


8 MAXWELL’S EQUATIONS IN COSMO- 
LOGICAL SPACES 


In A it was shown that the line elements, 
suitable for the large scale description of our 
universe, are of the conformal-Minkowskian form 


ds* = g,;dx‘dx! = y(t, r)dso*, (8.1) 
where dso is the Minkowskian line element 
dso? = g; dx‘dxi 

= dt? —dr?—r?(d6?+sin? 6dg*). (8.11) 


Three distinct types of universes are found to be 
compatible with the ‘‘postulate of homogeneity.” 
The corresponding functions y are of the forms 


CaseI: (8.12) 
Case II: y=y7/(a), (8.13) 
Case III: (8.14) 


where 
a=(?--r?, (8.15) 


In universes of type I, the coordinate r of a 
“fundamental particle,” representing a nebula, 
is a double valued function of the time coordinate 
t. The simplest way to avoid this difficulty is to 
identify pairs of points in 4-space with single 
physical events. The points thus identified are 
connected by an inversion: 


(t, 6, ¢)—(—t/a, r/a, 6, (8.16) 


This transformation is of period two, i.e., it is 
its own inverse. Also it leaves the cosmological 
line element (8.1-8.12) invariant in form. 
Suppressing the two polar coordinates @ and 
¢, the ¢r plane has the topology of a torus. 
The c.c.s. has the important property that, 
in it, Maxwell’s equations assume the same form 


iy 
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for all possible universes, and, in particular, the 
same form as in flat Minkowski space. We write 
Maxwell’s equations for empty space in the 
usual form 


OF (8.21) 
/dx!=0. (8.22) 

It follows immediately from (8.1) that 
Fir =(—%)# (8.23) 


and thus the differential Eqs. (8.21) and (8.22) 
are the same for all functions y. 

We say that Maxwell’s equations are conform 
invariant. By this we mean that they are in- 
variant under a conformal mapping 


ds’ =nds, (8.24) 


i.e., a change in the function + of the cosmological 
line element (8.1). The result of Eq. (8.23) is 
expressed by saying that the tensor F;; and the 
tensor density (—g)!F* are conform invariant. 
Another important conform invariant quantity 
is the electromagnetic energy tensor density 


(8.25) 


In the presence of charges and currents, Eq. 
(8.22) must be replaced by 


8((—g)*F**) (8.26) 


where J‘ is the charge-current vector. In order 
to preserve the conform invariance of Maxwell’s 
equations, (—g)*/J* must be conform invariant. 

From. the above it follows that all electro- 
magnetic fields in cosmological spaces are also 
possible fields in flat space-time. In the case of 
universes of types II and III, the converse 
statement holds: Any electromagnetic field in 
flat space-time is a suitable solution of Maxwell’s 
equations in such universes. Thus the problem 
of solving Maxwell’s equations in universes of 
types II and III is dealt with. However, matters 
are more complicated in universes of type I. 

In universes of type I a new boundary condition 
must be imposed on the solutions of Maxwell’s 
equations. Since two points connected by the 
inversion (8.16) are identified as a single event 
we must demand that the field tensor F;; be 
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invariant in form under this inversion. Let F;j(x) 
be the tensor transform of F;;(x) under the 
inversion (8.16) ; then we may write the boundary 
condition in the compact form 


(x) = Fis(x). (8.3) 


We shall now show how such a suitable F,, 
may be constructed from any solution °F;,; of 
Maxwell’s equations which may not necessarily 
satisfy the boundary condition (8.3). Since the 
inversion (8.16) leaves the line element of a 
universe of type I invariant, it also leaves 
Maxwell’s equations invariant. Thus, °F; is a 
solution of Maxwell's equations, and so is 


Fis). (8.4) 


Since the inversion (8.16) is its own inverse, we 
deduce that F;; satisfies the condition (8.3) and 
is therefore a suitable solution. 

It is obvious that all possible solutions of 
Maxwell’s equations, which satisfy the condition 
(8.3), can be written in the form (8.4). Thus all 
electromagnetic fields in a universe of type I can 
be constructed from the set of all fields in flat 
Minkowski space. This general result is, however, 
of limited use in practice. A simple electromag- 
netic field °F;; will, by (8.4), generate a field F,; 
which is, usually, very complicated and difficult 
to interpret physically. 

A simple example of an electromagnetic field in 
a universe of type | is the usual electrostatic field 
of a point charge e at the spatial origin r =0**: 


F,.=e/r?, all other F;;=0. (8.5) 


A straightforward calculation shows that the 
condition (8.3) is satisfied. The usual field of a 
magnetic pole at the spatial origin also satisfies 
the boundary condition. 

Summarizing, we may say that the description 
of electromagnetic phenomena in cosmological 
spaces is completely independent of the metric of 
the universe, but is only influenced by the type, 
or, more precisely, by the topology of the universe. 


9. THE REST COORDINATE SYSTEM 


For the detailed discussion of electromagnetic 
fields in universes of type I, it is convenient to 
** Here F,, denotes the component Fj belonging to the 


coordinates x'=r and x®°=¢. A similar notation is used 
throughout whenever there is no danger of confusion. 


1 
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- yse a system of coordinates different from that 


employed in the previous section. Under the 
coordinate transformation 


ttr=tan }(7+p), t—r=tan }(r—p), (9.1) 


the conformal-Minkowskian line element (8.1- 
8.12) assumes the form 


ds* = R*(r) {dr?—dp* 
—sin* p(d6*+sin? 6dy*)}. (9.11) 


In A it was shown that the fundamental par- 
ticles, representing nebulae, are at rest in this 
new coordinate system (r, p). We shall therefore 
refer to it as the rest coordinate system, r.c.s. for 
short. This coordinate system is closely related 
to that used by Robertson.™ 

A suitable conformal mapping reduces the line 
element (9.11) to that of an Einstein universe, 


‘where R=Rzg=constant. Thus, in the r.c.s. the 


solutions of Maxwell’s equations are of the same 
form in all universes of type I, and, in particular, 
the same as in the Einstein universe. In this 
respect, the r.c.s. is similar to the c.c.s. Maxwell's 
equations in an Einstein space are of a form less 
familiar than in Minkowski space. But on the 
other hand, the boundary condition to be im- 
posed on the electromagnetic field is considerably 
simpler in the r.c.s. It is this property which 
makes the r.c.s. convenient for the study of" 


-Maxwell’s equations. 


It immediately follows from (8.16) and from 
the transformation Eqs. (9.1), that the points 


(r, 6, ¢) =(r, pt+r, 6, ¢) 
p,6,¢) (9.12) 


are identified as one single event. This implies 
two facts: first, the 3-space +=constant of 
constant positive curvature is an elliptic 3-space; 
second, the r-axis is closed. This last restriction 
is new and arises quite naturally from the dis- 
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cussion of universes of type I in the c.c.s. We 


shall see that it has an important effect on the 
large scale behavior of electromagnetic radiation 
and possibly on other physical problems. 

The rp plane (@= g=constant) is represented 
by a square of side x of which opposite sides are 
identified. Its topology is that of:a torus. 
Physically, the finite coordinate length x of the 
t axis is the time in which light circumnavigates 
space and returns to the fundamental particle 
from which it was emitted. The boundary con- 
dition to be imposed on the field tensor F;; is 
that it be periodic in r and p with period x. 

As an alternative to the “elliptic’’ universe, 
which was just discussed, we may consider the 
“spherical” universe of type I in which the coor- 
dinates 7 and p are of period 27 each. Its behavior 
is to a great extent similar to that of the elliptic 
universe. However, it has one serious disad- 


vantage: singularities, of the electromagnetic 


field, say, always occur in pairs at spatially 
antipodal points, the two singularities being 
equal except for a possible difference in sign. It 
is difficult to see how a physical distinction is 
to be made between a singularity and its “ghost.”’ 
For this reason, the elliptic universes are to be 
preferred. 


Solutions of Maxwell's equations, free from. 


singularities, were investigated by Schrédinger™ 
in coordinates similar to our rest coordinates, 
except that spatial coordinates were employéd 
by Schrédinger analogous to cylindrical rather 
than spherical coordinates. Schrédinger did not 
introduce the @ priori condition that the field 
components be of period x in +r. Therefore, it 
seems justified to give a fresh discussion of 
Maxwell’s equations in the r.c.s. which, inci- 
dentally, includes electromagnetic fields with a 
singularity at the spatial origin (these are 
examined in the next section). 
From the line element (9.11), we obtain 


Sop =—R*, geo=—R'*sin* p, psin? 6, (—g)'=R* sin’ psin 


(9.2) 


gee=—1/R?, —1/R* sin? psin? 0. 


™ A, Section 4. 
* E. Schrédinger, “Maxwell's and Dirac’s equations in the ex 
(1940). See also B. C.: Mukerji, “Ober elektromagnetische We 


270-275 (1936). 


ding universe,” Proc. Roy. Irish Acad. 46A, 25-47 
im Friedmannschen Raum,” Zeits. f. Physik 101, 
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The second set of Maxwell's equations (8.22) becomes 
sin 6(sin? pF,,),,+(sin 0F 6), For,,/sin 6=0, 


—sin? p sin 6F,,,-+(sin OF Fo, ,/sin 6=0, ( 
9.21 
—sin 0F¢,,-—sin 0F p sin 


— For,-/sin 6+ 6—(Fo,/sin 6), p=0, 


where the comma denotes partial differentiation; thus F,,,,=0F,,/d7, etc. We introduce the electro- 


magnetic potential vector %;: 


Then the first set of Maxwell’s equations (8.21) is identically satisfied. Substituting from (9.22) 
into Eqs. (9.21), we obtain a set of four differential equations for the components %;. These are 
checked to have the following solution® which depends on two arbitrary complex constants. 


sin mg 


dp cos 
sin 


—iAne™B,'P 
cos me 


(9.32) 


= Ame'B,,'—— (9.33) 


(sin 
sin 6\cos mg 

cos me 
&, = Ae*’B,,! sin (9.34) 
d@ \—sin mg 
‘ Here, A=Anm is an arbitrary complex constant, P;=P,"(cos @) are associated Legendre poly- 
nomials, and B,'=B,"(p) is a function of p which satisfies the differential equation 


p)B,'=0. (9.4) 
It is interesting to note that the four components 9; can be derived from a single scalar function y:: 
sin me 
y= 
cos me 


$,=y,;, — (m/sin 6)y, — (sin 


From Eqs. (9.31) to (9.34), we immediately obtain the components of the electromagnetic field 
tensor 


B,! sin mg 
F,, = Al(l+1)e""— Pr | (9.51) 
| sin? p cos me 
dB,' dP Pi {sin me 
Fo, = ——+imnB,'— ) (9.52) 
dp dé sin 6/7 |cos mg 
dB, dP cos me 
m—-Pr+inBy sin 6—— (9.53) 
dp dé —sin me 


Pn solutions were actually obtained by solving Maxwell's equations in a c.c.s. and by subsequent transformation 
to the r.c.s. 
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cos me 
Fug = sin (9.54) 
—sin 
aB,,' dP," cos m 
Fay = sin (9.55) 
dp dé —sin me 
dB, dP i 
dp sin / \cosmyg 


Equations (9.21) are satisfied by virtue of the relation (9.4) and the second-order differential equation 
for the P,;”. The other set of Maxwell’s equations (8.21) are satisfied by virtue of (9.22). 


As is well known, the uniqueness of the F;,; in 
physical space imposes the conditions that m 
and / be integers with |m| < |/|. Since / is only 
involved through /(/+1), we may assume /20. 

The F;; involve the time coordinate r through 
the factor e*. The boundary condition that the 
F,; be of period x in + limits the constant n to 
even integral values. We may, without loss of 
generality, take positive as Eq. (9.4) involves 
its square. We therefore have a discrete eigen- 
value spectrum for n: 


n=0, 2, 4, - (9.6) 


We shall now discuss solutions which represent 
free electromagnetic radiation and relegate the 
investigation of fields with singularities to the 
next section. For solutions free from singularities 
the conform invariant, electromagnetic energy- 
momentum tensor-density (—g)*E; must be 
finite everywhere. The components of (—g)*E;/ 
can be computed from (8.25); some of these 
components involve p through the factor 
B,'/sin p. Thus B,‘ must vanish at p=0 and at 
p=7 at least as rapidly as sin p. 

The problem of finding solutions of Eq. (9.4) 
which are regular throughout the interval (0, x) 
and which vanish at the ends has been solved 
in detail by Infeld.”” The “‘factorization’”’ method 
used in Infeld’s paper immediately yields the B,,' 
explicitly in terms of elementary functions. It 


- is shown that »21,/<n—1, and 


B,"-=sin" p, (9.61) 
B,°=sin np. (9.62) 
The other B,' are obtained from either of these 


“LL. Infeld, “On a new treatment of some eigenvalue 
problems,” Phys. Rev. 59, 737-747 (1941); Section 1. 


by use of the following recurrence relations 


{l cot p+d/dp}B,', (9.63) 
B,'*+! = {(1+1) cot p—d/dp}B,'. (9.64) 


It is easily checked that the B,' are of period 
in p when 2 is even. 

This completes our survey of electromagnetic 
fields free from singularities in universes of 
type I. We add a summary of the values which 
the parameters n, 1, m, may assume: 


n=2,4,6,°*>, (9.71) 
1, 2, #—1, (9.72) 
m=0, +1, +2, ---, +. (9.73) 


The number of states belonging to a fixed n is 
2{1+3+5+---+(2n—1)} =2n*. (9.74) 


The factor 2 appears because Eqs. (9.51) to 
(9.56) yield two complex solutions of Maxwell's 
equations for given values of , 1, m, since there 
is a choice in the terms involving ¢. 

In all universes of type I the radiation spec- 
trum is discrete. This result depends on the 
topology but not on the metric of the universe. 
The frequencies of free radiation are 


vo, 2¥0, (9.8) 
where 
vo=1/r. (9.81) 


Physically, this is obvious.”’Since the r axis of 
the universes of type I is closed and of finite 
length x, the wave-length of a light ray must be 
a submultiple of x. To put it differently, radi- 
ation must complete an integral number of 
vibrations while circumnavigating space, and 
must return to the point of emission in its 
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original phase. The minimum frequency 1/r 
corresponds to the wave-length x of light which 
‘completes one single vibration on its journey 
through the universe. This is the lower limit of 
the infra-red spectrum. 

In the case of a “spherical” universe of type I, 
the condition to be imposed on the electromag- 
netic field components is that they be of period 
2x in 7 and p. This necessitates only a few 
changes; we now have 

n=1,2,3,4,---, 
1 / 
replacing Eqs. (9.71), (9.81), respectively. 


10. FIELDS WITH SINGULARITIES 
We give here a short investigation of electro- 


(9.91) 
(9.92) 


magnetic fields with a singularity at the spatial 


origin. The field tensor F;; is given by Eggs. 
(9.51) to (9.56), where B,'(p) satisfies the dif- 
ferential equation (9.4), and whege m is an even 
integer in the case of “elliptic” universes of 
type I, and any integer in the case of “‘spherical’’ 
universes. However, if we wish to investigate 
singularities, we must drop the condition that 
B,' be regular in the interval (0, x), or (0, 27), 
and that it vanish at the ends. 
For /=0, Eq. (9.4) reduces to 


a*B,°/dp?+n?B,°=0. 
’ To the solution B,°=sin mp considered in Section 
9, we must now add the second solution 


B,°=cos np. (10.1) 


The factorization method” enables us to con- 
struct a chain of solutions B,' by use of the 
recurrence relation 


= { (14-1) cot p—d/dp}B,'. (10.2) 


Unlike the solutions starting with sin mp, the 
chain of B,"’s does not terminate; all integral 


values of / are admitted. 
We now have the solutions 
B,°, B,', Be", (10.3) 


In order to complete the investigation we must 
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search for a second set of solutions B,*! when 
12n. For this purpose we must first obtain B,» 
explicitly. When /=n, the differential equation 
(9.4) may be factorized as follows: 


cot p—d/dp)(n cot p+d/dp)B,"=0, (10.5) 
of which one solution satisfies 
(n cot p+d/dp)B," =0. (10.6) 
This immediately yields 
B,*=sin-* p. (10.7) 


Putting B,**=v(p) p, Eq. (9.4) reduces 
to 
d*y/dp* —2n cot pdv/dp=0. 
Thus 


v= f sin®” pdp, 
and, finally, 


B,** =sin-"p f sin” pdp. (10.8) 
When the integral is evaluated, it is seen that 
B,*" contains a term of the form psin~ p. 
Thus B,** violates the condition of periodicity 
and must be discarded. The same is true of the 
other solutions B,*', />n, which are obtained 
from B,**" by repeated application of (10.2). 

When n=0, the By! yield the electrostatic 
solutions. Putting »=/=0, Eqs. (9.51) to (9.56) 
reduce to F;;=0. However, it is easily verified, 
directly from Maxwell’s equations, that the 
following two solutions hold: 


F,,=e/sin? p, all other F;;=0, (10.91) 
Frp=nsin 6, all other F;;=0. (10.92) 


Both solutions satisfy Maxwell’s equations. 
They are the fields of an electrostatic point 
charge e and of a magnetic pole u, respectively, 
which were mentioned at the end of Section 8. 
B., B.?, etc., yield the static fields of dipoles and 
multipoles. 

When n>0, the B,! yield the electromagnetic 
fields of oscillating charges, dipoles, and multi- 
poles. 

One point must be stressed here for later 
reference. The charge e of a particle appears, in 
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(10. 91), as a constant of integration. Thus, in 

, Maxwell’s equations imply that the 
charge of an electron is constant and cannot 
change with time as the universe expands. The 
electronic charge is a conform invariant. 


11. THE EQUATIONS OF MOTION 


In the previous sections we proved that 
Maxwell’s equations are conform invariant, i.e., 
the electromagnetic field can be the same func- 
tion of coordinates in all universes of the same 
type, independently of the metric. Electric 
charges and their motion appear as singularities 
of the field. 

However, an electromagnetic field with singu- 
larities is not governed by Maxwell’s field equa- 
tions alone. A new set of relations must be added: 
Loreniz’s  ponderomotive equations of motion. 
From the theoretical point of view the pondero- 
motive equations are unsatisfactory,” but for 
want of a better alternative, we shall now discuss 
these equations, especially as we are only con- 
cerned with the invariance of the formalism. 

We have stated that, if a field with singularities 
exists in a universe, then the same field with the 
same singularities can exist in any other universe 
of the same type. This statement was based on 
the conform invariance of Maxwell’s equations. 
We now see that if it is to be correct, the pon- 
deromotive equations also must be insensitive to 
the metric of the universe. Only then will all 
electromagnetic phenomena be truly conform 
invariant. It is our purpose to show here that 
this invariance of the equations of motion can 
be achieved in a simple and natural manner.” 

The starting point of our considerations is the 
variational form *° of the ponderomotive equa- 
tions: 


f (mds+etdxt)=0, (11.1) 


* Attempts to obtain equations of motion from field 
ang have been made Ny At A. M. Dirac, Proc. Roy. 
167, 148 (1938), M Pryce, Proc. Roy. Sec. 
Anes, 302 (1958), L. Infeld and P. R. Wallace, Phys. Rev. 
"For similar considerations, compare J. A. Schouten 
and J. Haantjes, “Ober die konforminvariante Gestalt der 
relativistischen Bewegungsgleichungen,” Proc. Akad. 
Wetensch. Amsterdam 39, 1059-1065 (1936), 
*P. G. Bergmann, Introduction to the T 
tivity (Prentice Hall, Inc., New York, 1942), p. 117. 
Bergmann’ s electromagnetic potential vector 4, differs 
ours in sign. 


KINEMATIC 


COSMOLOGY 417 


or virtual world line of a particle of charge e 
and mass m, 4, is the potential vector of the 
external electromagnetic field, and the end points 
of the path are not varied. 

In the previous sections it was shown that e 
and 4%, are conform invariant. Thus, if the varia- 
tional principle (11.1) is to be independent of 
the metric of the universe, mds must be conform 
invariant. 

Under the conformal transformation 


ds—nds, (11.21) 
the behavior of m is given by 
(11.2) 
Also 
(—g)—A*(—g)- (11.22) 


Therefore, we can construct a conform invariant 
scalar density 


mo = (—g)"/®m. (11.3). 


Both m and mpoare in general functions of position 
in space-time: m is invariant under coordinate 
transformations, but not under conformal trans- 
formations; mp is invariant under conformal 
transformations, but not under coordinate trans- 
formations. 

This disposes of our problem. The following is 
merely of the nature of an appendix. The Euler- 
Lagrange equations of the variational principle 
an are easily obtained in tensor form: . 


dx* dx 
Om {dxi dx* dxi 
For the cosmological line element 
ds? = = (11.51) 


the ponderomotive equations become 


d*x* /dxi dx* dx! 
) (11.5) 
0 


mo— + 
ds_? Ox? dso dso 


As expected, the function y does not enter these 
equations. 

Universes of types II and III include as 
simplest prototypes the flat Minkowski space. 
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It is natural to assume that m is constant in a 
Minkowski universe, where also m=mp in the 
c.c.s. This assumption implies that m»=constant 
in the c.c.s. for all universes of types II and III. 
The ponderomotive equations now simplify to 


(11.6) 


The prototype of a cosmology of type I is the 
Einstein universe E, which assumes its simplest 
form in the r.c.s. In this coordinate system the 
general line element is 


ds* = R*{dr?—dp*—sin? p(d6*+sin* 6d¢?*) } 
=(R/Rz)*dsg*. (11.71) 
We introduce 


mg =(R/Rz)m, (11.7) 


which is conform invariant because, under the 
conformal transformation ds—)Ads, we have 
and m-—>(1/A)m. We now add the as- 
sumption that m is a constant in an Einstein 
universe, where also m = mz, in the r.c.s. It follows 
that mg =constant in the r.c.s. for all universes 
of type I. 

Our latest assumption can be expressed in the 
dimensionless form given in the Introduction: 


R/r,.=constant, (11.72) 


where r, is the ‘‘radius of the charge e,” defined 
by Eq. (0.4). Later we shall deduce from Dirac’s 
equations that this constant, dimensionless ratio 
is an integer. 

Our derivation of conform invariant equations 
of motion was based, primarily, on the behavior 
of the mass m under conformal transformations, 
as given by Eq. (11.2). Further subsidiary 
assumptions, stating that m is constant in the 
universes E, M2, M3, were added; these were 
adopted on grounds of simplicity. 

Even without making the “subsidiary as- 
sumptions,”’ a good deal of information on the 
functional dependence of the mass m on position 
in space-time can be obtained from general 
principles. The mass m as a function of coor- 
dinates must conform to the principles of iso- 
tropy, homogeneity,*! and equivalence. 

The spatial isotropy of the universe demands 
that m be a function of ¢ and r only in the c.c.s., 
or of r and p only in the r.c.s. The principle of 


* A, Section 1. 
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homogeneity states; mathematically, that physi- 
cal quantities (such as mass) must be invariant 
in form under the three-parameter group of 
coordinate transformations which move the 
world-line of one fundamental particle into that 
of another. This implies that, in the c.c.s., m must 
be of the form 


(11.81) 
m=m.p(t—r), (11.82) 


in a universe of type I, II, or III, respectively, 
where m, is a constant. In the r.c.s., m must be 


of the form 
m=m,II(r). (11.84) 


The function II(r) can be arbitrarily assigned in 
any one universe. However, it is then determined 
in all other universes of the same type by the 
conformal property (11.2) of m. 

The “principle of equivalence” asserts that 
the motion of a particle in a purely gravitational 
field (eF;;=0) is independent of the mass of the 
particle. Alternatively, it states that under the 
same initial conditions two particles of different 
masses have identical motions. In the absence of 
an electromagnetic field, the equations of motion 
(11.4) reduce to 


—+{ 


dr dx* (119) 
dr \ds ds 


in the r.c.s., by virtue of (11.84). The principle 
of equivalence demands that, in any one uni- 
verse, the function II(r) be the same for all mass 
particles. 

Our “subsidiary assumptions” simply intro- 
duce the special choice Il = p=1 for universes E, 
M2, M3. 

One important question remains to be exam- 
ined. In previous sections, the fundamental 
particles, which are cosmologically important 
special cases of free particles, were assumed to 
move along geodesics. We must now show that 
the fundamental particles satisfy our generalized 
equations of motion (11.9); otherwise, our theory 
would be inconsistent. The simplest way to 
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answer this question is to choose a r.c.s. such 
that any particular fundamental world-line 
under examination coincides with the 7 axis. 
dx*/ds =0, g°**=0, (a=1, 2, 3), 
dr/ds=1/R(r), g®=1/R*(r). 


Thus the last bracket expression in (11.9) 
vanishes; for k=1, 2, 3, because both terms are 
zero, and for k=0 because it reduces to 


(dr/ds)?—g® =1/R?—1/R*=0. 


and 


Therefore, the pga of motion (11.9) become 
dx* dxi 


ds? 


which are the equations of a geodesic and are 
satisfied by the 7 axis, by virtue of the spatial 
isotropy of the universe. It follows from our 
considerations that the only free particles which 
move along geodesics are the fundamental 
particles. 
12. PLANCK’S RADIATION LAW IN AN 
EINSTEIN UNIVERSE 


In this section, we derive Planck’s radiation 
law in an Einstein universe, where we choose the 
unit of length such that Rg =1. The general case 
of universes of type I is of no interest here, as 
we can hardly consider a state of radiation 
equilibrium in an expanding universe. 

Usually, Planck’s law is derived by considering 
radiation enclosed in a “‘Jeans’ box.”’** Here, any 
reference to Jeans’ box is superfluous because of 
the finite volume of space. ie 

We are concerned with radiation whose fre- 
quency v=n/2rz is a large number, i.e., radiation 
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whose wave-length is small compared to the 
radius of the universe. For each m there are 2n* 
complex solutions of Maxwell’s equations (Eq. 
(9.74)). The number of frequencies within an 
interval An is 4An, since nm is limited to even 
integral values (Eq. (9.71)). Thus, the number 
N of photons within a narrow frequency interval 
Av=An/2x is given by the Einstein-Bose dis- 
tribution law: 


2n?-$An* 
1, 


(12.1) 


where 8 is a constant. 

The next step is the introduction of the energy 
of a photon, and then the volume of space, i.e., 
the metric. The energy ¢ of a photon is given by 
Einstein’s relation 

e=hy, (12.2) 


where hk is Planck’s constant. The total energy 
of radiation E is: 


Av 
E=Vu= 


(12.3) 


where V is the volume 2? of elliptic space and 4 
the energy density. Dividing by V=2x*, we 
finally obtain Planck’s radiation law 


SahvtAy 


In the spherical Einstein universe, the number 
of frequency levels within an interval An is An, 
since m can now assume all integral values. 
Therefore, N is 2 times the expression given by 
(12.1). On the other hand, the volume of 
spherical space is V=2x*. Thus, we again arrive 
at (12.4). 


(12.4) 


IV—Dirac’s Equations 


13. INTRODUCTION 


The formal work of many authors on the 
generalization of Dirac’s equations to the space- 
time manifolds of general relativity allows us to 
‘ dispense here with much tedious calculation. We 
shall use results obtained by Taub* and 
~®R. C. Tolman, The Principles of Statistical Mechanics 
(Clarendon Press, Oxford, 1938), Section 93a. 


8A, H. Taub, “Quantum equations in cosmological 
spaces,”’ Phys, Rev. $1, 512-525 511937). 


Schrédinger.** These will be combined with 
results by Schouten and Haantijes.** 

Schouten and Haantjes consider Dirac equa- 
tions invariant under conformal transformations. 


“E, Schrédinger, “Eigenschwingungen des 
Raumes,”” Commentationes Pontificiae Academiae Scien- 
tiarum 2, 321-364 (1938). See also + some 25. 

% Reference 29. The same investigated 
along different lines by O. Veb 3 "Nat. Acad. Sci. 
21, 484-487 (1935), and by P. A. 'M. Dirac, Ann..Math. 
37, 429-442 (1936). 
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Since all cosmological spaces are conformal, their 
_ results become pertinent to the problem before 
us. On the other hand, Taub and Schrédinger 
solve the problem of a free electron in a Robert- 
son coordinate system. They do not formulate 
the question. whether Dirac’s equations should 
depend on the particular form of the function 
R(r) or should, like Maxwell's equations, be 
insensitive to any choice of R. They could 
hardly have avoided this question had their 
coordinate system been, not Robertson’s, but 
the r.c.s. We find only an implicit reference to 
this problem in Schrédinger’s*® discussion of 
“alarming phenomena.” 

For our further argument it is essential to dis- 
tinguish between frequencies ,v and ,v.** 

The symbol ,»v stands for the frequency of 
radiation in 7+ time. The eigenvalues of this 
frequency were obtained before: 


w=n/2x, n=1,2,3,---. (13.1) 
If only to simplify the language of our argument, 
we shall ignore the discrete character of this 
spectrum. For reasonable values of the fre- 
quency, i.e., when >>1, the spectrum is suf- 
ficiently dense for ,v to be treated as a con- 
tinuous variable. 

A source of radiation can emit a photon of any 
frequency ,v. But the radiation, once emitted, 
keeps its rhythm, measured in 7 time, throughout 
its journey. Actually, this applies in the r.c.s. 
to radial light signals only; but it is these alone 
which are of interest to us here. Thus the symbol 
-v indicates the permanence of radiation in r time, 
ie., the constancy of its frequency measured by 
the r clock described in A, Section 7. 

So far, we have not discussed the sources of 
radiation. From the point of view of general 
relativity, these are clock devices indicating per- 
manent frequency ,v in the proper time s which 
they measure. An atom emitting radiation, 
whether represented classically as an oscillator 
with frequency ,v, or quantum mechanically as 
a system characterized by differences in energy 
levels, is such a clock and, in a given universe, 
« is a set of numbers, with dimensions [Z~']. 
According to relativity theory we have, in the 


% The subscripts r and s are written on the left of », 
in order to avoid confusion with tensor indices. 
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r.C.8., 
(13.2) 


v= 


where R has the dimensions [LZ]. This equation 
expresses the law of red shift. 

We shall see later that the atomic and cosmo- 
logical quantities enter Dirac’s equations through 
a dimensionless combination only. More spe- 
cifically, let us consider a universe of type I in 
the r.c.s. Then, for a free electron, or an electron 
in a central Coulomb field, the only combinations 
of physical quantities appearing in Dirac’s 
equations are 


R/re=Rm/h (13.3) 
and the fine structure constant 
(13.4) 


Both are dimensionless! We therefore cannot 
expect Dirac’s equations to yield the charac- 
teristic frequencies 

(13.5) 


What we do expect and do obtain from Dirac’s 
equations is a set of dimensionless and constant 
numbers 


(13.6) 


Vik)» eee 


. These must be identified in some simple manner 


with the observed frequency levels. The simplest 
identification is 

=A Vik)s (13.7) 
where A has the dimensions [Z~']. Since the 
vx) are found to be constant, and since relativity 
theory demands that the ,»4) be constant, there- 
fore, A must be a constant. 


14. THE CONFORM INVARIANT DIRAC 
EQUATIONS 


Schouten and Haantjes® have shown how 
Dirac’s wave equations must be generalized to 
Riemannian space-time, so that they may be 
conform invariant. In the case of cosmological 
spaces, where the required mathematical tools 
are simpler, their conclusions may be reached 


_more directly. 


We use the c.c.s. with cartesian spatial coor- 
dinates. The cosmological line elements are of the 
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form 
ds* = y(t, r) (df —dx* —dy* — dz*) 


v(t, r) nigdxtdx?. 


We introduce the usual two-dimensional spin 
space,*? characterized by an arbitrary skew 
symmetric spin metric y,,, and by a mixed Her- 
mitian quantity o*“ which provides the transi- 


(14.1) 


‘ tion from world vectors to spin tensors. In this 


section (and also in Appendix B), Latin indices 
refer to space-time coordinates and range over 
0, 1, 2, 3, while Greek indices (dotted and un- 
dotted) refer to spin coordinates and range 
over 1, 2. - 

The world metric imposes a restriction on the 
os: 


ght = gthugh gtiuglioy; (14.2) 


If we restrict ourselves to linear spin trans- 
formations with determinant +1, we may con- 
nect a particular spin metric with the Rieman- 
nian metric of our c.c.s. in the following way: 
(14.21) 
w 


Let 


é39 = €11 = €22 = 0. (14.22) 


Ogkin = (— = (14.23) 


Then, since by (14.1) g*'=(1/y)n*', Eq. (14.2) 
reduces to 


= Oghhu (14.3) 


Thus the °c are constants independent of y 
and, therefore, the same for all cosmological 
spaces. They are in fact the Pauli matrices mul- 
tiplied by 1/v2. 

We begin our discussion of Dirac’s equations 
by considering the law of conservation which the 
probability current and density 4-vector I* 
satisfies 

(—g)*T*} /ax* =0. (14.4) 
The world vector J* induces a Hermitian spin 


*7L. Infeld and B. L. v. d. Waerden, “Die .Wellen- 
gleichung des Elektrons in der allgemeinen Relativitats- 
theorie,” Sitz. Ber. preuss. Akad. Wiss. 380-402 (1933). 
See also O. Veblen and J. Von Neumann, “Geometry of 
complex domains,” Princeton University Mimeographed 
Notes (1935-36). 
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tensor xis, given by 
In order to obtain Dirac’s equations, we put 
= Vi, + Xix,. (14.42) 
The conservation equation (14.4) now becomes 
(14.5) 
where the comma denotes partial differentiation. 
This equation is satisfied if 
= —18(—g)'X* = —iBoe*"X,, 
= —18(—g)*W* = 


(14.6) 


These are Dirac’s equations for an electron. In 
it, —e is the electronic charge, 4, the potential 
4-vector of the external electromagnetic field, 
and £ is an invariant, given by 


B=m/h. (14.71) 
By (14.21) and (14.6), we have | 
(14.7) 


It is important to note that 8 can be an arbitrary 
function of the space-time coordinates without 
violating the conservation equations. 

Equations (14.6) are invariant under any linear 
spin transformation with constant components 
and determinant +1. Unless we restrict spin 
transformations in this way, the partial deriva- 
tives in Eqs. (14.6) must be replaced by covariant 
derivatives, which would add unnecessary com- 
plication. 

In Section 11, we postulated that, under the 
conformal transformation ds—)ds, 


m—+(1/d)m. (14.8) 


This was necessary to ensure the conform in- 
variance of Lorentz’s ponderomotive equations 
of motion. This same assumption now ensures 
the conform invariance of Dirac’s equations: By 
(11.3), (14.7), and (14.8), 89 is a conform invari- 
ant density, i.e., 8o is independent of the function 
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but may depend on the type of the universe; 
thus + does not enter the Eqs. (14.6). 

It is easily seen that the probability current 
4-vector density (14.41) is conform invariant. 
This is in accord with the usual identification of 
the probability current 4-vector with the macro- 
scopic electric current 4-vector whose density 
was shown in Section 8 to be conform invariant. 

We now add the subsidiary assumptions 
adopted in Section 11, that m is constant in the 
simple universes E, M2, M3. This immediately 
implies in the case of universes of type II and 
III that Dirac’s equation and its solutions are 
exactly identical with those in flat Minkowski 
space. 

In the case of universes of type I, the new 
boundary condition must be satisfied, although 
not necessarily by the wave functions them- 
selves. Howeyer, as in the case of Maxwell’s 
equations, Dirac’s equations in cosmological 
spaces are best solved in the r.c.s. In this coor- 
dinate system, Eq. (14.8) and the assumption 
of the constancy of m in the Einstein universe, 
can be combined in the dimensionless form 


mR/h=R/r.=constant, (14.9) 
where r, is given by Eq. (0.5). 
15. THE FREE ELECTRON 


We consider here universes of type I in the 
- r.c.s. Schrédinger has discussed Dirac’s equa- 
tions in these cosmological spaces in great 
detail,** using Robertson’s coordinate system. 
Since the transition to the r.c.s. is very simple, 
being a pure time transformation, we can take 
over Schrédinger’s results with a few necessary 
changes. In the appendix, we give a short outline 
of the derivation of the wave equations by use of 
two-dimensional spinors. 
For the line element 

ds? = R*(r)[dr*—dp? 
—sin*p(d#+sin* (15.1) 


Dirac’s equations for a free electron are 


ot (t/sin 8) ws, (15.11) 


38 Ref 34, 5.15), (6.4); and ref 25, 
Eqs. (5.15), (6.4); erence 
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sin 
=w20—(i/sin (45.13) 


sin p[iws 
=w1e+(t/sin (15.14) 


where the comma denotes partial differentiation, 
and 
6z=R8=mR/h. (15.15) 


This is the same quantity as in (14.9) and thus, 
by our assumptions, 8g is the same constant for 
all universes of type I in the r.c.s. 


The components of the probability current ' 


4-vector density are explicitly given by 
= (101+ 
= (— — — — 


(15.16) 
(15.17) 

(15.18) 


(1/sin p sin 
+G3w2—Gqwi), (15.19) 


where the horizontal bar denotes the complex 
conjugate. 

Our purpose is to solve Eqs. (15.11) to (15.14) 
for the four components w1, we, ws, w, of the wave 
function under the usual conditions and under 
the ‘“‘new boundary conditions” (see Section 9). 
Schrédinger has shown * that the wave function 
must be either single valued in all four com- 
ponents and for all states, or else always double 
valued, in which case the two branches of the 
wave function must differ by a minus sign only. 
Thus, in the case of an “‘elliptic’’ universe, our 
new boundary conditions require that the wave 
components be periodic in 7 and p with period , 
or else always change their sign when = is added 
to r or to p. In either case the components of 
(—g)#J*, given by Eqs. (15.16) to (15.19), are 
single valued. In a “‘spherical”’ universe the same 
statement applies with x replaced by 27. 

We now meet a rather surprising phenomenon: 
The solution of Dirac’s equations is radically 
different in elliptic and in spherical universes. 
This is the first time that we encounter con- 
clusions which are essentially and observationally 
distinct for the two possible topologies of uni- 
verses of type I. This difference seems not to 
have been noticed previously. The solution of 


Schrodi “Die Mehrdeutigkeit der Wellen- 
funtion.” [5] 32, 49-55 (1938). 
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“ Reference 34, Eqs. (8.18) and (7.17). 
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Dirac’s equations given by Schrédinger is correct 
for spherical universes only. In elliptic universes 
the wave function reduces to a particularly 
simple form. 

Schrédinger® obtained the solution of Dirac’s 
equations (15.11) to (15.14) in the separated form 


w= fn*(p),, (15.21) 
= f,*(p), (15.22) 
(15.23) 


where the first two of the separation constants 
y, n, k, m are subject to the relation 


The functions f,*(p), gn*(p) are defined by the 
simultaneous differential equations 


—(k/sin p)fat= —ingn', (15.31) 
+(k/sin p)gn* = —inf,*, (15.32) 
(fn*’ =df,*/dp, etc.). 


(15.25) 


As implied by the notation, f,*(@) and gx(@) 
satisfy an analogous set of equations obtained 
from (15.31), (15.32) by writing k, m, 6, for 
n, k, p, respectively. 

Eliminating g,* from Eqs. (15.31), (15.32), we 
obtain the second-order equation 


fat” —[(k8—k cos p)/sin® p—n*]f,*=0, (15.33) 
which can immediately be “factorized”” thus: 


[(k+4) cot p—1/2 sin p+d/dp] 


x[(k+4) cot p—1/2 sin 
=[n?—(k+4)* (15.34) 


[(R—4) cot p—1/2 sin p—d/dp] 


cot p—1/2 sin 
(15.35) 


We may assume k 2 0; if k<0, we have 
(f.*, = (g.*, f 


by Eqs. (15.31), (15.32). We also assume n20; 
if n<0, we have 


(f.*, gn") (f..*, —g._."). 
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If k=n—}, we obtain the first-order equation 
[nm cot p—1/2 sin p—d/dp]f,"+=0, (15.36) 


which yields the solution 


fw sin” p cot? kp 


=21A sin*+ p cos $p. (15.37) 


Other functions f,* are given by the recurrence 
relation 


ft=[(k—-}) cot p 
=1/2sin ptd/dp]fat, (15.38) 


and the g,* are obtained from the f,* by Eq. 
(15.31). 

The function f,"~? given by (15.37), and the 
fn*, gn* derived from it, lead to a single valued 
current vector density if either » is always an 
integer, or else, »=s+4 is always half an odd 
integer. Then the (—g)*J‘ are of period 2r in p, 
so that the solution obtained above is valid in a 
Spherical universe only. Schrédinger“ adopts the 
case where 1 is half-integral. It then follows from 
similar consideration of the functions f,”(@), 
gx™(0), that the constants m, k, m are limited to 
the values 


n=2+3/2, 45/2, 47/2, ---=s+4, 
k=+1, +2, +3, ---; 


m=+1/2, +3/2, +5/2, ---; 
|m|<|k|. (15.43) 


Our boundary condition for spherical uni- 
verses, that the wave function be of period 2x 
in 7, imposes the new restriction that » be 
integral. Thus, not every integral s is admissible; 
s and v must be integral solutions of (Eq. 15.25): 


(15.5) 


This is a remarkable requirement. It implies that 
the actual eigenvalues » and s depend on the 
number theoretical properties of the dimension- 
less physical constant 8g which is roughly of the 
order of 10*°. 

If we assume the existence of the lowest 
possible frequency »o, when s=0, then 8g must 
be of the form 


Br? = — 1/4, 


(15.41) 
(15.42) 


(15.51) 


“ Reference 34, Eq. (8.19), where n”’, 7, m correspond to 


our n, k, m. 
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vo being an integer. Eq. (15.5) reduces to 
= $(s-+1)+ 9°. (15.52) 


A simple solution of this diophantine equation is 
given by 


v=a(4b?+1) (15.53) 
(15.54) 
s=4ab—1, - (15.55) 


where a and 3b are positive or negative integers. 

We now turn to the examination of elliptic 
universes of type I. The f,*, obtained from (15.37) 
and from the recurrence relation (15.38), are 
now unsuitable as they do not have a period z. 
However, a satisfactory solution is obtained by 


putting k=0. It immediately follows that 
m=(0.* Eqs. (15.31) and (15.32) simplify to 

fn' +ingn =0, (15.61) 

gn +inf, =0. - (15.62) 
Hence 

(15.63) 


The wave components now assume the simple 
form 
=w2=Ane terre), 


(15.72) 


The boundary conditions are satisfied if » and n 
are even integers. It may be noted that the 
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(15.71) . 


angular components of the probability current 
4-vector density, (—g)#Z* and (—g)#/*, are both 
zero. This is important as both these components 
involve the factor 1/sin p which does not haye 
period x in p. 

The even integers v and m are subject to the 
relation (15.25): 


P=n’?+Br*. 


If the lowest possible frequency vo, for n=0, js 
to exist, then 8g must be integral: 


(15.8) 


Br=vo. 


We now have the well-known Pythagorean 


problem 


P= vo? (15.81) 


which must be solved in even integers. 
The dimensionless integer Bg is the same 
constant which was denoted by R/r, in the 
introduction, (0.6). We may add the assumption, 
adopted by many physicists and in particular by 
Eddington, that the reciprocal of the fine struc- 

ture constant 
r-/%e=137 


exactly. It then follows that all three dimension- 
less constants 
R/re, te/ter (15.91) 


are integers. 


(15.9) 


APPENDIX B 


We give here a short sketch of the derivation of Dirac’s equations (15.11) to (15.14) for a free elec- 
tron in a closed universe, by use of the two-dimensional spinor formalism.” Since Dirac’s equations 
are conform invariant, it is sufficient to consider the Einstein universe, with Rg =1, and we therefore 


start with the line element 


ds*=dr* —dp’ —sin? p(d@+sin*6d¢"). (B1) 


We adopt the simple spin metric 


You = €pn- (B2) 
We then obtain for the o* defined by Eq. (14.2), the expressions 


(20 sin psin i): 


(B3) 


Reference 34, p. 352 (3), where j wee to our k. 
43 The authors wish to thank Dr. B. A. Griffith for supplying the calculations sketched in this section. 
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The affine spin connection is characterized by expressions I,,’. These are defined by 


where B are the Christoffel symbols of the metric (B1). For a free electron, i.e., in the absence 


of an electromagnetic field, we also have 


(B42) 
The relations (B41), (B42) suffice to determine the I',,” uniquely. The only non-vanishing com- 


ponents are found to be 


= cos p, 


. (B43) 
T23'= —Tis =} COS p sin 6+-42 cos 6. 
Dirac’s equations are ; 
= V4, (B52) 
where 8g is the constant given by (15.15). Explicitly, these equations assume the form 
sin p[i¥i,,—i¥? ,—i cot p¥?+6sX1]= cot o¥'+(i/sin 6) ,, (B61) 
sin ,—ivi ,—i cot p¥i+6eX.]= — »—} cot ovi—(i/sin 0) (B62) 
sin cot p X2+6s¥']= —Xz,o—} cot 6X2—(i/sin », (B63) 
sin cot cot 6Xi+(é/sin 0)Xz, ¢. (B64) 


These equations immediately reduce to Schrédinger’s form, i.e., Eqs. (15.11) to (15.14), under 


the 4-dimensional transformation 


w:=sin p ¥?+X,+X2], (B71) 
w:=sin p sin! (B72) 
w3=sin p Wi+ W?—X,—X.], (B73) 
w:=sin p'sin’ (B74) 
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On Higher Order Transitions 


P. W. BripGMAN 
Harvard University, Cambridge, Massachusetts 
July 25, 1946 


N the June 1-15, 1946 number of The Physical 
Review, E. F. Lype discusses thermodynamic 
equilibria of higher order from the point of view 
of an expansion of the thermodynamic potentials 
in Taylor’s series, and obtains results which, 
when applied to transitions of the second order, 
differ from the well-known results of Ehrenfest 
by a factor of two. Application of the results to 
the experiments of Keesom on helium and of 
Clusius and Perlick on methane is held to valid- 


ate the method of thermodynamic potential and 
Taylor’s series. 


The difference between the results of Ehren- - 


fest and of Lype is not to be attributed to any 
failure of mathematical rigor on the part of 
Ehrenfest, but to two different conceptions of 
the nature of the physical phenomena, which 
are essentially incompatible with each other. 
To bring out the difference it will be sufficient 
to restrict ourselves for the present to transitions 
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of the second order. The mathematics as used 
by Lype demands that the equilibrium of the 
second order occur at a single isolated point, 
Po, To, in the p-r plane. At this point the first- 
order derivatives of the potentials of the two 
phases are equal to each other and there is a 
, discontinuity in the second derivatives. The dif- 
ference of thermodynamic potential of the two 
phases in the neighborhood may be expanded 
in the form 


AG =A(p— fo)? +B(p— po) (7 — 10) + C(7 — 


By setting AG=0, the equation of two lines is 
obtained on which the two phases are in equi- 
librium. The point now is that everywhere ex- 
cept at fo, ro the first derivatives of the differ- 
ence of thermodynamic potentials no longer 
vanish, that is, the first derivative becomes dis- 
continuous, so that the transition reverts to a 
normal first-order transition except at fo, To. 
That is, the mathematics demands a second- 
order transition where two first-order transition 
lines between the same two phases cross each 
other. The p-r plane is divided into four quad- 
rants, in one opposite pair of which the one 
phase is stable and in the other the other, the 
transition being everywhere, except at one point, 
of the first order. This is obviously a highly ex- 
_ ceptional state of affairs and there is no experi- 

mental evidence for its existence. According to 
Ehrenfest’s picture, on the other hand, there is a 
single transition line, on the one side of which 
the one phase is stable and on the other the other. 
On this line the first derivatives are always con- 
tinuous so that the transition remains of the 
second order over the extent of the line. Mathe- 
matically, Ehrenfest’s case may be considered a 
degenerate case of the more general case in 
which two intersecting first-order transition lines 
have become coincident. The thermodynamic 
potential surface of the one phase everywhere 
lies above that of the other, the two surfaces 
being tangent along the bottom of a trough. 
This degenerate case involves the vanishing of a 
certain discriminant, which may be written in 
the form: 


AC, = (I) 


a condition which was obtained by Ehrenfest. 
The experiments of Keesom from which Lype 
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takes numerical values to the disadvantage of 
Ehrenfest indicate that the volumes of Hel and 
Hell are continuous along a line running at 
least from the vapor pressure to 25 atmospheres, 
and that on this line the first volume derivatives 
(second potential derivatives) are discontinuoys, 
That is, the physical system is that to which 
Ehrenfest’s assumptions apply. Under these cop- 
ditions the relation (1) is a mathematical identity, 
which can be used to check the internal cop- 
sistency of the experimental results. Keesom's 
results, as extrapolated by Lype, do not satisfy 
the relation, which indicates either unsatisfac- 
tory accuracy in the experiment or an improper 
extrapolation. In any event, considering the fail- 
ure of the basic assumptions, any apparent nu- 
merical check can be dismissed as coincidental. 
Furthermore, experimentally there is no evi- 
dence for the second of the two transition lines, 
In his solution, Lype disregarded as ‘‘trivial” the 
solution dr =0. This is not trivial, but represents 
the second transition line as demanded by the 
assumed equality of the compressibility of the 
two phases. The check presented by Lype based 
on the data of Clusius and Perlick did not yield 
so definite an inferiority of Ehrenfest’s result, 
and involved the assumption of equal compressi- 
bility for the two phases, an assumption which 
loses much of its plausibility if Ehrenfest’s rele: 
tion is recognized as an identity. 

It would appear therefore that although Ehre- 
fest’s method of treatment may be so presented 
as to be a degenerate case from the point of 
view of pure mathematics, nevertheless from the 
point of view of physics it is the generalized 
mathematical treatment that involves a highly 
specialized physical state of affairs, namely a 
higher order transition existing at only a single 
point, with the plane about this point separated 
by transition lines into sectors in which the 
equilibrium of the two phases alternates. 

Since the whole question of higher order transi- 
tions has evoked considerable discussion without 
any notable agreement, I take this opportunity 
to add a couple of general comments. In the first 
place, in view of the degenerate nature of the 
mathematics, a simplified method of mathe- 
matical treatment is to be preferred to the gen- 
eral method by Taylor’s expansion. All the 
thermodynamic relations can be deduced from a 
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simple geometrical relation involving discontinui- 
ties in derivatives. Given z a function of two 
variables x and y. In Fig. 1 2 is shown as a func- 
tion of x at two constant values of y differing 
by dy. z is continuous, but its derivatives are 


discontinuous, as shown. The subscript (1) will 


be used to denote z on one side of the discon- 
tinuity, and (2) on the other. Then the following 
relation is demanded by simple geometrical con- 
siderations along the line connecting the points 
of discontinuity : 


az 
(11) 
oy Ox 


The proof is straightforward and elementary 
and need not be given here. The assumptions 
evidently correspond to the conditions assumed 
by Ehrenfest; namely the discontinuity is pro- 
pagated along a line and is not confined to a 
point. 

By specializing the variables, many thermo- 
dynamic relations may be obtained. A transition 
of the first kind is characterized by discontinui- 
ties in entropy and volume. A transition of the 
second kind has continuous entropy and volume 
but discontinuous derivatives. Identify x with 
p, y with 7, and z successively with S and ». 
This gives, for a transition line of the second 
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On. equating these, Ehrenfest’s identity is 
obtained. 

Similarly, on a transition line of the first order, 
the thermodynamic potential G is continuous 
and its derivatives discontinuous. Identifying z 
with G gives: 


which is Clapeyron’s equation. 

Transitions of higher order may be similarly 
treated. Thus for a transition of the third order 
dv/dr may be taken as continuous, but its de- 
rivatives discontinuous. The slope of the third- 
order transition line is then given by: 


apar 


Finally, comment is required on the nature of 
the physical system to which Ehrenfest’s analy- 
sis applies. We have seen that for second-order 
transitions the thermodynamic potential sur- 
faces of the two modifications are tangent along 
a trough, one surface everywhere lying higher 
than the other except on the line of contact. If 
we now apply the universal condition which has 


‘not hitherto been mentioned, namely that that 


phase is stable with respect to the other whose 
thermodynamic potential is less, it would appear 
that everywhere over the entire p-r plane the 
one phase is stable with respect to the second, 
except on a single line where the second phase 
becomes capable of stable coexistence. This 
state of affairs has led to the expressed opinion 
that phase equilibria of even orders are physi- 
cally impossible. Nevertheless, experimentally 
second-order transitions appear to exist. The 
explanation lies in other considerations than 
those connected with the thermodynamic po- 
tentials alone. If for some reason the phase 
represented by one of the potential surfaces 
should become incapable of physical realization 
to one side of the transition line, then the other 
phase must exist on that side of the line, whether 
or not its potential surface is lower. A very simi- 
lar situation arose in connection with Planck's 
discussion of the fundamental triangle on the 
E- plane. The thermodynamic potential surface 
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of the three-phase system is mathematically a 
plane overlying the entire E-v plane, but it 
corresponds to a physically realizable system 
only within the fundamental triangle, because 
outside of this triangle the mathematics makes 
the physically impossible demand of a negative 
mass for one or the other of the three phases. 
An analogous sort of thing may arise in connec- 
tion with transitions of even orders. An example 
might be the gold-copper alloys, which below a 


critical temperature crystallize in a regular ar- 


rangement, with the gold and copper atoms each 
occupying definite well-ordered positions in the 
lattice, while above the critical temperature, 
disorder begins to appear in the location of the 
gold and copper atoms. The simplest assumption, 
which seems to correspond to the facts, and 
which was obtained, for example, in the analysis 
of Bragg, is that the amount of disorder is a 
linear function of the excess of temperature 
above the critical temperature. If now we iden- 
tify the one phase with the completely ordered 
arrangement and the other with that of partial 
disorder, we see that although it makes sense 
mathematically to talk about the potential of 
the disordered phase below the critical tempera- 
ture, physically it is meaningless because below 
this temperature the fraction of the total mass 
existing in the disordered condition would be 
negative. Under these conditions the physical 
system will pass from the one thermodynamic 
potential surface to the other on crossing the 
transition line, in spite of the fact that the 
mathematical surface for the disordered phase 
lies everywhere lower. This sort of thing would 
seem in general to allow the possibility of transi- 
tions of even as well as of odd orders. Obviously 
odd ordered transition lines are compatible with 
the same sort of physical situation. If, for ex- 
ample, the amount of disorder varies as the 
square of the temperature excess above a critical 
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temperature we would have a transition, line of 
the third order. 

Finally, the possibility brought out by Lype'’s 
analysis that there may be singular points at 
which first-order transition lines cross and where 
the transition degenerates, is of interest, and an 
outlook should be kept for the experimental 
realization. I have observed what may be part 
of this phenomenon.'! At atmospheric pressure 
NH,Br has what is usually considered a second- 
order transition at approximately —35°C. The 
temperature of transition is depressed with in. 
creasing pressure. I have measured the transition 
at —72°, where it was so sharpened that it was 
indistinguishable from a normal first-order transi- 
tion, running at a pressure of 1600 kg/cm’. But, 
in these experiments no trace was found of any 
other transition line on the isothermals at 0° and 
75° up to 12,000 kg/cm*. NH,Cl also has a 
second-order transition at approximately —35°, 
The temperature of this rises with increasing 
pressure, but the transition becomes more 
blurred instead of sharpening. At 75° a new 
small anomoly made its appearance in the neigh- 
borhood of 5000 kg/cm?. It is tempting to in- 
terpret this as the appearance of the second 
transition line demanded by the mathematics, 
but the fact that the transition did not sharpen 
into an obviously first-order transition is un- 
favorable. On the other hand, the impossibility 
of rigorously establishing any sort of true mathe- 
matical discontinuity by direct experiment must 
be considered—any discontinuity assumed on 
the basis of experiment must remain to a certain 
extent a matter of convenience of interpretation. 
In any event, in the case of NH,Br and NH,CI 
further examination, preferably including x-ray 
analysis of the crystal structure under pressure, 
would be necessary to settle the matter. 


1 P. W. Bridgman, Phys. Rev. 38, 182 (1931). 
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Letters to the Editor 


ROMPT publication of brief reports of important dis- 
coveries in physics may be secured by addressing them 
to this department. The closing date for this department is the 
third of the month. Because of the late closing date for the sec- 
tion no proof can be shown to authors. The Board of Editors 
does not hold itself responsible for the opinions expressed by 
the correspondents. Communications should not in general ex- 
ceed 600 words in length. 


Proposed Neutron Spectrometer in 
the 10-1000 kev Range 


BERNARD T. FELD 
M thusetts Institute of 
Department of Phopics of Technology, 


March 15, 1946 


OME time ago, it occurred to the author that an 

exoergic (m, p) reaction might be used for a neutron 
spectrometer in the following way: a proportional counter 
is filled with a gas containing a substantial amount of the 
nucleus undergoing the (nm, p) reaction. (Argon could be 
added to provide for sufficient stopping power to prevent 
more than a small fraction of the emitted protons from 
hitting the walls of the chamber.) If the energy of the 
reaction is E,, and the energy of the neutron causing the 
reaction E,, the total energy going into ionization would be 
E,+E,, and the pulse height would be proportional to 
E,+E,. A measurement of the pulse height would then 


_yield the energy of the neutron causing the reaction. If a 


distribution of neutron energies impinged on the chamber, 
analysis of the pulse height distribution, together with a 
knowledge of the variation of the (m, p) cross section with 
neutron energy, would give the energy distribution of the 
impinging neutrons. 

The reactions which seem most promising for this 
application are N“(n, p)C™ and Cl*(n, p)S**. Both of these 
reactions are exoergic with E,~500 kev. To distinguish 
between thermal and 30-kev neutrons would require a 
proportional counter capable of resolving pulses in differing 
in energy by ~5 percent; such resolution seems attainable 
through methods developed during the past war. An 
additional requirement, if the method is to be useful 
throughout the entire 10-1000 kev range, is that the cross 
section be a fairly smooth function of the neutron energy 
in this range. ' 

The N"(n, ~)C™ cross section has been carefully investi- 
gated in the range under discussion by H. H. Barschall and 
M. E. Battat at Los Alamos. Their results are reported in 
this issue of The Physical Review. They find a number of 
sharp (n, p) resonances between 500 kev and 1 Mev.' The 
presence of these resonances limits the usefulness of N™ to 
investigations of the energy of monoenergetic neutrons or 
of neutron distributions below the lowest resonance 


" (550 kev); the bombarding of N™ by a heteroenergetic 


neutron beam including neutrons of resonance energies 
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would result, predominantly, in pulses of energies corre- 
sponding to the N"*(n, p)C™ resonances. 

The author knows of no investigations of the Cl**(n, p)S* 
cross section in the fast neutron region. It is likely, from the 
Bohr picture of the compound nucleus, that resonances in 
the region of interest would be so closely spaced that they 
could not be resolved, though this by no means constitutes 
a proof, To use Cl in a proportional counter would, of 
course, require finding a Cl containing gas with non- 
quenching properties. In addition, the CF*(n, a)P® reac- 
tion—exoergic by ~900 kev—might have a comparable 
cross section, though the Gamow barrier penetration factor 
probably makes this redction unimportant in the 10-1000 
kev neutron range. The Gamow barrier penetration factor, 
incidentally, introduces a tendency for an increase of the 
Cl**(n, p)S** cross section with neutron energy which, 
acting in opposition to the normal tendency for the 
decrease of the cross section with increasing neutron 
energy, helps to maintain a more constant cross section in 
the range under consideration. 

It should be pointed out that the use of exoergic (m, p) 
reactions in a neutron spectrometer has the advantage over 
the use of proton recoils that it can detect lower neutron 
energies and that it does not require any collimation, either 
of the impinging neutron beam or of the resulting protons. 

1 See also Valente and Zagor, Phys. Rev. 69, 55 (1946). 


The Multiple Production of Neutrons 
by Cosmic Radiation 
S. A. Korrr anp B, HAMERMESH 


New York University, University Heights, New York, New York 
August 1, 1946 


HE writers have experimentally investigated the 
problem of whether multiple production of neutrons 
by cosmic radiation takes place, i.e., whether neutrons are 
produced at the rate of more than one per event, as are 
protons in “stars.” The study was made by operating two 
large neutron counters (15 cm diam., 150 cm long) at the 
Mount Evans Cosmic Ray Laboratory at an elevation of 
14,155 feet. The counters were surrounded by water, and a 
mass of lead was so placed that neutrons originating in the 
heavy lead nuclei could be counted. The counters were 
operated in coincidence, and the effect of a cadmium shield 
on the coincidence rate was sought. Since a neutron 
disappears in the act of producing a count, a coincidence 
shows that at least two neutrons were produced in one act. 
Accidentals and background were carefully checked. Since 
the efficiency of a neutron counter is low and coincidence 
efficiencies are multiplicative, the cadmium difference in 
the coincidence counting rate was small. However, the 
difference was definite, and larger than the probable error. 
It was of the order of 0.1 count per minute, as compared to 
around 30 counts per minute of cadmium difference when 
the two counters were connected in parallel as single 
counters measuring total neutron intensity. This- suggests 
that neutrons are sometimes produced, several at a time, in 
nuclear disruption processes produced by cosmic radiation. 
The details are being prepared for publication. 
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Showers of Penetrating Particles at 
Altitude of 22,000 Feet 


O. AND G. WATAGHIN. 
Departamento de Fisica, Universidade de Sto Paulo, Sio Paulo, Brasil 
July 18, 1946 


HOWERS of penetrating particles were observed at an 


‘altitude between 21,000 and 23,000 feet in three 
airplane flights (near Sado Paulo) with an arrangement XV 
already described and used by us.! The observed frequency 
of the fourfold coincidences at three different altitudes is 
given in the following Table I. 


TaBie I. Number of fourfold coincidences in arrangement XV. 


Paulo 66 540 2.04 0.3 
de Jordao 1750 615 21 830 7.12 0.5 
340 226 160 +27 


These preliminary results show that the intensity of 
particles generating the showers of penetrating rays 
decreases very rapidly with the depth in the atmosphere 
(probably following an exponential law). This variation 
with depth can be compared with the variation of the 
abundance of neutrons and protons observed with counters 
and cloud chambers. But in our case only nucleons with 
energy > 10° ev come into consideration. The relation with 
the primary particles and the latitude effects of these 
showers will be the object of the next study. 

The authors acknowledge the valuable cooperation of the 
Brazilian Air Force in these experiments and express their 
best thanks to the Minister of Air, Major-brigadeiro 
Armando F. Trompowsky, to the Cor. Reynald de Carvalho, 
Major Haroldo Cap. Souza e Silva and Ten. Brito. Cordial 
thanks to Dr. Paulos Pompeia who helped us in building 
the apparatus. 


40. Sala and G. Wataghin, Phys. Rev. 67, 55 (1945). 


On the Abundance of Nuclei in the Universe 
G. WATAGHIN 
Deportamento de Fisica, Universidade de Séo Paulo, Sto Paulo, Brasil 
August 16, 1946 


N a previous attempt! to calculate the abundance of the 
nuclei in the universe the following assumptions were 
introduced: the nuclei were formed during the cooling of 
matter under conditions not far from thermal equilibrium. 
The neutrinos were tentatively included in the general 
theory in view of the importance of 8-ray processes at 
temperatures of ~10 degrees. This means that we 
assumed a non-vanishing cross section for absorption of 
neutrinos and a sufficiently extended and dense distribution 
of matter in equilibrium, which lasted sufficiently long and 
allowed inverse 8-processes to take place. The numerical 
calculations were made only for a reduced group of nuclei 
(with atomic number Z varying from 8 to 20) in order to see 
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whether it would be possible to fix by trial the values of the 
parameters in such a way as to obtain an approximate 
agreement between the theoretical abundances, and the 
observed ones (for this group).? This procedure can be 
applied to other groups and tell us about the conditions of 
their formation. 

One of the purposes of this paper is to correct some errors 
which appeared in the Fig. 1 of the mentioned letter, for 
which I am entirely responsible. I am grateful to C. M, G. 
Lattes, who kindly called my attention to this point. The 
abundances indicated in Fig. 4 were calculated with the 
following values of the parameters: D=525; B=525.85; 
a=0.15; the corrected values (theoretical and observed 
ones) are indicated in Table I. Lattes also pointed out 
to me that in his opinion the formalism adopted does not 
take into account the 8-ray processes. In our earlier paper 
of Lattes and myself communicated to the Brazilian 
Academy of Sciences (September, 1945, published in 1946) 
Lattes suggested the following values of the parameters; 
B=500; D=498.513; a= —1.155. The choice can be further 
improved in a way to minimize the sum of the squares of 
the errors for the considered group of nuclei. 


TABLE I. Corrected values of —log n(A,Z)/n(16,8). 


Calc. Obs. A.Z Calc. Obs. 
16,8 0 0 29,14 24 3.1 
17,8 2.9 3.4 30,14 1.8 32 
18,8 3.6 2.7 31,15 2.6 4.1 
19,9 4.4 4.7 32,16 2.7 28 
20,10 24 1.5 33,16 49 
21,10 3.3 4.0 34,16 2.1 42 
22,10 3.9 2.5 35,17 2.6 44 
23,11 3.0 3.2 36,18 38 44 
24,12 1.7 2.0 37,17 3.6 49 
25,1 2.7 2.9 38,18 3.7 5.1 
26,12 2.7 2.9 39,19 3.8 41 
27,13 3.1 2.9 40,18 5.3 1.9 
28,14 1.8 1.9 20 4.7 3.1 


Another important point, which will be discussed in 
detail elsewhere, may be mentioned here; the gravitational 
energy of the expanding matter, calculated in Newtonian 
approximation, increases at the expense of the particles’ 
energy, and produces a rapid cooling. Taking into account 
the great density of nuclei in the problem we are con- 
sidering (~107 g/cm®), one can readily see that the total 
mass involved in the process of expansion cannot be very 
great, but must be 100 solar masses, otherwise the 
thermal energy (~10* ev per particles) would not be 
sufficient to produce the expansion. Thus, it seems that 
stars were formed (as aggregates of protons, neutrons, and 
electrons) before the nuclei. Obviously, neutrinos could 
not come to equilibrium within one star. As was indicated 
elsewhere,’ we think that one can describe approximately 
the process of formation of nuclei as going through a series 
of nearly equilibrium states which took place in succession 
during the expansion and cooling of matter. The parame- 
ters D, B, a suffered adiabatic changes during the expan- 
sion. Indeed their values are determined by the tempera- 
ture, density of energy and of charge, and number of 
nucleons per unit volume of the expanding matter. As far 
as one can deduce from the available very poor observa- 
tional data, these changes indicate that heavy nuclei were 
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formed at temperatures and densities lower than those 
corresponding to the formation of the light nuclei. 

1C. Lattes and G. Wataghin, Phys. Rev. 9. 237 C1946). 
0. Kiein. and L. Treffenberg, Arkiv. f. Mat. Astr. ysik 33, 


1 (et Wataghin, Phys. Rev. 66, 149 (1944). 


Half-Life of C'** 
ALLEN F. REID AND JouN R. DUNNING 
Columbia University, New York, New York 
AND 


SipNEY WEINHOUSE AND ARISTID V. GrossE 
Houdry Process Corporation of Pennsylvania, Linwood, Pennsylvania 
August 13, 1946 


ORMER estimates of the half-life of C“ have been 
based on activity measurements and estimated pro- 
duction yields and have ranged in value from 10* to 10° 
years.! We have used improved counting techniques with a 
mica-window Geiger counter tube to obtain a specific 
disintegration rate of some C™ rich samples. The half-life 
was determined from this and the mass spectrometric 
measurements of the carbon isotopic abundances. 

The geometrical efficiency of the counter tube under 
measurement conditions was determined by using a 
uranium standard of known activity, with a backscattering 
correction made to give the absolute electron flux. This 
agreed with the measured spherical fraction subtended by 
the cathode with account taken of the electrode edge 
effects. 

The measured activity was corrected for backscattering 
of the §-particles, self-absorption, and air and counter 
window absorption. The thickgess of the absorbing layers 
was integrated over the emission solid angle measured to 
give the effective layer thicknesses using the method 
described by Reid.*? The absorption coefficient was de- 
termined independently by inserting filters between a C* 
source and the counter. The measured values and calcula- 
tions are given in Table I. Sample I was a NazCO, solution 
(thickness > range of 8-particles) prepared by quantitative 
absorption in NaOH solution of CO: generated from a 
BaCO; sample. Sample II was a sample of the Na:CO; 
solution dried on an iron plate, the sample somewhat 
diluted with normal NazCOs. Similar analyses on two other 
counters’ with varying absorption and geometry conditions 
checked within indicated experimental error. 

TABLE I. Data for determining the disintegration rate of C™. 


Sample I Sample II 
Equivalent amount of BaCOs 0.3744 mg/g 3.744 mg 
Area 1.676 0.7 cm* 
Absorption constant 257 cm*/g 
Counts/minute 1585 
Geometric 4.45 
Obliquity thickness factor 
Self-abeorption correction X304 1.031 
Backscattering correction 9 X<0.90 
Window +air thickness mg/cm?* 
Window +air absorption corr 39 
Disintegrations/sec. mg Bac, 2.44 
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COs generated from another portion of the BaCO; was 
analyzed on a mass spectrometer.** The spectrum showed 
a mole fraction of C“O, of 1.71+0.03 percent. From the 
mean value of 2.46 10* disintegrations per second per 
mg BaCOs, calculation then gives the disintegration con- 
stant for C“ as 1.47 10~ yr.—, equivalent to a half-life of 


4700 years. The precision of the complete measurement is - 


probably from 5 to 10 percent. Thus 1 gram of C™ is 
equivalent to 5.5 curies or 200,000 rutherfords.* 


* This work has been carried out in connection with the contract 
with Columbia University and the Manhattan District C of 


Engineers, Depart 
ton Adams Fund for Physical of of Columbia 
tion instrum: 
Rev. 59, 349 11941). 
° and M Radioactive Tracers, 
Preparation A eames of Isotopic Tracers (Edwards Brothers, 


Ann Arbor, 
U. Condon and L. F, Curtiss, Science 103, 712 (1946). 


“Second Sound” in Liquid Helium II* 


Sloane Physics Laboratory, Yale University, New Haven, Connecticut 
August 5, 1946 


CCORDING to Landau's' quantum hydrodynamical 
theory of liquid helium II (liquid helium below 
2.19°K) there should exist two distinct kinds of wave 
motion in this fluid. These are, first, ordinary sound 
vibrations and, second, a type of wave motion unique to 
this liquid which can be excited only by temperature 
fluctuations. This latter motion, which has been designated 
as “second sound” by Landau, has been found experi- 
mentally by Peshkov.** Although the techniques used by 
Peshkov in the two papers cited differ somewhat in detail, 
they both make use of an a.c. heater as a source and a 
phosphor bronze resistance thermometer as a detector. By 
measuring wave-lengths in either running or standing 
waves at a known frequency, he is able to determine the 
velocity of this thermal wave motion in the liquid. Peshkov 
finds the velocity weakly temperature dependent and gives 
a value of 1900+100 cm/sec. at 1.4°K. The velocity of 
ordinary sonic vibrations in helium II is known‘ to be 
around 24,000 cm/sec., i.e., an order of magnitude higher. 
L. Onsager has suggested to us that “second sound” 
might be converted into normal sound across a liquid-vapor 
surface by the following mechanism. As Landau and 
Peshkov have shown, ‘‘second sound”’ consists of tempera- 
ture fluctuations in the liquid which are propagated with a 
velocity of some 2000 cm/sec. At the liquid-vapor interface 
such temperature fluctuations would cause periodic evapo- 
ration which in turn would give rise to normal sound in the 
vapor. In some unpublished computations based on 
Landau’s theory, Onsager has estimated that the trans- 
mission across the liquid surface would be of the order of 70 
percent. 

Accordingly we have performed the following experiment 
to check these predictions. A Lucite tube was sealed at one 
end by a disk upon the inside surface of which was wound a 
flat resistance heater of fine constantan wire. A small 
magnetic microphone (we used the receiver of a Sonotone 
hearing aid for this) was sealed into the opposite end of the 
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tube, the plane of its diaphragm being perpendicular to the 
tube axis. Four fine holes were bored into the side of the 
tube, two near the heater and two near the microphone, to 
permit filling the tube with liquid helium from the sur- 
rounding Dewar. This latter was provided with two narrow 
transparent slits (on opposite sides) in the silvering to 
permit observation of the liquid-level in the Lucite tube. 
The arrangement was such that the liquid level was always 
below the microphone diaphragm. The heater was fed 
continuously with 1000-cycle a.c. of good wave form from a 
highly stable oscillator. The pick-up from the microphone 
was amplified, rectified, and fed to a high speed recording 
potentiometer. Cathetometer readings of liquid level were 
taken as a function of time and this clock was synchronized 
with the recorder chart. As the liquid level fell, because of 
evaporation of the liquid helium, a series of resonance peaks 
were recorded on the potentiometer chart. One pair of 
plates of an oscilloscope were connected to the oscillator, 
the other to the a.c. output of the microphone amplifier. 
The resulting Lissajous figure showed the sound frequency 
to be double the electrical frequency at each resonance. 
Throughout the run the vapor pressure in the cryostat, as 
measured on an absolute butyl thallate manometer, was 
held accurately constant. 

In an experiment of about one-hour duration we recorded 
23 resonances, and, from the synchronized record of liquid 
level, we were able to determine the distance, in the liquid, 
of 22 half wave-lengths with great accuracy. From our data 
it is apparent that the liquid column is vibrating with an 
anti-node both at the heater and free surface. From our 
measurements the “‘second sound” velocity turns out to be 
1918+10 cm/sec. at 1.74°K, confirming Peshkov’s result. 
In addition, it is clear from this experiment that it is 
possible to convert “‘second sound” into ordinary sound 
across a liquid-vapor interface in helium II in agreement 
with Onsager’s theory. Finally, from the absence of 
resonances in the combined liquid-vapor column it appears 
that the converse effect, namely, conversion of ordinary 
sound into ‘‘second sound” across a vapor-liquid surface, is 
not possible. Fuller details of this work will be published at 
a later date. 


the of 


sath. 200 (1 
‘ Findlay, A. Pitt, and J. O. Wilhelm, 
wuz: Rev. 56, 122 


Effective Temperatures of Molecules in Rela- 
tion to the Temperatures of Sources 


N. R. TAwDE 
Spectroscopic Laboratories, Royal Institute of Science, Bombay, India 
August 3, 1946 


oo. and Coheur' have very recently reported 
some interesting results about temperatures derived 
from band spectroscopic observations. They examined the 
intensity distribution in the rotational lines of AIO bands 
in emission under a wide variety of conditions ranging from 
arc, spark, and the explosion of thin aluminum wires. 
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Band Carbon arc and substances 
system used in it Temp. in °K 

CN tral core Tawde and 

AlO filings in lower Sas (Tawde and 
electrode 

Alo Aluminum filings in lower © 3525 (Tawde and Husain) 

Alo AlzOs in lower elec- 2570 (Tawde and Husain) 

e 

BeO Granular beryllium metal 4590 (Tawde and Husain) 

BeO Bry Snide (Be0) in 3330 (Tawde and Husain 
lower electrode 


Various compounds of aluminum including its alloys were 
utilized either as electrode materials or as substances fed 
into the arc. According to their results the AlO band 
system gives more or less the same rotational temperature 
(~4000°K) irrespective of the excitation sources or con- 
ditions or of the aluminum materials. From this they 
conclude that this constancy of temperature cannot be 
ascribed to the nature of the source, but must be a specific 
property of the molecule itself. Another point discussed by 
them is whether the constant temperature is the result of 
the mechanism of the formation of AlO molecule from Al 
and O atoms or is simply an optimum temperature for the 
formation and emission of AlO molecules. 

For a long time, we have had under investigation in these 
laboratories, a slightly different problem, viz., the excitation 
of different molecules, either simultaneously or under 
uniform conditions in the same source. Carbon arc was 
chosen as the source because of considerable evidence in its 
favor of the existence of thermal equilibrium of both 
vibrational and rotational energy. While Coheur and 
Coheur measured rotational intensity distribution to 
derive temperatures, Tawde and Trivedi* and Tawde and 
Husain* obtain the same from vibrational intensity distri- 
bution in CN (violet), AlO, and BeO band systems. These 
molecules provided the data listed in Table I. 

We found that the relative changes in temperature 
readings were too large in comparison to the order of errors 
in our measurements, and hence can be taken to show that 
nature and composition of the substances have something 
to do with the energy processes in the arc. As far as the 
AlO molecule is concerned, the vibrational temperatures 
come lower than 4000°. In this respect our results therefore 
support the view of Coheur and Coheur about ‘‘optimum 
temperature,” which, according to them, is indicative of the 
AlO molecule and not of the source. 

Since the AlO temperatures are found to be considerably 
lower than 4000° and vary widely, i.e., by about 1000° 
with the nature and complexity of the substance, we are 
inclined to believe that there are regions in the arc of 
varied temperatures even below 4000° and in these the 
mechanism of the formation of AlO molecule from its 
constituent atoms Al and O or the dissociation of Al,O; to 
AlO comes to play its part in determining the picture of the ~ 
arc source as regards its temperature. Vibrational tempera- — 
tures may therefore be said to confirm the processes 
considered possible by Coheur and Coheur from rotational 
intensity data. 
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The above considerations are further supported by the 


- results on BeO molecule which, produced once from metallic 


beryllium and another time from beryllium oxide gives 
different temperatures for the same arc including one above 
4000°, not available in AlO. 

The results of BeO taken along with AlO go to show that 
temperatures intermediate between 6200° (center of the 
arc) and 2570° (periphery of the arc) also exist in the arc 
which prove the existence of temperature gradient in it, a 
conclusion unlike the one reported by Coheur and Coheur. 
Visually also, the band systems were identified differently 
with respect to the center of the arc by their colors. Hence 
the dissociative or formative processes leading to the 
particular molecular radical, control the resulting tempera- 
ture of the molecule which adjusts itself in the temperature 


gradient. 
1F, P. Coheur and P. M. Coheur, Rev. 69, 240 (1946). 
?Tawde and Trivedi, Proc. Phys. . 51, 733 (1939); Nature, 
140, 463 (1937). - 


Tawde and Husain, Science and Culture 10, 509 (1945). 


Paramagnetic Losses in Two Manganous Salts* 


Ropert L. CumMEROw AND Davip HALLIDAY 
Department of Physics, University of Pittsburgh, Pittsburgh, Pennsyloania 
August 16, 1946 


HE general method used by Gorter! and Zavoisky* for 
the study of paramagnetic losses, and by Purcell, 
Torrey, and Pound? for the study of nuclear magnetic 
moments has been extended to higher frequencies and 
applied to two manganous salts. The salt under investiga- 
tion was placed in a cavity which was coupled by means of a 


coaxial line to a klystron oscillator operating at 2930 | 


mc/sec., the resonant frequency of the cavity. The cavity 
was placed between the pole pieces of an electromagnet in 
such a way that the magnetic field was everywhere perpen- 
dicular to the high frequency oscillating magnetic field in 
the salt. Figure 1 shows the power absorbed in the cavity 
as a function of the field of the electromagnet for 173 g of 
the salt MnSO,-4H;0. The measurement was made at 
room temperature. 

Assuming that the maximum of the absorption curve 
corresponds to a simple magnetic resonance phenomenon® 
involving the manganous ion Mn**, for which J =5/2 and 
for which the theoretical effective Bohr magneton number 
is 5.92, one expects a peak at 1046 oersteds. The observed 
peak occurs at 1100+20 oersteds. A theory of relaxation 
losses, developed by Frenkel,® predicts a shift of the 
maximum to higher fields by an amount depending on the 
relaxation time. To account for the observed shift of 54 
oersteds a relaxation time of the order of magnitude of 
1X 10-* second is required. The absorption peak represents 
a decrease in the power level at the output of the cavity 
from about 0.15 mw to about 0.13 mw. The power level at 
the input to the cavity was about 2.5 mw. Most of the 
energy absorption by the salt is presumably electrical 
rather than magnetic in nature. Approximate calculations 
show that the ordinates of the power absorption curve 
minus the ordinate of the flat portion of the curve are very 
nearly proportional to the paramagnetic losses. 
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Fic. 1. Paramagnetic losses in MnSO« -4H20. 


The transfer of a 10-db attenuator from a position be- 
tween the oscillator and the cavity to a position between 
the cavity and the power measuring equipment did not 
appreciably alter the shape of the absorption curve. At a 
temperature of —65°C the absorption maximum was 
reduced to about half. This maximum occurred at a field of 
1070+20 oersteds which suggests that at this temperature 
the relaxation time is increased somewhat over that at 
room temperature. 

Preliminary data on MnCl,-4H:O at room tempera- 
ture indicate that the absorption peak is much broader 
and that the maximum occurs at a somewhat greater 
field than was the case in the corresponding experiment 
with MnSO,-4H;0. Both effects suggest a shorter relaxa- 
tion time for the chloride than for the sulfate. 

The writers are indebted to Dr. T. D. Yensen and Dr. J. 
E. Goldman of the Westinghouse Research Laboratories 
for their kind cooperation in providing the means to verify 
the magnetic field measurements. 


being the 
Naval val Research under Contract bye Order 


MM. Torey, and R. Phys. Rev. 69, 


Press, Oxford. 
J. Frenkel, J. Phys. User (1945). 


Thermodynamic Equilibria of Higher Order 
Rurus OLDENBURGER 


Illinois Institute of Technology, Chicago, IUinois 
July 25, 1946 


markable agreement between experimental results of 
Keesom and others on phases of helium, methane, nickel, 
and steam, and certain theoretical considerations based on 
Taylor's expansions of functions. As the following argument 
will show, certain errors in Lype’s theoretical considerations 
account for this agreement. Actually, there are discrep- 
ancies in the experimental results quoted by this paper 
which further investigation may rectify so that experi- 
mental data will match the correct mathematical theory. 
We let the equations 


f(x, y)=0, g(x, (1) 
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define the same curve on the (x, y)-plane. Differentiating 


we obtain 

0, =0. (2) 
By the theory of linear equations, (2) can be satisfied by 
the quantities (1), dy/dx only if the determinant of 
coefficients 


(3) 


LIF 


vanishes. This determinant is the Jacobian of the func- 
tions f and g. Along a higher order equilibrium curve the 


equations 
a(G” a(G"—G") 


are valid for the Gibbs functions G’’(p, T) and G’(p, T) of 
the two phases of the substance being studied, the variables 
p and T being pressure and temperature. Each of the 
equations in (4) can be thought of as defining the same 
equilibrium curve in the (p, T)-plane. It follows that the 
Jacobian of the partial derivatives comprising the left 
members of Eqs. (4) vanishes along this curve. 

The Jacobian of the derivatives in (4) is the discriminant 
D of the quadratic form d*(G” —G’) in dp and dT. Lype has 
D#0 for points along the equilibrium curve of liquid 
heliums I and II. Since the points on this curve are taken to 
be equilibria of the second order we have an obvious 
contradiction. The same type of argument applies to the 
other physical examples of Lype’s paper. One may have 
D0 at an isolated second-order equilibrium point, as 
suggested by Epstein, but not for an equilibrium curve of 
this order. For liquid heliums I and II there is an equi- 
librium curve, not an isolated point. 

The discrepancy described above should be clarified by 
further experimental studies on the substances of Lype’s 
paper. For example, the heat capacity c,’ of helium I at the 
A-point is taken by Lype to be 0.606 cal./g deg. from 
results of Keesom, whereas Ehrenfest used 1.2 cal./g deg. 
The Ehrenfest value agrees with the slope of the equilibrium 
curve given by the second equation in (4). 

One might advance the argument that Lype’s examples 
are equilibria of the first order with the discrepancies be- 
tween entropies and specific volumes along the equilibrium 
curve so small as to be undetected by present measure- 
ments. This will not remove the inconsistency of Lype’s 


results. Along the equilibrium curve 


for T as the variable, with a relation 
for d*G’. Lype’s basic relation (9’) can be obtained from 
equating @G” and d*G’ as in (SII) only if the partial 
derivatives of G” and G’ with respect to p are equal along 
the equilibrium curve. These partial derivatives are 
overlooked in Lype’s paper. Since dG” and dG’ are equal 
along the equilibrium curve, it follows that the partial 
derivatives of G” and G’ with respect to T are also equal, 


contradicting the assumption that the equilibrium is of the 
first order. We remark that relation (10) of Lype’s paper is 
invalid on the equilibrium’ curve because T and p are 
dependent on this curve. 

In the opinion of the writer further experimental studies 
will show that the numerical values used by Lype are 
incorrect, and that either his examples of second-order 
equilibria are equilibria of the first order, or equilibria of 
the second order with D=0 along the equilibrium curve, 
Since past experience shows that G” and G’ and their first 
and second partial derivatives with respect to p and T are 
continuous within the regions of definition of these Gibbs 
functions and up to the boundaries of these regions, there 
are no other alternatives than those enumerated above. 


1E. F. Lype, Phys. Rev. 69, 652 (1946). 


Orbits of Particles in the Racetrack 


RoBERT SERBER 
Radiation Laboratory, University of California, Berkeley, California 
July 10, 1946 


RANE! has proposed a modification of the synchro- 
tron, called the racetrack, which has features of 
economy and convenience for a very high energy machine. 
A careful analysis of the stability of the particle orbits in 
the racetrack has been given by Dennison and Berlin?; we 
wish only to add a few comments to their results. 

In the racetrack the electrons move in two semicircular 
magnetic fields, connected by straight field-free legs. An 
electron moving in the magnetic field will, if displaced from 
the equilibrium orbit experience focusing forces tending to 
bring it back to this orbit. For a circular magnetic field 


' whose radial dependence is 1/r*, the resulting motion is 


harmonic oscillation about the equilibrium orbit with fre- 
quency mw for the vertical motion, (1—m)4w for the radial 
motion. Here w is the frequency of revolution of the elec- 
tron. However, the straight section introduces an element 
of instability, since an electron entering it at an angle will 
suffer a displacement proportional to the length of the 
straight section. If the straight section is made sufficiently 
long the magnetic focusing forces will no longer be able to 
overbalance this displacement. Thus, if L is the length of 
the straight sections and d is the diameter of the equilibrium 
circle in the magnetic field, there will be a limiting value 
of L/d beyond which the orbits become unstable. 

Instead of being simple sines and cosines, the solutions 
of the equations of motion for the oscillations are now the 
real and the imaginary parts of a function of the form 


| 
The time ¢ is measured in units 7/2x, where T is the time 
an electron takes to circle the racetrack once. The function 
f(t) is periodic in ¢ with period x. For the vertical oscilla- 
tions, the frequency yu is given by* 
cos ru=cos ntx—ni(L/d) sin (1) 


The condition for stability of the motion is that u be real. 
We see from (1) that for large L/d the motion is unstable 
since cos su<—1. The condition for vertical stability is 
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thus 
(2) 


For the radial motion the equations are the same, except 
that is replaced by (1—2)}. 

According to Dennison and Berlin, the allowable range 
of n values in the racetrack is between n =0.56 and n=0.75. 
The corresponding limits given by (2) are L/d<0. ‘56 and 
L/d<0.25. Theseare not unduly restrictive conditions. How- 
ever, the defocusing effect which leads to this instability 
will manifest itself, even when the limits are not exceeded, 
by an increased amplitude of the oscillations. For orbits 
crossing the equilibrium orbit at the same angle, the ampli- 
tude of oscillation in the racetrack will be larger than in a 
circular synchrotron by a factor sin mtx/sin xu. For n=}, 
L/d=0.3, this is a factor 2.3. One thus pays a price for the 
convenience of having the straight legs: insofar as the yield 
of the machine is concerned, the gap width and all vertical 
clearances are effectively reduced in just this ratio. 

“This work was carried out under the auspices of the 
Manhattan District. 
1H. Crane, Phys. Rev. $42 (1946). 
D. M. Dennison and T. H. Berlin, Phys. Rev. 69, 542 (1946). 
: Por the method of AL uw see Whittaker and Watson, Modern 


~5> 19.4. A very similar problem has been treated B. 
TM. J. 0. Strutt, Phil, Mag. 18 (1928). by B. van 


Radioactive Isotopes in the Columbium Region 
M. L. WIEDENBECK 


Ph 
Randall ee of Michigan 


September 3, 1946 


N addition to the well-known activities in columbium 
(i.e., Cb** 40 days, Cb® 11 days, Cb™ 6.6 minutes, 
Cb* 75 minutes), a series of isotopes has been reported of 
half-lives 4 minutes, 12 minutes, 38 minutes, 21 hours, and 
96 hours. These have been found by the Rochester group! 
and were produced from zirconium by the p-n reaction. 

Short bombardments of columbium metal foils with 
10-Mev deuterons produced the 6.6-minute 8--activity in 
Cb™ as well as 18-minute and 6.5-hour? positron activities. 
The latter periods can be assigned to isomeric states of 
Mo* produced in the Cb® (d, 2”) process. Deuteron bom- 
bardment of molybdenum also yielded the 18-minute and 
6.5-hour 8*-activities along with the 15-minute and 68-hour 
8--decay periods. 

Prolonged irradiation of a stack of columbium metal foils 
by 10-Mev deuterons produced intense activities in the 
front layers but essentially none (less than 2 percent of 
that in first foil) in the foils which were not penetrated by 
the beam of deuterons. After the short-lived activities (in- 
cluding the intense 6.5-hour Mo®) had decreased to a 
negligible value, the decay followed the curve shown in 
Fig. 1. It is seen that two long periods remain, Cb® 11 days 
and one of 21.6 hours. The latter activity is presumably 
identical with that of 21 hours formed by Zr (p-n). 

Cloud-chamber observations indicated that negative 
beta-particles were emitted by the latter isotope. Absorp- 
tion in aluminum foils gave a value of 1.2 Mev for the 
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Fic. 1. Decay of -period activities in columbium showing 
yrs and 11-day activities. 


upper limit of the §-spectrum. Gamma-rays of energy 0.6 
Mev (as determined by absorption in lead) were also 
emitted by this isotope. 

In studying the activities as a function of the average 
deuteron energy, it was found that the 11-day and 21.6- 
hour activities had similar excitation functions, the thresh- 
old for each being ~5 to 6 Mev. The low value of the 
threshold energy indicated that Cb® (11 days) is formed in 
the process Cb® (d, 

Slow neutron bombardment of columbium yielded the 
6.6-minute activity but not the longer periods. The 21.6- 
hour period is thereforé assigned to an isomeric state of 
Cb*® produced in the Cb® (d, H*) reaction. 


1See G. T. Rev. Mod. ee 13 
Kunde and ML. Pool, Rev. 70. 111 (1946). 


Production of Heavily Ionizing Particles by 
X-Rays Generated by a 100-Mev 
Betatron'? 


Marcet Scuern, A. J. HARTZLER, AND G. S. KLAIBER 


Schenectady, New York 


August 28, 1946 


LOUD-CHAMBER photographs of ionizing particles 
generated by x-rays of 100-Mev peak energy were 
taken in a magnetic field. It was found that in addition to 
numerous tracks due to electrons and positrons, tracks of 
heavily ionizing particles also occurred in the chamber. An 
attempt was made to obtain the masses of these particles 
from measurements of the range and curvature of their 


q 
|. 
q 
nt 
ill 
he 
to 
ie 
e 
| 


LETTERS TO 


Fic, 1. Tracks of heavily ionizing 
curvature of va 4 st 
in brass plate. c, t: 


icles generated 


curvature 


tracks and from eotimates of their specific ionization. Some 
additional evidénce as to the nature of these particles was 
obtained from their stopping in thin brass plates. 

A cloud chamber equipped with a stereoscopic camera 
arrangement was used for these experiments. This chamber 
of 20-cm diameter was filled with argon and placed be- 
tween the poles of a permanent magnet giving a field of 
900 gauss. The expansion of the chamber was synchronized 
with the betatron to receive a single pulse of high energy 
x-rays at the optimum time in the expansion cycle. The 
direction of the primary x-ray beam is indicated by the 
arrow in each figure. 

Figure 1a shows a picture in which a heavily ionizing 
particle exhibiting measurable curvature stopped in the 
gas of the chamber (argon at 85 cm of Hg pressure). The 
track has a length of 6 cm in the gas of the chamber and 
exhibits a radius of curvature of 23 cm near its midpoint. 
This curvature and the measured range of the track corre- 
spond to a singly charged negative particle of mass 75m, 
(m,=mass of electron). For this determination, however, 
the probable curvature of the track owing to multiple 
scattering in the gas has not been taken into account. If 
one assumes that the measured curvature is the resultant 
of the magnetic deflection and that owing to the most 
probable value of the multiple scattering as given by 
Williams* and Bethe,‘ one obtains as an upper limit for 
the mass a value of 450m,. If, however, the actual scatter- 
ing in the gas was considerably greater than the most 
probable scattering, the particle could have been a proton 
curved entirely by multiple scattering. The probability of 
this happening can be calculated to be approximately 0.012 
which is small since very few heavily ionizing tracks of 
comparable range were obtained so far. 

The radius of curvature of the track shown in Fig. 1b 
is 75 cm in a direction corresponding to a negative particle 
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b 
-rays of 100-Mev peak energy. 


opping in the gas. b track 
stopped in 


coming from above and stopping in a@0.025-cm brass plate 
placed in the middle of the chamber. (The stopping power 
of this plate is equivalent to that of 135 cm of standard air 
and hence any proton which stopped in the plate should 
have a maximum energy of 11X10* ev.) If this particle 
were a proton, its ionization could not have been smaller 
than 22 times that of a fast electron. If it were a meson of 
mass 200m,, its ionization could have been as low as 8 
which seems to fit the appearance much better. A proton 
having the maximum range of 135 cm in the brass plate 
would, however, exhibit a negligibly small curvature due 
to both multiple scattering in the gas and the magnetic 
deflection. On the other hand a proton just reaching the 
plate should have a curvature due to multiple scattering 
less than one-half of its observed value. In this case, how- 
ever, the ionization of the particle should be 80 times that 
of a fast electron which seems most improbable. 

In Fig. 1c a particle is shown which stopped in the brass 
plate but does not exhibit a measurable curvature. If it 
were a proton, the minimum value of its ionization should 
have been 22 times that of a fast electron. On the other 
hand, for a meson of mass 200m, the corresponding value 
of the ionization should be 8. The appearance of the track 
compared with the numerous electronic tracks in the imme- 
diate neighborhood definitely favors the latter possibility. 

In view of the fact that a relatively small number of 
tracks of similar nature have only been found in the 
chamber so far, it seems necessary to carry out further 
investigations before definite conclusions can be reached 
as to the real nature of the above described ionizing 


particles. 


at 270th meeting of the American Ph 
Columbia University, New York, New York, January 26, 1946. 
2 W. F. Westendorp and E. E. Chariton, J. App. Phys. 16, 581 (1945). 
J. Williams, Phys. Rev. 58, 292 (1940). 
4H. A. Bethe, Phys. Rev. 69, 689 (1946). 
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Influence of Intercrystalline Forces on 
§-Ray Absorption 
GEORGE WINCHESTER 


Rutgers University, New Brunswick, New Jersey 
August 24, 1946 


Y attention has been called to a letter in The Physical 

Review* under the above title. I agree with the state- 

ment that there is no difference in the absorption of beta- 

rays in hard-rolled aluminum and in aluminum annealed at 

350°C. Two experiments were run at that temperature and 
both experiments showed no difference. 

However the difference is quite evident if the annealing 
is carried out at a temperature between 450°C and 500°C. 
This experiment has n performed many times and a 
difference in absorption was always found. 

One should use the same sheet of aluminum in its two 
different states—hard-rolled and annealed—instead of 
using two different sheets. 

In checking for this change in absorption it seems better 
to use a Curie electroscope than a Geiger counter because 
of the greater stability of the former. 


* Henri D. Rathgeber, Phys. Rev. 69, 239 (1946). 


Possible Results of a New Reaction 


M. Y. AND R, N. Littxe, Jr. 
Department of Physics, University of Texas, Austin, Texas 
August 8, 1946 


E would like to point out some interesting possi- 
bilities in a new reaction. With the availability of 
tritium in fairly large quantities, the reaction of deuterium 
on tritium should be possible. There are several possible 
ways for the reaction to go. If the following occurs: 


on', 


the reaction may be a source of high energy neutrons all 
_of the same energy. From rough mass difference values the 
expected Q value would be about 17.6 Mev. 

A second possible reaction is 


with either the creation of three particles with a continuous 
neutron energy range up to a maximum or the possible 
emission of a ‘“‘di-neutron,” on*. The existence of the di- 
neutron has been discussed but no evidence for their 
existence has been found. If they do exist, then important 
knowledge concerning the binding energies can be obtained 
from this reaction. 


Solarization of Manganese-Bearing Glass 

at Higher Temperatures 

R. L. anp A. E. BaDGer* 

University of Illinois, Urbana, Illinois 

July 26, 1946 

HE purple color which is formed in colorless glasses 
containing manganese after exposure to sunlight or 
ultraviolet light was noted many years ago. This discolora- 
tion may be removed readily by heating the glass near its 
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annealing range, whereby the original colorless state of the 
glass is regenerated. The coloration is explained by a re- 
versible reaction between colorless divalent manganese and 
the pentavalent arsenic usually present in the glass, in 
which light causes an oxidation of manganese to the purple 
trivalent form and an accompanying reduction to trivalent 
arsenic. Heating near the annealing range causes a reversal 
of the reaction. 

A preliminary investigation has been made of the color 
changes produced by ‘irradiation of glass at temperatures 
extending to the annealing range of the glass. The glass 
composition was a commercial soda-lime-silica type con- 
taining small amounts of manganese and arsenic. Various 
small polished specimens (about 3 mm thick) were heated 
in an open electric furnace and exposed to ultraviolet 
radiation from a quartz-mercury arc lamp for a period of 
about 24 hours. Spectral transmission curves of the colored 
glass were obtained by use of a G.E. recording photo- 
electric spectrophotometer through the courtesy of Pro- 
fessor J. O. Kraehenbuehl. 

The spectral transmission curves were used to determine 
the wave-lengths of maximum absorption of glasses irra- 
diated at various temperatures, as shown by the open cir- 
cles in Fig. 1a. The wave-length of maximum absorption 
shifts toward shorter wave-lengths as the temperature of 
the glass is increased, the glasses becoming reddish-purple. 

Figure 1b shows the percentage transmittance of these 
glasses at the wave-length of maximum absorption. Only a 
small variation is noted up to about 450°C, which is the 
lower annealing limit of the glass. At higher temperatures 
the transmittance increases and only faint colors are pro- 
duced. The variation in color produced by irradiation of 
glass at different temperatures is associated with the ionic 
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environment surrounding the trivalent manganese ion, each 
glass temperature producing a different color. A method of 
studying the constitution of glass is thereby indicated. 

If glass is solarized at room temperature and then heated 
for a sufficient period in a closed furnace, the wave-length 
of maximum absorption again shifts to the equilibrium 
values. The solid circles in Fig. 1a show the shift produced 
by such heat treatment; good agreement exists between 
them and the open circles which represent irradiation 
changes produced by ultraviolet light on glass at these 
temperatures. 


Electric Quadrupole of the Earth 


WALTER M. ELSASSER 
RCA Laboratories, Princeton, New Jersey 
July 23, 1946 


HE electromagnetic spectrum of a conducting sphere 
contains four sets of modes, two each of the electric 
and the magnetic type.! The high frequency modes? have 
finite complex frequencies even when the conductivity of 
the sphere becomes infinite; their field energy resides 
primarily in the dielectric outside the sphere. The low 
frequency modes* are aperiodic in the approximation in 
which the displacement current is neglected. They repre- 
sent the exponential decay of a current system left to itself; 
their field energy resides largely inside the sphere for the 
modes of the magnetic type and almost exclusively so for 
the modes of the electric type. 

In two recent papers*® the vectors giving the field dis- 
tribution of the aperiodic magnetic modes have been used 
as an orthogonal system for the development of those more 
general vector fields which appear when the fluid inside 
the earth’s metallic core is in motion. Further study has 
shown that the solution of the problem given is as yet 
incomplete: Through the action of the fluid motion the 
magnetic modes are coupled to the modes of the electric 
type, and since the aperiodic electric modes are legitimate 
solutions of Maxwell’s equations, it seems a valid inference 
that inside the earth’s core there exists a magnetic field 
that can be developed into a vector series of the electric 
modes. This magnetic field is orthogonal to the ordinary 
field.+4 

The field vectors for the aperiodic electric modes in the 
interior of the sphere are obtained by merely interchanging 
the expressions for the electric and magnetic field strength 
valid for the magnetic modes (given in 1), with a suitably 
adjusted constant factor for each. Outside the sphere there 
is an electrostatic field; the magnetic field at the outside 
vanishes. There is a surface charge at the boundary. The 
boundary conditions lead to the discriminant equation 


Fa+i(RR) =0, 


where R is the radius of the sphere and where k is related 
to the decay constant exactly as in (30) of I. A derivation, 
in many respects more satisfactory, of these modes is ob- 
tained by starting from a solution which contains the dis- 
placement current and letting the latter go to zero.’ It is 
not possible, in practice, to detect these modes by measure- 
ments outside the core since the magnetic field vanishes 
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and the electrostatic field corresponds to potentials of a 
few millivolts only. 

A survey of the coupling terms caused by fluid motions 
in the metallic sphere shows that the dipole terms of the 
magnetic modes are almost exclusively coupled to the 
quadrupole terms of the electric modes, and vice versg, 
It would therefore appear that the quadrupole field pre 
dominates among the modes of the electric type to a 
degree comparable to the predominance of the dipole field 
in the magnetic modes. Again, as has been frequently 
pointed out in I and II, the coupling matrix is not sym. 
metrical, that is, an interaction in one sense between two 
modes is not, in general, equal to the interaction between 
the same two modes in the opposite sense. The interaction 
between the magnetic dipole as the primary and the 
“electric” quadrupole as the secondary is direct and 
intense, but this does not apply to the reverse interaction, 
The latter vanishes, in fact, when everything, the field as 
well as the fluid motion, has rotational symmetry. There 
is, however, an interaction from the quadrupole as the 
primary to the dipole as the secondary when tesseral 
harmonics are involved. This means, physically, that such 
a coupling is produced when the pattern of the fluid 
motion, being inclined relative to the earth’s axis, carries 
out a precession about the latter. 

It is a particular feature of the electric quadrupole mode 
(and of higher modes of even order in m) that it can be 
produced by an electromotive force acting inside the con- 
ducting sphere. To be specific, let us admit, for instance, 
that the seat of this e.m.f. is at the internal boundary of 
the core which, from seismic observations, is found at 
about 0.36-0.40 R and which, in all probability, separates 
the iron above from the heavier metals below.® The active 
e.m.f. is not simply a potential gradient across the bound- 
ary, but is the variation of such a gradient from the polar 
to the equatorial regions. If such a differential potential 
gradient exists, it gives rise to an electric current that flows, 
for instance, from the polar to the equatorial regions in the 
upper stratum and in the opposite direction in the lower 
stratum (or vice versa). This electric current system pro- 
duces magnetic lines of force which are closed, and circular, 
and the magnetic field strength is of opposite sign in the 
two hemispheres. It is readily seen that this configuration 
has the symmetry of a quadrupole of the electric modes. 

In order to estimate the magnitude of such an e.m.f. in 
relation to the actual magnetic field of the earth, we may 
assume that the external dipole field can be extrapolated 
downwards to the depth of the boundary mentioned. 
Assuming that the dipole and quadrupole magnetic fields 
are of the same magnitude there, and using the values of 
the conductivity from I and II, the corresponding e.mf. 
is found to be of the order of 20 millivolts. If one assumed 
that all the magnetic energy is ultimately supplied from 
such a source, the primary voltage would probably have 
to be several times larger than this value. Such voltages 
seem excessive for the rather quiescent interior of the 
earth; but speculations of this type are no doubt premature. 
On the other hand, the introduction of the electric modes 
raises a number of questions regarding their interaction 
among themselves and with the magnetic modes in the 
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of fluid motions, and these questions are capable 
of a formal solution without the introduction of further 
hypothetical elements. 
Debye. Ann. Physik 30, 57 (1909). 


, Inc., New work, 1941), 
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Investigation of Auger Showers by the 
Proportional Counter Method 


L. LAZAREVA 


March, 1945 


HE main experimental results obtained by us in the 
fall of 1944 at 3860 m above sea level in the Pamir 
Mountains, U.S.S.R. (Middle Asia)* are set forth in this 
Note. Data on Auger showers which are available at pres- 
ent are based on the application of two complementary 
‘methods—the coincidence method! and ionization chamber 
method.? 

This latter method (observation of ionization bursts) 
permits one to select showers exceeding a given size and 
this in turn yields (by means of the cascade theory) direct 
evidence concerning the energy spectrum of the primary 
shower-producing particles. However two essential limita- 
tions must be taken into account in this case. 

First of all ionization bursts in thin-walled chambers can 
be produced not only by Auger showers but, by heavily 
ionizing particles as well. 

Secondly, when only a few particles of the observed 
showers pass through the cross section of the chamber, 
fluctuations of the number of particles can considerably 
distort the size distribution curve for bursts. Both of these 
factors can be overcome if instead of ionization pulses in 
one chamber we register coincidences caused by these 
pulses in two chambers arranged in a horizontal plane at, 
a given distance from each other. Under these conditions 
heavy particles are not counted while fluctuations, as 
calculations show (D. Skobeltzyn), do not play any appre- 
ciable role (even when pulses caused by only two particles 
in each chamber are recorded). 

In the present investigation which was carried out in the 


open air we employed instead of ionization chambers two ~ 


trays of proportional counters, the latter being connected 
in parallel; the tube circuit and experimental method used 
by us was developed in this laboratory by Professor Veksler. 

Each of the trays consisted of 6 proportional counters 
filled to atmospheric pressure with argon, the total area 
being ¢=700 cm? (the thickness of the aluminum counter 
walls was approximately 0.2 g/cm*). Pulses from each of 
the trays were fed to a linear amplifier coupled to a multi- 


vibrator. The threshold of the multivibrator was regulated 


by negative bias on the grid of the first tube in each of the 
channels. The tubes which selected the double coincidences 
(r =2.85-10-® sec.) were placed after the multivibrator and 
therefore coincidences were recorded only when the linearly 
amplified pulses in each channel exceeded the multivibrator 
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threshold. By keeping the latter constant and varying the 
amplification it was possible to vary the minimum amount 
of in cack of the counter 
registration of the pulses. 

During the measurement the gas ossainlieiiaie factor 
remained constant. In order to determine this latter quan- 
tity, and thus to calibrate the apparatus, pulses due to 
a-particles from Po were used. 

The magnitude of the ionization pulse (J) caused by a 
shower is proportional to the number of particles traversing 
the given counter tray: n =I/igl, where l is the mean path 
of the particle in the counter (0.8 of the counter diameter) 
and io is the “probable specific ionization” (75 ion pairs 
per cm of argon). 

A definite particle density of the recorded Auger shower 
p=n/o and a definite average energy** of the primary par- 
ticles correspond to this n.* 

The dependence of the number of double coincidences 
per hour (after subtracting the accidental coincidences) 
ON %min OF Pmin are given by the curve in Fig. 1 (» is the 
integral number of councident bursts of size exceeding 
Mmin). Within the investigated interval the dependence of 
v on the sensitivity of the recording system (which is pro- 
portional to 1/mmin) turned out to be approximately linear. 

The circles on the curve denote the results obtained by 
Auger’ at an altitude of 3500 m by using a counter- 
controlled cloud chamber which is essentially equivalent 
to an ionization chamber in respect to registration of bursts 
due to showers (» is the number of expansions per hour; 
n the number of tracks).* 

Auger’s cloud chamber data are in satisfactory agree- 
ment with our results obtained with proportional counters 
as concerns the order of magnitude of ». On the other hand, 
it should be noted that there is a serious discrepancy be- 
tween our results and those obtained by using ionization 
chambers (see the dotted lines, Fig. 1) not only in respect 
of the absolute number » but also in respect of the de- 
pendence of » on tmin (v»~(1/m*nin) in the case of ionization 
chambers). 

Calculations based on the cascade theory (e~(1/r*~5) )®*** 
show that for a power energy spectrum of the primary 
particles of the form dF =(A/E)(dE/E) (where dF is the 
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cm 


above each of two trays of proportional coun 


number of primary particles in the energy interval dE) one 
should expect a dependence close to »~(1/n*min), where 
k=7/S?2t For y=1.8 (the value accepted by Euler in 
accordance with the spectrum of Millikan and Heber) we 
would obtain k=1.5—1.6.* 

The value k= 1.3, however, could be considered to be in 
accord with our experimental curve. 

The cross in Fig. 1 indicates the result obtained with the 
sixfold coincidence circuit (of conventional Geiger counters 
—see the accompanying letter of D. Skobeltzyn). 

The curve in Fig. 2 shows the influence of lead absorbers 
placed above each of the two trays of proportional counters 
(arranged in a horizontal plane) on the number of coinci- 
dences. This curve was méasured at a sensitivity denoted 
aS %min=2, the distance between the counter trays being 
80 cm. 

I wish to express my deep appreciation to Professor D. 
V. Skobeltzyn for suggesting this investigation and for his 
continual interest in its progress. 

* Near M 


ourgab. 
** We assume that the showers originate only in the upper la’ of 
the atmosphere. The he conclusions may essen f 
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eter of the cascade 
- (11)-(15) of reference 4. 
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ty aze, Ehrenfest, and Fréon, J. 
uler, Zeits. Physik 116, 73 (1940). R. pe Page. ev. 52, 
559 (1937). C. Mon and D. Pins. Rev. 47, 429 
56, 640 (1939 
kobeltzyn, Comptes Rendus U.S.S.R. 44, 203 (1944). 
ptes Rendus U.S.S.R. 44, 154 (1944). 
S. Belenky, J. Phys USSR 8, NI (1944). 


Penetrating (Atmospheric) Showers in 
Cosmic Rays 


V. Vexsier, L. GrosHEV, AND L. LAZAREVA 


P.N. Lebedev Physical Institute of the Academy of Sciences 
f USSR. Moscow, U.S.S.R. 


March, 1945 
~ 
N the preceding note (Lazareva) the method and results 
of application of proportional counters for the study 
of Auger showers were described. To ascertain what frac- 
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tion of the bursts observed in single chambers are caused 
by heavy particles we carried out experiments in which the 
coincidence rate of two proportional counter trays were 
compared when the trays were arraaged in two different 
positions: (1) in a vertical plane one above the other; (2) in 
a horizontal plane (Fig. 1). 

In the vertical position the trays were separated by a 
distance of 30 cm so that the solid angle cut out by this 
telescope equaled 0.6. 

The results communicated here were obtained when the 
sensitivity corresponded to the traversal of each of the 
chambers of 10, or more, normally ionizing particles (say, 
mesons of about 3-10° ev). The number of coincidences per 
hour in the horizontal and vertical positions are as follows, 

Ca Ca Ce 


d=50 cm @=125 cm with 12 cm Pb 
7.7¥ 1.03 6.30.87 34.2%3.4 1.8 


Although, the coincidence rate in the vertical position 
(C,) exceeded by almost five times the horizontal counting 
rate (C,),* experiments in which a 1.5 g/cm aluminum 
absorber was interposed between the counter trays showed 
that only one-third of the difference (C,—C,) can be 
ascribed to single heavily ionizing particles (slow mesons 
or protons) which is in accord with the results of Veksler, 
Dobrotin, and Khvoles (to be published soon) who made a 
careful investigation of these particles by a similar method. 
The number of coincidences caused by them under our 
conditions is of the same order as the number of counts 
caused by Auger showers.** 

In the last column of the above table is shown the co- 
incidence rate, after subtraction of accidental coinci- 
dences, which was observed when 12 cm of lead was intro- 
duced between the counter trays. The observed 15 coinci- 
dences per hour (which is just a little less than half the 
number of coincidences (C,) recorded when the lead was 
removed) cannot be ascribed to single heavy particles or 
to Auger showers because the latter, as was mentioned 
above, comprise only about 20 percent of the number of 
vertical coincidences when the Pb was removed. 

Clearly, there can be no doubt that coincidences in the 
presence of a 12-cm lead absorber are caused by penetrating 
(probably meson) showers which have been observed pre- 
viously by a large number of other workers, who used the 
usual counters in coincidence circuits or the cloud-chamber 
method (Santos, Pompeia, and Wataghin; Janossy and 
Rochester; Bostick’). 

It should be especially noted, however, that in our ex- 
periments atmospheric showers were observed. The ap- 


Fic. 1. Different positions of counter trays (vertical and 
horizontal arrangements). 
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tus was located in a canvas tent and there was no dense 
material above the counter system. It should be especially 
noted that these penetrating showers which originate in 
the atmosphere and are composed of more than 10 par- 
ticles are observed so frequently. According to our data the 
number of these showers is about twice the number of 
Auger showers from which at least ten particles pass 
through each of the recording counter trays. We thus have 
here a very important component of the atmospheric 
showers, the significance of which has been underestimated 
hitherto. 

Creation in the atmosphere of showers with the proper- 
ties mentioned above, irrespective of the mechanism of 
the phenomenon, required, evidently, the three following 
conditions: (1) extremely high energy primary shower pro- 
ducing particles (of the order of 10"-10" ev) as it may be 
expected that the mean angle of divergence of the showers 
particles is of the order of wc*/E; (2) high energy (10-10" 
ev) particles in the showers themselves as the scattering 
must be very small; and finally (3) a large effective cross 
section (of the order of the geometrical section for collisions 
with a nucleon) of production of penetrating showers in air; 
this must be the case because even if the first two condi- 
tions were fulfilled the mean free path of the shower in air 
counting from its point of creation to the recording ap- 
paratus cannot be large. 

The method applied by us undoubtedly offers new possi- 
bilities in the study of these phenomena. 


* The accidental counting rate is subtracted in each 

** The very considerable discrepancy between the A ae of — 14 
tion bursts due to Auger showers and the number of bursts observed in 
thin- er ionization c bers (D. Skobeltzyn, Samaptes Rendus 
U.S.S.R. 44, 203 (1944)) should be ascribed chiefly very slow 
particles which are completely absorbed by ‘ot 0.5 0. g/cm? 
paw wand - being twice the thickness of the counter walls in our 
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Atmospheric Showers and Bursts 
D. SKOBELTZYN 
New York, New York 
August 18, 1946 

ETTERS to the Editor “Investigation of Auger 
Showers by the Proportional Counter Method” by 
Lazareva and ‘Penetrating Atmospheric Showers in Cos- 
mic Rays” by Veksler and Groshev and Lazareva have 
been published in The Physical Review with a considerable 
delay, because of the impediment by post and other casual 
circumstances. The experiments they have reported were 
prolonged. Further information will be published. I have 
in mind to discuss some points concerning the said letters. 
The cascade theory of Auger showers is based on the 
suggestion that such showers are created by a single par- 
ticle, electron (or a photon), coming to the earth’s atmos- 
phere from cosmic space. Some facts, however, suggest that 
the electrons creating Auger showers are generated within 
the atmosphere. If the production of the high energy elec- 
trons takes place in a certain amount at the depth of some 
(5-10) “‘#’’-units also, one may expect very essential 

anomalies and divergences from the usual conception. 
The data now available do indeed show a number of 
anomalies, though it may be premature to state that the 
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explanation of these anomalies lies in the suggestions above 
indicated. 

I. Atmospheric showers were first discovered and ex- 
plored by the coincidence method in a system of two, three, 
or more Geiger-Mueller counters. At the same time, big 
atmospheric showers can be investigated by another 
method, observing the bursts (Hoffmanstosse) in thin- 
walled ionization chambers. In connection with the ques- 
tion of anomalies previously mentioned, it is important to 
know if the number of “bursts” of definite magnitude per 
hour coincides with the number of “‘normal” Auger showers 
of corresponding size per hour. 

To answer this question, one could define the expected 
frequency of bursts, stimulated by Auger showers, using a 
calculation based on the observed frequency of double or 
triple coincidences in the Geiger counters registering the 
extensive showers. 

There is, however, the possibility of defining directly 
(without the calculation) the number of bursts of definite 
magnitude, stimulated by normal Auger showers, by ob- 
servations with Geiger counters. 

It can be shown, on general grounds, that in a system of 
six Geiger counters placed near enough one to the other, 
Auger showers will stimulate a number of coinciding im- 
pulses equal to the number of coinciding ionization bursts 
which would be registered by two ionization chambers 
placed side by side, if one could count all the bursts caused 
by the passaye across each of these ionization chambers of 
two or a greater number of normally ionizing particles. It is 
assumed that the effective cross section of each chamber is 
equal to the axial cross section of each of the six Geiger 
counters (the axes of which are in a horizontal plane). 

The number C, of sixfold coincidences stimulated by 
Auger showers of definite density can be calculated,’ 
assuming 

Co=2eRY —exp [—(ro/r)* Prd. 


On the other hand the number of coinciding impulses in 
two ionization chambers, under the conditions indicated 
above, C2!" one may assume to be equal 


= 


The expressions above are valuable in as much as Poisson's 
law can be applied to the calculation of space fluctuations 
of density distribution of particles in the shower. In these 
equations R is the radius of the shower, f the frequency 
referred to unit surface of the showers specified by the 
parameter ro (at the given ¢), fo is a parameter which de- 
pends on the cross section ¢ of counters (or ionization 
chambers) and on the density or on the energy of the 
shower (more exactly on the energy of the particle creating 
it). The parameter ro is defined from the condition: 


p(rojo=1, 
where p(r) is the density of particles in the shower, r—the 
distance from the shower’s axis (expressed in the parts of 
the radius of shower R). The exponent & is a parameter 
defined by the cascade theory, the magnitude of which 
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depends in some measure on the shower’s energy and the 
height of the observation point above the sea level. 


p(r)~1/r** at r<R 
and p=0* at 


For normal Auger showers the values of k are in the limits: 
0.5<k<1. Comparing the numerical values of the integrals 
in (1) and (2), assuming k=1 and k=0.5, respectively, one 
may see that Cs and C,"™ coincide within about 25 percent 
at every fo except in the region of small ro (79<0.25) which 
is unimportant practically. 

The observations with a system of six counters forming 
in a horizontal plane a hexagon with 130-cm radius were 
made at the height of 3860 m in 1944 by L. Bell (a cross on 


Fig. 1 of Lazareva’s letter). Afterwards, Satzepin made . 


more thorough observations at the same height (unpub- 
lished) and investigated the dependence of Cy on a (be- 
tween ¢=65 cm* and ¢=560 cm*). He found that within 
these limits Cs~o'4 and Cs25 coincidences per hour at 
o= 100 cm’. These results are in complete agreement with 
the values which can be calculated from the data by Auger,’ 
Hilberry,‘ and others for the number of double and triple 
coincidences. 

At the same time, as the dotted curve on Fig. 1 (Laza- 
reva’s letter) shows, there is a tenfold or hundred-fold 
discrepancy with the data taken with ionization chambers 
by Young and Montgomery** and with the more recent 
results of L. Lewis. The discrepancy is much greater in 
chambers of small dimensions. 

The same comparison made at sea level gives entirely 
different results. We are confronted by the following 
situation: the number of bursts per hour registered by a 
thin-walled chamber at sea level corresponds in order of 
magnitude with the value calculated? (there is a possibility 
still that the coincidence is casual). But at the height of 
4000 m there is a hundred-fold divergence. 

Thus, observing the bursts in thin-walled chambers at 
great altitude we have to deal not with Auger showers, but 
with some other agent stimulating ionization pulses of 
much higher frequency. Can it be that these are also 
atmospheric showers, but ‘‘narrow” ones? However, there 
is good reason for the suggestion that these bursts are 
stimulated by single heavily ionizing particles or by the 
nuclear showers having their origin in the walls of the 
chamber.* 

II. Very striking results were obtained in the investiga- 
tion of the absorption by lead of particles constituting 
atmospheric showers. 

Results reported in the letter by Veksler, Groshev, and 
Lazareva have been confirmed under improved conditions 
by V. Veksler and L. Bell. The following improvements 
have been made. 

1. The cylindrical proportional counters were replaced 
by the flat-walled ones (of rectangular cross section). 2. In- 
stead of double coincidences triple ones were observed 
(two of the three proportional counters were installed one 
above the other, and the third one above them or at the 
side). In the observations of triple coincidences, the in- 
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fluence of chance coincidences and contamination, con. 
nected with the fluctuations of the ionizing power of mesons 
traversing two counters one above the other was completely 
excluded. 3. In the observations with the lead, the counter 
was carefully screened from the sides. 

"We shall call ‘‘penetrating” a shower observed under the 
condition that the registering counters are separated by 
10-12 cm of lead. The lead may be placed between the two 
counters installed one over the other, while the third 
counter is at the side. From the experimental data one May 
conclude that under certain conditions the frequency of 
penetrating showers of a given density of particles is equal 
or even higher than the frequency of normal Auger showers 
of the same density. We speak here of the densities of the 
same order of magnitude that have the “effective” densi. 
ties of Auger showers, stimulating coincidences in a system 
of conventional Geiger counters (that is p->~100 m~*), 

Observations on the absorption by lead with conventional 
Geiger counters (Satzepin) have given results in complete 
agreement with the results obtained by the proportional 


‘ counter method. We can speak of a peculiar, very impor- 


tant, penetrating component of atmospheric showers. The 
data obtained do not, however, exclude the possibility that 
the penetrating showers are genetically connected with 
Auger showers. It would be premature also to suggest that 


from the results of the observations one has to make in- 


evitably the conclusion of the existence of showers of great 
density consisting of penetrating particles, for instance, of 
mesons.. 

Analyzing the results of the experiments on the absorp- 
tion of atmospheric showers by lead, one must conclude 
that a very sharp anomaly exists. It is necessary, however, 
to investigate whether this anomaly is not related to some 
process involved in the penetration of the shower through 
the lead. If we were speaking of normal Auger showers we 
would have to exclude this possibility entirely. But, if ultra- 
high energy (10%-10" ev) electrons are generated in ap- 
preciable amount in the atmosphere, in addition to the 
normal ones, there could exist a considerable number of 
“young” showers much richer in high energy (10'°-10" ey) 
particles. 

Further investigations must show us whether the 
anomaly of penetrating power of atmospheric showers is 
not connected with the presence of unusually large numbers 
of electrons (or photons) of indicated energies in the soft 
component. Such a suggestion, presumably, cannot be 
excluded a priori. The number of such electrons could be 
very insignificant as compared with the total number of 
particles, and yet they could affect appreciably the in- 
tensity of the soft non-equilibrium component at sea level. 

* It is certainly permitted to suppose this for the fi calculation. 
** Here, as in Lazareva’s work, we mean simultaneous bursts in two 
ionization chambers. The difference between the results in such double 
and in an ordinary chamber may be the result of fluctuations. However, 
Comptes Rendus U.S.S.R. 37, 52 (1942) and 
2 


D. V. Skobeltzyn, Comptes Rendus U.S.S.R. 44, 142 (1944). 
P. Auger, J. de Physique 6, 17 (1945). 

N. Hi , Phys. Rev. 60, 1 (1941). 

L. Lewis, Phys. . 67, 228 (1945). 

D. V. Skobeltzyn, Comptes Rendus U.S.S.R. 44, 186 (1944). 
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Proceedings of the American Physical Society 


_ MINUTES OF THE MEETING AT BERKELEY, 
CALIFORNIA, JULY 12-13, 1946 


HE 273rd meeting of the American Physical 
Society was held at the University of Cali- 
fornia, Berkeley, on Friday, July 12 and Satur- 
day, July 13, 1946. The attendance was by far 
the largest at any meeting on the Pacific Coast 
in the history of the Society. The Friday morning 
session had been scheduled for Room 212, Le- 
Conte Hall, a room seating 168 persons. There 
were, however, fully 200 persons present at the 
opening of the session and the meeting was 
moved to Room 210, when it became available 
at 10:00 a.m. All of the remainder of the sessions 
were held in Room 210, which has 380 regular 
seats. There were some 300 persons present dur- 
ing the sessions held there on Friday. For the 
Symposium on Saturday morning some 50 extra 
chairs were placed in the room, and additional 
persons were permitted to sit in the aisles. Fully 
500 were actually present and many others had 
to be turned away. 

Some hundred members and guests of the 
Society from outside places had lunch at the 
Faculty Club on Friday. Because of the limited 
facilities, only those from outside Berkeley could 
thus be accommodated. About 75 similarly had 
lunch together on Saturday. At the close of the 
Friday luncheon there were brief remarks by 
R. T. Birge, J. W. Buchta, K. K. Darrow, 
J. W. M. DuMond, J. R. Dunning (who had 
just returned from the first Bikini test), W. V. 
Houston, Paul Kirkpatrick, R. B. Lindsay, and 
L. B. Loeb. After the Saturday luncheon there 
were similar remarks by A. Banos, Jr. (now at 
the University of California, Los Angeles), G. H. 
Briggs (Australia), Wallace Brode, M. L. E. 
Oliphant (England), and D. L. Webster, as well 
as R. T. Birge, K. K. Darrow, and L. B. Loeb. 

The Pacific Coast Secretary has submitted his 
resignation, effective at the close of the present 
meeting, and in connection with that situation 
the National Secretary inserted Paper A13 on 
the program. (The audience evinced its feelings 
by giving Dr. Birge a great ovation in gratitude 


for his able arrangement and management of the 
Pacific Coast meetings, whereby these were con- 
tinued throughout the most difficult years in the 
history of the society.—K. K. D.) The past his- 
tory of the Society on the Pacific Coast was also 
discussed in the luncheon remarks of the respec- 
tive past secretaries (R. T. Birge, Paul Kirk- 
patrick, L. B. Loeb, and D. L. Webster, in 
alphabetic order but, incidentally, in reversed 
time order). 

A brief business meeting was held during the 
course of the Friday morning session. The chief 
topic concerned the next meeting of the Society 
on the Pacific Coast, but no decision was reached. 
No successor to the present local secretary has 
yet been chosen by the Council, and the under- 
signed will continue to serve until such a suc- 
cessor is selected. 

In addition to the five invited papers on the 
Production and Use of High Energy Particles, 
given at the Saturday morning Symposium by 
members of the Physics Department at Berkeley, 
there was an invited paper by Professor R. A. 
Ogg, Jr., of the Chemistry Department, Stan- 
ford University, which included several striking 
experimental demonstrations of the electrical 
superconductivity in metal-ammonia solutions, 
that he has recently discovered, at liquid-air 
temperature. His paper opened the Friday after- 
noon session and attracted a large audience. 

There were 37 contributed papers on the 
printed program of the meeting, probably as 
large a number as at any previous meeting on 
the Pacific Coast. Of these papers B4, B9, B10, 
C10 and C12, were read by title. The last two 
were so read because of the inability of the 
authors to be present, and B9 and B10 because 
of failure to get complete clearance in time for 
the meeting. Abstracts of the 37 contributed 


papers follow. 


R. T. BirGE 
Local Secretary for the Pacific Coast 
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ABSTRACTS OF CONTRIBUTED PAPERS 


Al. A Method for Measuring Small Changes in Alter- 
nating Magnetic Fields. Wmson M. Radiation 
Laboratory, University of California.—The magnetic field 
at the orbit of the electrons in a betatron or a synchrotron 
must sweep through zero at all points of the orbit at the 
same time. A small search coil with effective area 1300 cm? 
was placed in a 60-cycle magnetic field of 4000 oersteds. 
The voltage was integrated by an R-C circuit and the 
_ resulting signa! was fed to the vertical plates of an oscil- 
loscope. The horizontal sweep was fed by a sinusoidal 
voltage, which was phased so as to produce a diagonal line 
on the oscilloscope. A second search coil of slightly larger 
area connected in series with the first was placed in the 
field and rotated till the line became horizontal. The 
second coil bucked out most of the signal from the first 
coil. When the amplification of the vertical amplifier was 
increased, this line broadened out into an ellipse whose 
vertical minor axis gave a measure of the difference in the 
magnetic fields threading the two coils when the field is 
passing through zero. Variations of one-tenth of an oersted 
could be detected in this way. This work was done under 
the auspices of the Manhattan District. 


A2. Magnetic Fields Due to Dee Structures in a Syn- 
chrotron. ARNOLD F. CLARK, Radiation Laboratory, Uni- 
versity of California.—The method described in the fore- 
going abstract was used to measure the out of phase fields 
due to eddy currents in the metal dee. The variations due 
to the size of the dee and to the width of the laminations 
will be reported. Experiments and calculations show how 
the magnetic focusing is altered in different parts of the 
dee because of the eddy current fields. The field as a whole 
is decreased but can be increased by a d.c. winding around 
part of the yoke. The variation of the vertical field with 
radius is changed, and horizontal field components are 
added. The measurements were checked by observing the 
time of reversal of flux in small permalloy strips placed at 
different points in the magnetic field. The difference in the 
time of reversal between two points in the magnet multi- 
plied by the rate of change of the field gives the difference 
in the magnetic fields at the two points due to the out of 
phase components. This work has been carried out under 
the auspices of the Manhattan District. 


A3. Momentum and Specific Ionization of 25-100 Kv 
Electrons. Cart E. NIELSEN, University of California, 
Berkeley —There is some indication of disagreement 
_ between the relativistic calculation and observed specific 

ionization of 25-100 kv electrons, but existing data do not 
permit a reliable comparison. For this reason, and for 
evaluation of meson mass by ionization and curvature 
measurement, study of electron ionization is in progress. 
Ionization is measured by droplet count technique. Mo- 
* mentum is measured by curvature in a magnetic field. 
Multiple scattering at these energies normally results in 
large momentum uncertainty because the field usable is 
limited by the necessity of keeping the radius measurable. 
The field can be increased if one photographs perpendicular 


to the field axis. Tracks then describe helices; their plane 
projections are sine curves whose “amplitude” and “wave- 
length” give the momentum. Since the tracks extend along 
the field, their radius of curvature may be small, per- 
mitting 1000 oersted or more and reducing the error from 
scattering. Further gain in accuracy results from the large 
track length used. One may consequently expect accuracy 
about ten times that of the usual arrangement with camera 
and field axes parallel. In the new method the track length 
depends merely upon axial distance and helix pitch, 
making stereoscopic photography unnecessary and: sim- 
plifying track length measurements. 


A4. Range-Momentum Relationship for Cosmic-Ray 
Mesotrons. W. B. FRETTER, University of California, 
Berkeley.—The range of mesotrons in lead as a function of 
their momentum is determined in an experiment similar 
to that of J. C. Street* in which two simultaneously ex- 
panded counter-controlled cloud chambers are used. The 
upper chamber is in a magnetic field of 5300 gauss, while 
the lower, which is vertically in line, contains eight }-inch 
thick lead plates. Approximately 7 percent of the mesotrons 
which trip the counters are stopped in the lower chamber. 
If ionization losses alone are involved in stopping the par- 
ticles, this experiment gives information on the masses of 
the stopped mesotrons. If, however, nuclear processes are 
important, straggling may be expected, which would give 
an apparent distribution in masses. Ionization drop counts 
as well as curvature measurements are made in the upper 
chamber so that protons stopping in the lead are easily 
recognized. Electrons make showers in the lower chamber. 
Preliminary results indicate that the straggling is probably 
not as violent as that reported by Street. 


* J. C. Street, J. Frank. Inst. 227, 765 (1939). 


AS. Description of a Frequency Modulated Cyclotron 
and a Discussion of the Deflector Problem. E. J. Lorcren 
AND B. Peters, Radiation Laboratory, University of Cali- 
fornia.—To verify the theory of the frequency modulated 
cyclotron,"? which provides a means of overcoming the 
relativistic limitations of large cyclotrons, a prototype was 
built using the 37-inch magnet. The variation of resonant 
frequency which will be caused by mass increase at large 
energies was here produced by a radial decrease in mag- 
netic field. At convenient values of modulation frequency 
(2000 c.p.s.) the energy gain per turn is so small that 
adjacent turns are only about 0.005 inch apart. Such 
spacing would seem to be insufficient to operate a con- 
ventional d.c. deflector since the exit strip would intercept 
most of the beam. Precessional motion of orbits, however, 
can greatly increase the change of radius per turn. This 
was demonstrated by bombarding a probe in the circulating 
beam where activity was obtained as far as 0.2 inch back 
from the leading edge. This fact led us to try a d.c. de- 
flector, which successfully deflected up to 10 percent of the 
circulating beam of 8-Mev deuterons. This work was 
carried on under a Manhattan District contract. 


1V. Veksler, J. Phys. U.S.S.R. 9, 153 (1945). 
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A6. Frequency Modulation for Berkeley 37’’ Cyclotron. 
K. R. MacKenzie AND F. H. Scumipt, Radiation Labora- 
tory, University of California.—The system consists of a 
transmission line terminated at one end by the single 
cyclotron dee and at the other by a variable capacitor 
operating in a separate vacuum. A voltage node occurs 
near the center of the line. Fifteen-kv dee voltage is 
produced by a grounded grid oscillator. The tubes are 
coupled to the dee stem by plate and filament coupling 
loops. Excitation phase is controlled by a capacitor in 
series with the filament loop. The voltage rises throughout 
the acceleration. The vacuum capacitor consists of a steel 
disk 27” O.D. with 36 blades at its periphery rotating 
between a double set of stationary blades. The latter con- 
nect to the transmission line through a procelain insulator. 
The disk is mounted on an insulator and forms one-half of 
a coupling capacitor to ground, thereby eliminating moving 
contacts. The variable capacitor produces a modulation 
frequency up to 2,000 c.p.s. The frequency range is from 
12 to 9.5 mc for deuterons and 24 to 18 mc for protons. 
This work was done under the auspices of the Manhattan 


A7. Frequency Modulated Cyclotron Characteristics. 
Byron T. WRIGHT AND J. REGINALD Radia- 
tion Laboratory, University of California.—The beam 
current dependence on various operational parameters will 
be compared with theory; those investigated include the 
following. Modulation frequency: For each dee voltage an 
optimum modulation frequency exists when the average 
energy gain per turn required to keep the natural frequency 
of the ions equal to the applied frequency equals one-half 
the available energy gain per turn. Pressure: All loss caused 
by scattering occurs at energies <300 kv; doubling base 
pressure in operating range reduces beam fourfold. Dee 
vollage: Doubling dee voltage in range 3-5-kv peak triples 
beam for equivalent modulation frequencies. At dee 
voltage 11.5 kv, modulation rate 1900 cycles per second, 
pressure 3.6 X 10-* mm Hg, 2.9 microamperes (d.c. average) 
of undeflected 8-Mev deuterons have been produced. The 
structure of individual beam pulses will be mentioned. 
Some ions start on one modulation cycle and arrive at the 
final radius as many as three modulation cycles later. 
These ions, on being Igst from the acceleration of the first 
cycle at a certain madi, continue rotating near that radius 
until the next cycle, when some of them, having the proper 
phase, will be picked up and further accelerated. This work 
was done under the auspices of the Manhattan District. 


A8. Efficiency of Frequency Modulated Cyclotron. 
Lestiz Fotpy anp D. Boum, Radiation Laboratory, Uni- 
versity of California.—In the frequency modulated cyclo- 
tron (or synchro-cyclotron) the loss of resonance resulting 
from relativistic increase of mass is overcome by capture 
of particles into phase stable orbits,"* the energy of which 
is adiabatically increased by a slow decrease of frequency 
of the dee voltage. There is, however, only a small fraction 
of the cycle of frequency modulation during which ions 
can be captured into phase stable orbits with phase oscil- 
lations of amplitude small enough to prevent particles 
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from ever being returned to the origin. By solving the 
phase equation,? we have obtained general expressions for 
this fraction, which may be called the “efficiency” relative 
to that of a normal cyclotron. For conditions which may be 
realized in the 182” cyclotron to be built at Berkeley, the 
maximum efficiency is about 5 percent. This work was 
done under the auspices of the Manhattan District. 


1 E, McMillan, Phys. Rev. 68, 143 (1945). 
Veksler, J. Phys, USSR. 9, 153 (1945). 


A9. Cloud Chamber for Airborne Cosmic-Ray Obser- 
vations. Wayne E. Hazen, University of California, 
Berkeley.—Two small cloud chamber units have been con- 
structed for use in high altitude observations of cosmic 
radiation. The first consists of a chamber with a cylindrical 
observation volume (3’ <6’) containing three lead plates. 
Compression is obtained by a motor-driven piston, which 
is isolated from the ambient pressure except for an area 
less than one square inch. A light-weight ten-volt battery 
provides power for compression, as well as for illumination 
and camera operation. Four 32-32-cp automobile head- 
light bulbs provide illumination. In order to provide for 
long uninterrupted runs of four or five hours, a camera 
that holds 100 feet of film was constructed. Test flights 
have been successfully made to 20,000 feet. The second 
unit is a 1” <8” diameter cylindrical chamber placed in the 
field of a permanent magnet that has square poles (6” X 6”). 
Model tests indicate that the 700-pound magnet will give 
a field somewhat greater than 1500 gauss. Preliminary 
photographs have been obtained. The first unit is intended 
for a study of the general character and relative intensities 
of the rays, and the second for a detailed study of particular 
properties, such as mesotron masses, by means of ioniza- 
tion-momentum measurements. 


Al0. A Paradox on Nuclear Isomerism. Secri, 
University of California, Berkeley.—Suppose that a dia- 
tomic homonuclear molecule containing two nuclei obeying 
Bose statistics is formed and that its possible rotational 
states are the odd ones. If one of the nuclei is excited, the 
molecule ceases to be strictly homonuclear and all rota- 
tional states are allowed, in particular also the state of 
zero rotation. Hence, by using nuclei in the excited state 
and nuclei in the fundamental state, we could form mole- 
cules in the zero rotational state, and if in one of these the 
isomeric transition of the nucleus should occur without 
alteration of the rotational state, we would have the ab- 
surdity of the homonuclear molecule in rotational state 
zero. According to the energy of the isomeric transition, 
two cases are possible. Either the energy is such that the 
recoil momentum from radiation emitted is insufficient to 
change the rotational state of the molecule, in which case 
the transition does not occur, or the recoil is sufficient to 
change the rotational state. In the first case the paradox 
is removed by the fact that the transition does not occur; 
in the second, by the concurrent excitation of the molecule. 


All. The Nuclear Reaction (f,pn). J. REGINALD 
RICHARDSON AND Byron T. WriGut, Radiation Laboratory, 
University of California.—The 16-Mev protons produced 
by the 37-inch FM cyclotron have been used to bombard 
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several elements. Evidence for the occurrence of the new 
reaction (p, pn) has been obtained in the cases of copper 
and antimony. In particular the 12.8-hour period in copper 
has been obtained, presumably from the reaction 
Cu® (p, pn) Cu® and the 16-minute period in antimony, 
presumably from the reaction Sb™ (p, pn) Sb™. The usual 
precautions against neutron activation have been ob- 
served. A preliminary excitation curve has been obtained 
in the case of copper. It is a steeply rising curve, with a 
threshold at about 13-Mev proton energy. This work has 
been carried out under the auspices of the Manhattan 
District. 


A12. Isotopic Absorption of Slow Neutrons in Cadmium. 
B. J. Mover, B. Peters, AND F. H. Scumipt, Radiation 
Laboratory, University of California.—Cadmium samples 
enriched in specific isotopes by a mass spectrograph are 
being studied with respect to thermal neutron absorption.' 
A quick survey of the isotopic absorptions was made by 
comparing the slow neutron absorption of solutions of 
CdSO, made from the enriched samples with that of a 
normal CdSO, solution. A spherical bulb containing the 
solution under test was inserted in a neutron atmosphere 
produced by a Ra-Be source in paraffin. Supported at the 
center of the bulb were two indium detectors, one of which 
was cadmium shielded to measure the fast-neutron- 
produced activity. Only the normal Cd and the Cd(113) 
solutions showed measurable absorption. The Cd(113) 
absorption equalled that of the normal solution when ratio 
of concentrations was 1 to 6.0+0.4, respectively. It is 
concluded that the strong absorption in Cd is due to 
resonance capture in Cd(113). Since the concentration of 
113 in normal Cd is 1 part in 8, it appears that the sample 
enriched in 113 has a concentration of 70-80 percent in this 
isotope. Mass spectrograph analysis of the sample is to be 
made. In progress are measurements of the Cd(113) cross 
section employing electroplated deposits of the 113 sample 
on thin Pt. This work was carried out under the auspices 
of the Manhattan District. 


1H. A. Bethe, Rev. Mod. Phys. 9, 151 (1937). 


Al3. The Local Secretaryship for the Pacific Coast. 
Kart K. Darrow, Secretary, American Physical Society.— 
Laudatory remarks concerning the eximious Services of 
R. T. Birge as Local Secretary of the American Physical 
Society for the Pacific Coast. 

Bl. Experimental Demonstration of Electrical Super- 
conductivity in Metal-Ammonia Solutions. RicHarp A. 
Oae, JR., Stanford University. (Invited paper, 30 min.) 


B2. X-Radiation and Internal Conversion from Ru+d. 


D. 7. EGGen anv M. L. Poot, Ohio State University.—By 


the use of a curved crystal x-ray spectrograph,' charac- 
teristic x-ray radiations have been obtained of masurium, 
ruthenium, and rhodium—the products of ruthenium 
bombarded with 10-Mev deuterons. The intensities of the 
x-rays were plotted as a function of time in order to show 
the type of transmutation and period associated with each 
radiation. When the beta-particles were removed by a 


magnetic field, data were taken on a Wulf electrometer and 
ionization chamber which gave a reading of the x-rays 
and gamma-rays. On subtraction of the gamma-rays, a 


decay of the x-rays only was obtained, which was used to : 


establish the periods in which the various x-rays occur. At 
the same time beta-ray spectrograms were taken that show 
energies associated with the internal conversion of gamma. 
rays in certain isotopes of masurium, ruthenium, and 
rhodium. These energies were Observed over a range from 
25 kev to 125 kev. 


B3. Theory of Continuous X-Ray Spectra from Thick 
Targets. Paut Kirkpatrick, Stanford University,— 
The Sommerfeld theory of the production of continuous 
x-rays by bombarding atomic nuclei with electrons predicts 
radiation energies which, to a rather rough approximation, 
are directly proportional to the square of the target atomic 
number Z and inversely proportional to the energy of 
bombardment. When spectrum bands of equal frequency 
width are considered, the variation of radiation energy 
with frequency is relatively slight and may be neglected 
in the first approximation. Upon combining the Sommer- 
feld predictions in this form with the electron energy-loss 
formula of Thomson and Whiddington, and the energy-loss 
measurements of Terrill, we obtain the conclusion that the 
total thick-target radiation energy (ergs) in a frequency 
interval dy at » per bombarding electron is 8X10-® 
Z(vmax—v)dv, where Z is the target atomic number. This 
expression agrees with the observations of Wagner and 
Kulenkampff with respect to energy distribution and Z 
dependence. Agreement with experiment is not improved 
by using a less approximate form of continuous-spectrum 
theory or a presumably more accurate energy loss theory. 


B4. Acceleration of Stripped Light Nuclei in the 
Cyclotron. HERBERT YORK, ROGER HILDEBRAND, THOMAS 
PutnaM, AND J. G. HamiLton, Radiation Laboratory, 
University of California.—Experiments have been done to 
produce accelerated stripped light nuclei with the 60” 
Berkeley cyclotron for use in nuclear experiments. Two 
types of sources have been investigated: an arc source 
such as that normally used in cyclotrons and a spark source 
similar to that used in spectro@opic investigations of 
highly ionized atoms. Typical yields from an arc source 
are 1000 C'*+* 146-Mev ions per second and 100,000 
C%+6 135-Mev ions per second. Experiments with C** 
have previously been done at lower energies with the 37” 
cyclotron by L. W. Alvarez, and with the 60” cyclotron 
by Tobias and Segré,? and Condit,’ who also reported O**. 
This work has been done under the auspices of the Man- 
hattan District. 

1L. W. Alvarez, Phys. Rev. 58, 192 (1 


2C. A. Tobias, Ph.D. thesis, University of California, 1941. 
*R. I. Condit, Phys. Rev. 69, 301 (1942). 


BS. Forces on Ferromagnets Through Which Electrons 
Are Moving. D. L. Wesster, Stanford University.— 
Wannier' calculated the forces on electrons shot through 
ferromagnets, finding them notably less than they would 
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be if the average field encountered by an electron was B, 
because such electrons avoid the magnetization electrons 
or push them away electrostatically, thereby avoiding the 
strongest fields. At low speeds the average is roughly half 
B. If one applies Wannier’s equation to conduction elec- 
trons, they should experience only about half the force 
1XB, now usually assumed and apparently confirmed by 
the torques on current-carrying magnets measured by 
Zeleny and Page.* It will be proved that the difference is 
made up by forces on the magnetization electrons, caused 
by the magnetic fields of the conduction electrons. About 
half the measured force on the magnet, therefore, acts on 
conduction electrons, and the rest on magnetization elec- 
trons. When a fast electron penetrates a magnet and is 
deflected by Wannier’s force, neighboring magnetization 
electrons experience forces whose resultant has the same 
direction. The sum of this resultant and Wannier’s force 
equals the force which the fast electron alone would ex- 
perience if its average field was B. 


. Wannier, Phys. Rev. 67, 364 (1945). 
Phys. Rev. 24. $44 (1924). 


B6. Reduction of Spherical Aberration in Strong Mag- 
netic Lenses. L. MARTON AND K. Bot, Division of Electron 
Optics, Stanford University.—The primary limiting factor 
to the resolving power of the transmission type magnetic 
electron microscope, at present, is the spherical aberration 
produced by the objective lens. Preliminary. calculations 
based on an extension of Glaser’s' treatment show, how- 
ever, that compound instead of single, strong lenses may 
be used advantageously in reducing the aberration. Such 
a system, in analogy to light optics, may consist of a first 
strong component forming a virtual image and one or 
more much weaker lenses to convert it into a real image. 
For equal magnification such a compound system can 
show a reduction of the spherical aberration of at least 
10 percent as compared to that produced by a single, 
strong lens. 

1W. Glaser, Zeits. f. Physik 117, 285 (1941). 


B7. Particle Scattering Camera. S. Rusin, California 
Institute of Technology (Introduced by William Fowler).— 
A particle scattering camera for measuring the angular 
distribution of ionizing particles emitted or scattered by 
various targets has been constructed for use with the 
2-Mev electrostatic generator. It is adaptable to either 
solid or gas targets, with means for measuring beam current 
to the target, for determining cross sections. Using one 
2”X4” photographic plate, one may obtain a 20°-160° 
angular range, with +1° resolution. Thin solid targets 
will be used, whenever possible, to obtain maximum yield 
at.each angle for a given angular resolution and beam 
energy resolution, since emitted particles at each angle 
come from the entire thickness of a solid target, but only 
from that portion of a gas target defined by the exit 
aperture. The camera is a cylindrical vacuum tank, 6” 
diameter, 1} wide, with removable end plates, one of 
which carries the photographic plate holder. The target 
is # above the plane of the plate, so that emitted particles 
enter the emulsion nearly parallel to its surface. The beam 
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axis is perpendicular to the cylinder axis and 1” off center. 
Coaxial with the beam are upper and lower flanges on 
which the target, target current shield, beam collimating 
apertures, and alignment sylphon joint are mounted. 


B8. Measurement of Electric Field Strength in a Cavity 
Resonant at 200 mc. WoLFGaANG K. H. Panorsxy, Radia- 
tion Laboratory, University of California.—Two methods 
are described for measuring electric field strengths of the 
order of 25 kv/cm in a resonant cavity. The cavities are 
excited at frequencies in the neighborhood of 200 mc/sec. 
by high powered oscillators pulsed at a repetition rate of 
15 p.p.s. with a pulse duration of 250 microseconds. One 
method consists of measuring the magnetic field inside the 
cavity by means of a loop method. The electric field is 
then computed by using the theoretical field distribution 
inside the cavity. The other method consists of measuring 
the electrostatic force produced on the diaphragm of a 
condenser microphone. This diaphragm is placed per- 
pendicular to the direction of the electric field at the end 
of the cavity in such a way as not to disturb the field dis- 
tribution. The diaphragm frequency response is adjusted 
to follow the build-up of field in the cavity faithfully. These 
techniques were developed to obtain design data for the 
construction of a linear accelerator. This work was done 
under the auspices of the Manhattan District. 


B9. Methods of Driving a High Q Cavity with Many 
Self-Excited Oscillators. J. R. Woopyarp, E. A. Mar- 
TINELLI, WILLIAM TOULIS, AND K. H. 
PanorskyY, Radiation Laboratory, University of California. 
—The problem considered is that of driving a long cavity 
resonator to be used as a linear accelerator, in the lowest 
longitudinal electric mode, by means of a large number of 
oscillators. Special problems are encountered when the 
resonator is many wave-lengths long and the field is to be 
without nodes as is the case here. Additional questions of 
oscillator buildup are introduced because the oscillators 
are pulsed. These problems were solved by methods which 
will be described. By properly loading each oscillator it was 
found that synchronization could easily be made to occur 
over a comparatively large range of tuning, and that the 
electric field strength in the cavity resonator increased 
with the square root of the number of driving oscillators. 
This work was done under the auspices of the Manhattan 
District. 


B10. Drift Tubes for Linear Proton Accelerator. FrAnx 
OPPENHEIMER, LAWRENCE H. JOHNSTON, AND CHAIM 
RicHMAN, Radiation Laboratory, University of California. 
—In the proposed accelerator, protons are to be accelerated 
down the axis of a resonant cavity, and shielded from the 
reversed electric field every half cycle, by passing 
through “drift tubes." The protons will gain an energy 
V = Vmax (sin ra/xa) where a is the fraction of the cycle 
during which the particles are not in a field-free region. 
Since V has a maximum for a=0, the criterion for the 
length of the accelerating gap is that the field strength 
between drift tubes be not too great. We have chosen a 
value of a=0.25 as a reasonable compromise and have 
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investigated the shapes of drift tubes which satisfy this 
condition. The proposed accelerating system may be con- 
sidered as a number of coaxial reentrant cylindrical 
cavities placed in line, with the conducting planes normal 
to the axis removed. The lengths of these equivalent 
cavities will vary with the particle energy, and will equal 
Bd. We have made variable model cavities at 3000 mega- 
cycles to investigate the relationship between drift tube 
diameter, a and 8, for constant frequency, f, and constant 
outside cavity diameter, D. We have found an approxi- 
mately linear relationship between drift tube diameter and 
8, at constant a, f, and D, for 8 between 0.09 and 0.3. 
Details of these measurements and other considerations of 
drift tube design will be given. This work was done under 
the auspices of the Manhattan District. 


B11. Synchrotron Radiofrequency System. A. C. HELM- 


HOLZ, J. V. FRANCK, AND J. M. Peterson, Radiation 
Laboratory, University of California.—The 47.7-mc radio- 
frequency system for the 300-Mev Berkeley synchrotron 
will be described. The electrons will be accelerated both on 
entering and on leaving a laminated C-shaped electrode, 
occupying approximately 135 degrees of the electron orbit. 
The electrode is supported by six coaxial lines, extending 
radially outward. Five of these lines are terminated at the 
voltage nodes by ground planes, and the stubs thus formed 
are tuned over a small frequency range by means of 
rotating paddles which vary the inductance. The sixth 
line is electrically a half-wave-length. It couples the radio- 
frequency power from the grounded grid type oscillator 
using a medium mu water-cooled triode to the accelerating 
electrode. Radiofrequency excitation for the filament of 
the tube is obtained from a tap near the node of the half- 
wave-length line. This coaxial line is folded so that the tap 
point is physically close to the filament and forms with the 
oscillator a compact structure. The necessary pulsing of 
the oscillator wil! be discussed. This work was done under 
the auspices of the Manhattan District. 


B12. Application of the Dynamical Theory of Currents 
to Cavity Resonators.* ALFREDO BANos, JR.,** Radiation 
Laboratory, Massachusetts Institute of Technology.—The 
equivalent circuit of a cavity resonator is set up by apply- 
ing the Lagrangian equations of dynamics to the normal 
coordinates of an electromagnetic resonator. The chosen 
coordinates are the charges proportional to the expansion 
coefficients in the series development of the electric dis- 
placement vector within the cavity as expressed in terms 
of its normal modes which, in turn, are first established for 
the unperturbed cavity; that is, for a non-dissipative 
cavity, devoid of free charge and conduction current dis- 
tributions, in the absence of the external exciting circuit. 
Once in possession of the resonator coordinates, the effect 
of the wall losses and of the external circuit is obtained by 
including in the Lagrangian equations the additional terms 
required to specify these perturbations. Other perturba- 
tions may be similarly treated by an obvious extension of 
the method. Finally, the equivalent network whose re- 
sponse is identical to that of the actual resonator is readily 
constructed, by inspection, from the set of simultaneous 
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differential equations governing the time variations of the 

resonator coordinates. Explicit formulas are givén for the 

self- and mutual parameters of the equivalent circuit, 
based on work done for the OSRD under contract OEMar.267 


* Paper 
with the Massachusetts Institute of Techno! lb 
ornia, Los 


** Now at the University of Calif 

Cl. Excitation of Plasma Oscillations. D. Boum, Radia. 
tion Laboratory, University of California.—A theory of 
plasma oscillations has been developed for conditions jg 
which special groups of electrons moving with much higher 
than thermal speeds are present. The first case considered 
was that of a beam of fast electrons injected into the 
plasma from a cathode. If the electron velocity is slightly 
above the phase velocity of plasma wave, the electron beam 
loses kinetic energy to the wave, which is therefore excited, 
The maximum amplitudes of oscillation for given condi- 
tions can easily be calculated. The second case studied 
was that of a plasma containing a group of fast electrons 
moving in random directions such as might be generated 
in the process of ionization. Excitation of plasma waves 
here is the result of the drop in wave velocity with dropping 
plasma density as the boundary surface is approached. 
Such a wave can abstract energy from electrons of a wide 
range of velocities, and thus provide an additional mecha- 
nism for bringing the system to equilibrium. The excitation 
of such waves is offered as an explanation of the anomalous 
scattering of fast electrons in a plasma, and of the unex- 
pectedly rapid rate at which electrons come to the Max- 
wellian distribution.: This work was done under the 
auspices of the Manhattan District. 


agen: Phys. Rev. 26, 585 (1926); Dittmer, Phys. Rev. 28, 507 


C2. Afterglows and the Upper Atmosphere. Joszps 
KapLan, University of California, Los Angeles.—The 
various nitrogen afterglows which have been studied by 
the writer have made it possible to produce in the labora- 
tory nearly all of the modifications of molecular and 
atomic oxygen and nitrogen that are present in the earth's 
upper atmosphere. The early recognition by the writer, 
that the phenomena of excitation and of quenching in the. 
upper atmosphere might receive their explanations through 
studies of afterglow processes, and the increasing interest — 
in the physics of the upper atmosphere were responsible for 
the decision to continue these experiments on an intensive 
scale. A number of preliminary results of current experi- 
ments will be reported in order to indicate the direction of 
these renewed studies. In particular attention will be called 
to some recent conclusive results regarding the roles 
played by atomic nitrogen and nitrogen molecular ions in 
auroral afterglows and in the upper atmosphere. 


C3. Internal Waves in the Ocean.* C. W. Urrorp, U.S. 
Navy Electronics Laboratory, San Diego.—When the 
density of a body of water increases with depth, stable 


' motions limited to the interior of the medium are possible. 


These motions sometimes have the character of waves 
but do not cause noticeable changes in the surface. The 
displacements caused by these waves in an isothermal 
surface have been measured in the ocean both with a 
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bathythermograph and with thermocouples. Munk found 
waves of periods as short as a few minutes. Observations 
taken at three stations have shown that to a first approxi- 
mation the waves are progressive with periods from a few 
minutes up to a few hours, lengths of a few hundred 
and speeds in all cases of less than one knot. 
Stokes’ theory of internal waves has been extended by 
Fjelstad to include any continuous distribution of density. 
An approximate solution with three linear gradients gives 
fair agreement with the observations. Movies taken by 
McNown, Rouse, and Munk at the University of Iowa 
will be shown. 
werk one of the of out by 


the University ornia Division of War Research under contracts 
with the Office of Scientific Research and Development, Section 6,1, 
National Defense ttee, and with ureau of 


C4. Reflection of Radio Waves from Tropospheric 
Layers. J. B. Smyru anp L. G. U. S. Navy 
Electronics Laboratory, San Diego.—Variations in tem- 
perature and water vapor pressure gradients in the lower 
atmosphere markedly affect the propagation of high fre- 
quency radio waves. Reflection coefficients are calculated 
for an elevated layer produced by a warm dry air mass 
overriding a cool humid air mass. The index of refraction 
distribution is represented by a continuous function which 
permits the solution of the wave equation in closed form! 
if the influence of the earth is neglected. Experimental data 
taken over a 90-mile non-optical link on frequencies of 52, 
100, and 547 megacycles per second are compared with 
theoretical curves. 

1P. S. Epstein, Proc. Nat. Acad. Sci. 16, 627 (1930). 


CS. Attenuation of 1.24-Centimeter Radiation through 
Rain. L. J. ANpERson, C. H. Freres, J. P. Day, AND 
A. P. D. Stokes, U. S. Navy Electronics Laboratory, San 
Diego (Introduced by J. B. Smyth).—The attenuation of 
1.25-centimeter radiation by rain was determined experi- 
mentally over an optical path of 6400 feet. Nine equally 
spaced rain gauges were used to measure the rainfall inten- 
sity. The techniques used made it possible to use both 
uniform and non-uniform rainfall rates. Drop-size measure- 
ments were also made but no conclusions could be drawn 
because of the wide scatter in the drop-size distributions 
obtained. An average attenuation rate of 0.37 db/mile/ 
mm/hr. was obtained. Previous theoretical calculations of 
the attenuation indicated that the rate of attenuation 
should be in the vicinity of 0.25 db/mile/mm/hr. The 
theoretical calculations were based upon completely 
incoherent scattering of the incident radiation by the rain 
drops. The observed discrepancy may possibly be due to 
a coherent component in the scatterers. 


C6. Note on the Theory of Noise in Receivers with 
Square Law Detector. M. Kac, Department of Mathe- 
matics, Cornell University, anp A. F. J. Stecert, Depart- 
ment of Physics, Syracuse University.—While the response 
of a linear device (filter) to “white” noise is a Gaussian 
random function, the output of nonlinear devices—such 
as a receiver consisting of a linear JF amplifier, a square 
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law detector, and a linear video amplifier—is a more 
complicated random function. In order to obtain the 
output voltage V as a sum of statistically independent 
terms—which makes the calculation of the characteristic 
function (expifV) possible—we have expanded the 
input voltage in eigenfunctions of the kernel 


where K(¢) and g(t) are the response of the video and the 
IF amplifier to an infinitely short pulse. If both video and 
IF band width are small compared with the intermediate 
frequency, the eigenvalues of the kernel become doubly 
degenerate and the characteristic function is IIj(1—#fQ;)", 
where the Q; are the eigenvalues of the kernel. The prob- 
ability density can then be evaluated by residues in terms 
of an infinite sum of exponential functions. 


C7. On the First Passage Time Problem for a One- 
Dimensional Markoffian Gaussian Random Function. 
A. J. F. Srecert, Department of Physics, Syracuse Uni- 
versity.—The probability density for the first passage time 
through zero for the one-dimensional Markoffian Gaussian 
random function (such as noise output of a RL circuit) has 
been given by Wang and Uhlenbeck.' To find the prob- 
ability density P(xo/a@) for the first passage time through 
any value a, we obtain first the probability f(xo/ad) that, 
starting from x» <a, the function x(#) remains smaller than 
a for at least a time #, using the normalized variables 
x=(8/D)ty and 8=8t, with the other symbols defined in 
the reference. This probability is a solution of the adjoint 
to the Fokker-Planck equation with obvious boundary and 
initial conditions. Since P = —df/0 we find 


P(xo/ad)= exp D,(—xe) 


+e 
D,(—a) 
where D,(z) is the Weber function defined in Whittaker 
and Watson, p. 349, and 0<«<», with »; being the smallest 
root of D,(—a)=0. For x»<a«K-—1, P becomes a Gaussian 
with average /g(x/a) and mean square deviation (a*—x~*). 
For a=0 it reduces to the result quoted above. 


1M. C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 17, 323 (1945). 


C8. Multiple Master-Coincidence Method for Cosmic- 
Ray Studies.* Vicror H. REGENER, University of New 
Mexico.—Negative pulses from individual Geiger counters 
are directly fed to the first control grid (grounded through 
a leakage resistor) of a miniature tube type 1R5 or 6BE6. 
The second control grid, which is grounded through a large 
resistor, receives a positive pulse from a master-coincidence 
unit through a condenser. This condenser, in conjunction 
with the large resistor at the second control grid causes, 
due to grid current, a long negative back-lash of the 
potential at the second grid, unless the first grid happens 
to be at a negative potential at the time the positive master 
pulse arrives. Thus, the plate current of the vacuum tube 
is cut off for a certain period immediately after each 
master pulse, except in case of a coincidence with a pulse 
from the individual counter tube.' For indication, a small 
neon bulb is inserted in the plate circuit. The resolving 
time can be reduced to 10-* sec. The time of cut-off for 
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the plate current can be lengthened to 0.5 sec., which 
allows photographic or mechanical recording. Any number 
of individual units can be connected to one master circuit. 
One miniature tube is needed for each individual Geiger 
counter. 


* The major of this work done at the University of Chicago. 
1V. H. Rev. 64. 250 (1943). 


C9. The Strengths of Some Model Magnets. STANLEY 
B. Jones, University of California, Berkeley (Introduced by 
Wayne E. Hazen).—A search was made for a magnet 
design suitable for cosmic-ray studies in airplane flights. 
The first two models were rectangular in shape and had 
solid poles, which necessitated a large air gap for observa- 
tion of the cloud chamber. The first model was made with 
six one-inch cubes of Alnico V with boiler plate to complete 
the magnetic circuit. With a.one-cubic-inch air gap, the 
field strength was 1.90 10* gauss. The second model was 
of about the same design and had the same air gap but 
only four Alnico cubes and correspondingly less boiler 
plate. The strength was 1.5110* gauss. The last two 
models were differently designed in order to utilize a split 
pole piece, which permitted a direct view of the chamber 
through the air gap. The direct view reduced the necessary 
length of the gap by about one-half. There were three 
cubic inches of Alnico in the third model and the field 
strength was 2.15X10* gauss. The fourth model, which 
was similar to the third, contained six cubic inches of 
Alnico and had a field of 3.35 x 10* gauss. 


C10. Electron Collection in Ionization Chamber. RusBy 
Suerr, Los Alamos, New Mexico.—With a parallel plate 
ionization chamber and a fast amplifier to reproduce the 
pulse resulting from electron collection, it is possible to 
measure the energy of an ionizing particle, and the angle 
which its path makes with respect to the electrical field of 
the chamber if the particles’ path is wholly within the 
chamber. The initial slope of the pulse is a measure of the 
total charge in the track. As the electrons drift to the 
positive collecting electrode, this initial slope is maintained 
until the track strikes the collector. At this instant the 
slope starts to decrease, finally reaching zero when the 
track has disappeared. This time interval (of changing 
slope) is related to the length of the track and to the angle 
between the track and the field. By appropriate measure- 
ments on the pulse it is therefore possible to find the angle 
of the track as well as its energy for nuclear processes 
possessing an axis of symmetry (e.g., neutron scattering). 
This angle and the energy are sufficient to determine the 
process if the axis of symmetry coincides with the direction 
of the field. Tests, both photographic and electrical, have 
been made which verify the above conclusions. 


Cll. Force on a Conducting Tube Moving through a 
Magnetic Field. H. Exstein, Armour Research Founda- 
tion, Chicago.—A long, thin conducting tube is moving in 
the direction of its axis through a stationary magnetic 
field Bo which is cylindrically symmetric. The vector poten- 


tial A, considered as a function of the axial direction Z is 
represented as a Fourier integral. The Fourier mate of A 
can then be determined by the usual methods of integrating 
boundary value problems. In virtue of a theorem on 
Fourier integrals (Parseval’s formula), the total force Fon 
the tube can be calculated from the Fourier mates of the 
vector potential and the external magnetic field, without 
calculating explicitly the vector potential or the current 
distribution. An estimate of the force for the case of con. 
stant velocity is given. It is found that the force, as a 
function of the constant velocity v, has a maximum and 
decreases toward zero for higher velocities. The dependence 
of the maximum force on the physical constants is dis. 
cussed. 


C12. Pneumatic Heat Detector. Harotp A. anp 
M. J. E. Gotay, Signal Corps Engineering Laboratories, 
Bradley Beach, New Jersey.—A pneumatic heat detector 
is described in which radiant energy is dissipated in a 
black absorber which is located in the center of a gas cell, 
The resulting heating and expansion of the gas serves to 
distort a collodion film located a few thousandths of an 
inch from a nearby parallel glass window. The distortion 
of the film is detected by observing a shift in a system of 
interference fringes formed by light reflected from the film 
and the adjacent glass surface. The principle lends itself 
readily to the design of systems comprising a multiplicity 
of heat cells and associated detecting films. A system 
utilizing 61 cells is described in connection with its use as 
a part of the first U. S. Army Radar, the SCR-268-T-1, 


C13. Magnetic Field with Small Axial Variation. Car. 
E. NIELSEN, University of California, Berkeley.—Magnetic 
fields commonly employed with cloud chambers are used 
over a small axial distance. Radial constancy of field is 
then desirable, but axial variations are of little con- 
sequence. Fields meeting these conditions are obtained 
either with an iron yoke and suitable pole faces or with 
Helmholtz type coils. In the magnet for the momentum 
measurement of slow electrons axial constancy of field is 
desired, and at the same time coil separation equal to the 
usable axial distance is required for illumination and 
photography. Although this result can be obtained with 
large radius coils, it is more efficient to use coils as small 
as permitted by the cloud chamber. They produce a field 
with a minimum at the axial mid-point; the minimum is 
then removed by the use of iron rings inside of the coils, 
Additional gain in uniformity and field strength is obtained 
from iron bars distributed uniformly around the coils 
parallel to the axis. The resultant field is uniform within 
two percent throughout a cylinder 10 cm in diameter and 
20 cm long; the field is 1300 oersted with 10-kw input 
power. It is worth noting that the gain in field from the 
iron is greater than would result from an equal additional 
weight of copper, hence it would be profitable to use some 
iron even if the coils were placed closer together as in the 
conventional cloud chamber arrangement. 


| 


